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Abstract

We report lower bounds for the Kirchhoff index of a connected (molecular) graph
in terms of its structural parameters such as the number of vertices (atoms), the
number of edges (bonds), maximum vertex degree (valency), second maximum ver-
tex degree and minimum vertex degree. Also we give the Nordhaus—Gaddum-type
result for Kirchhoff index.

In this paper we define the resistance distance energy as the sum of the absolute
values of the eigenvalues of the resistance distance matrix and also we obtain lower
and upper bounds for this energy.

1 Introduction

It is well known that the resistance distance between two arbitrary vertices in an electrical
network can be obtained in terms of the eigenvalues and eigenvectors of the combinatorial
Laplacian matrix and normalized Laplacian matrix associated with the network. By
studying Laplacian matrix, people have proved many properties of resistance distances

[1,2]. The resistance distance is a novel distance function on a graph proposed by Klein and
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Randié¢ [3]. The term “resistance distance” was used because of the physical interpretation
(see [4], for the details).

Throughout this paper G will denote a simple undirected graph and the vertices of it
will be labeled by vy, vs,. .., v,. Let d; be the degree of vertex v; for i =1,2,... n. The
minimum vertex degree is denoted by J, the maximum by A and the second maximum
by As. In [5], it has been depicted that the standard distance between two vertices v;
and v; of a connected graph G, denoted by d;;, is defined as the length (=number of
edges) of a shortest path that connects v; and v;. Moreover in order to examine other
distances in graphs (or more formally, molecular graphs), Klein and Randié¢ [6] considered
the resistance distance between vertices of a graph G, denoted by r;;, as defined in [1]. In
fact the resistance distance concept has been much studied in the chemical studies (see,
for instance, [2,6]). In [6,7], it has been introduced the sum of resistance distances of all
pairs of vertices of a molecular graph G,

KFG) =S
i<j
that named as the “Kirchhoff index”.

Let J denote the square matrix of order n such that all of whose elements are unity.
Then for all connected graphs (with two or more vertices) the matrix L + %J is non-
singular, its inverse

X =gl = (L+37) "
exists and, as depicted in (1], 7;; = z; + zj; — 2x;;. The matrix whose (4, j)-entry is r;;, is
called the resistance distance matriz and will be denoted by RD = RD(G). This matrix

is symmetric and has a zero diagonal.

The Laplacian matrix of a graph G is L(G) = D(G) — A(G), where D(G) is the
diagonal matrix of vertex degrees and A(G) is the (0,1)-adjacency matrix of graph G.
Let Ay > Ay > -+ > X, = 0 denote the eigenvalues of L(G). They are usually called the

Laplacian eigenvalues of G.

The Kirchhoff index K f(G) can also be written as
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where Ay > Ay > -+ > A, = 0 are the eigenvalues of the Laplacian matrix L(G). As
usual, K, K, and K, ; denote respectively the complete graph, the star and complete
bipartite graph. The union (U) of two graphs is the graph whose set of vertices is the
union of the sets of vertices of the two graphs, and whose set of edges is the union of the
sets of edges of the two graphs. The graph join (V) of two graphs is their graph union
with all the edges that connect the vertices of the first graph with the vertices of the
second graph.

Now we study the Kirchhoff index in more detail, especially its relationship with the
the number of vertices (atoms), the number of edges (bonds), maximum vertex degree
(valency), second maximum vertex degree and minimum vertex degree. The paper is
organized as follows. In section 2, we present the lower bounds on the Kirchhoff index of
graph, and, the Nordhaus-Gaddum-type result for the Kirchhoff index. In section 3, we
obtain the various lower and upper bounds on the resistance distance energy (resistance
distance energy is the sum of the absolute values of the eigenvalues of the resistance

distance matrix).
2 Lower bounds on the Kirchhoff index

In this section we give an upper bound on the resistance-distance index.

Lemma 2.1. [8] Let G be a connected (molecular) graph onn > 2 vertices, m edges with
mazimum degree A. Then

S n(n —2)?
“A+1 2m-A-1

Kf(G) (1)
with equality holding if and only if G =2 Ky ,,—1 or G =2 K, .

Lemma 2.2. [9] Let G be a connected (molecular) graph of order n and mazimum degree

A with at least one edge. Then Ay > A+ 1 with equality holding if and only if A =n—1.

Lemma 2.3. [10] Let G be a connected (molecular) graph of order n > 3. Then

A2 > Ay

with equality holding if G is a complete bipartite graph K, s or a tree with degree sequence

m(T) = (%, 511, 1), where n > 4 is even.
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Lemma 2.4. [11] Let G (# K,) be a connected (molecular) graph with minimum degree
0. Then \p_1 <9.

Lemma 2.5. [12] Let G be a connected (molecular) graph on n vertices. Then Ay =
Ag=-=Ng ifand only if G =K, .1 or G =K, or G = Kpn.

Now we are ready to give lower bound on Kirchhoff index and characterize extremal

graphs.

Theorem 2.6. Let G be a connected (molecular) graph on n > 2 vertices, m edges with
mazimum degree A, second mazimum degree Ao and minimum degree §. Then

(Ay —0)?
JANY:) >

n N n
A+1 2m—-A-1

Kf(G) > (n -2+ (2)

with equality holding if and only if G = Ky ,_1 or G = K,.

Proof: If G = K, then the equality holds in (2). Otherwise, G # K,,. By Lemma 2.3,
Ay > Ay and by Lemma 2.4, \,,_; < J. So, we have

[ Az DAY
/= > . 3
An—1 Ay T /A )

)\i‘ )\%:n—QJrZ < >

1<i<j<n ]

= n-2+(n-2)n-3)+ > (A;i/\)

1<i<j<n

(n—2)2+ AQ_(S 1/ 1/ >0f0r1<z<j<n (4)

and by (3).

\Y

Since 207! \; = 2m, from (4), we get

i%>%+m71_&((nf2)2+@).

Note that
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is an increasing function for [A +1,n] as (n —2)z > 2m — z, that is, (n — 1)z > 2m =

>or di. Since Ay > A+ 1, we get the required result (2).

Now we suppose that the equality holds in (2). Then all inequalities in the above
argument must be equalities. Since A\; = A + 1, we have A = n — 1, by Lemma 2.2.
From equality in (4), we get A\ = A3 = -+ = \,_;. By Lemma 2.5, we conclude that
G = Kyp1. For G = Ky ,,_1, both Ay = Ay and A\,_; = § holds. Hence G = K;,_; or
G=2K,.

Conversely, one can easily see that the equality holds in (2) for star K7 ,_; or complete

graph K. |

Remark 2.7. One can easily see that our lower bound (2) is better than the previous

lower bound (1).

A kite Ky, is the graph obtained from a clique K, and a path P,_, by adding an
edge between a vertex from the clique and an end point from the path. We now give

another lower bound for Kirchhoff index and characterize extremal graphs.

Theorem 2.8. Let G (# K,) be a connected (molecular) graph on n > 2 wvertices, m

edges with maximum degree A and minimum degree §. Then

KFG) 1404 =3

6 2m—A-6-1 )

with equality holding if and only if G = Ky,-1 or G = Kip,q or G = K,, — e, where

K, — e is the graph of order n, obtained from K, by deleting an edge.

Proof: We have

N

n—

n n n
Kf(G) = " + h + x
1 n—1 i—o 7
n n(n — 3)?
> 1 P —— 6
- * )\nfl 2m — )\1 - )\nfl ( )
by A1 < n and by arithmetic-harmonic mean inequality
—3)2
> 140 n(n = 3) by Lemma 2.2. (7)

A1 * 2m — A — )\, — 1
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Note that

1 (n—3)?
T N
f(@) I+2m—A—I—17 rs9

is a decreasing function if and only if (n—2)z < 2m—4§—1, that is, (n—2)z < 3" ,d;—1,

which is true for < 6 and G is connected. Thus we have

1 (n—3)?
) > -
f(I)_6+2mfA7671

From above we get the required result (5).
Now we suppose that the equality holds in (5). Then all inequalities in the above

argument must be equalities. From equality in (7), we get
M=A+1
that is, A = n — 1, by Lemma 2.2. From equality in (6), we get
M=n and A=A3=--=\,_o.
Thus we conclude that G is disconnected with at least one isolated vertex and

S(é) = (n*)\n_l, ’VL*A% n*)\g,...,n*AQ,Oﬂ))‘

n—3

If G has exactly two connected components, then G = K1 UK, 5 or G = K, UK,
or G =K U Kanl‘%7 n is odd, by Lemma 2.5. Since Ag = A3 = -+ = \,,_, we must
have G = Ky 1 or G = Ky ,-q. Otherwise, G contains at least n — 2 isolated vertices.
Since G # K,,, we must have G = (n — 2)K, U K>, that is, G = K, —e.

Conversely, one can easily see that the equality holds in (5) for star K, or for kite

Ky, -1 or for K, — e. This completes the proof. O

Remark 2.9. The lower bound in (5) is sharp for Ky ,_1, Kinn—1 or K, —e. But (1)
and (2) are sharp only for Ky ,_1 or K,.

Lemma 2.10. [12] Let G be a graph of order n with at least one edge. Then A\ = Ay =
co= A1 if and only if G = K,.

Lemma 2.11. [9] Let G be a connected (molecular) graph with diameter d. Suppose
L(G) has exactly k distinct eigenvalues. Then d + 1 < k.
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Zhou and Trinajsti¢ [8] obtained the following Nordhaus-Gaddum-type result for the
Kirchhoff index:

Lemma 2.12. Let G be a connected (molecular) graph onn > 5 vertices with a connected
G. Then
Kf(G)+Kf(G)>4n—2.

Another structure-descriptor introduced long time ago [13] is the so-called first Zagreb
index (Mj) equal to the sum of the squares of the degrees of all vertices of G. Some basic
properties of M; can be found in [14,15]. Denote by H*, a graph of diameter 2 such
that M (H*) =« = Me(H*) # M1 (H*) = -+ = N1 (H®), Me(H*) + M1 (H*) = n for
some value of k, 1 < k < n — 1. For example, cycle of length 5, C5 is H*-type graph as
S(C5) = (3.618,3.618,1.382,1.382,0) and diameter of Cs is 2. We now give lower bound
for Kf(G) + K f(G):

Theorem 2.13. Let G be a connected (molecular) graph of order n (> 5) and m edges
with connected G. Then

_ n2(n —1)32
Kf(G)+ Kf(G) > 2m(n — 1) — M,(G) a

where M (G) is the first Zagreb index of G. Moreover, the equality holds in (8) if and
only if G = H*.
Proof: We have

n—1

Kf(G)+Kf(G) = ”Z (,\i + njA)

n—1
1
2 e —
i=1

n?(n —1)2

2mn — 10N

\%

by arithmetic-harmonic mean inequality. (9)

Since 2m = S0 d;, we have S0 A2 = S di(d; + 1) = My(G) + 2m, we get (8)
from (9).

Now suppose that the equality holds in (8). Then the equality holds in (9). From
equality in (9), we get

Ailn—A;) = Aj(n— ;) forall v;,v; €V,
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that is,

(A, - )\J)(Tl — )\z' - )\]) =0 for all Vi, Uy S ‘/7
that is, either A\; = Aj or \; + A; = n for all v;,v; € V. Thus A\; = Ay = --- = Ay or
M= =MF Mey1 == A1, \p + A1 =n for some value of k, 1 <k <n—1. If
A =Xy =+ = A1, then by Lemma 2.10, G = K,,, a contradiction as G is connected.

Otherwise, \j = -+ = A\ # My1 = -+ = M1, A& + A1 = n for some value of k,

1<k<n-—1. By Lemma 2.11, d =2 as G # K,,. Hence G = H*.

Conversely, let G be isomorphic to some H*. Then

nk n(nfkfl)Jrn(nfkfl) kn

Kf KfG) = —
H(G)+ Kf(G) S —— " e
B n2(n —1)
o )\1(7’1/ — )\1)
'I’L2(TL - 1)2 n 2 n
~ 2m(n—1) — My(H*) as 2 N = 2w dildi 1)
Hence the theorem. [

3 Bounds for resistance-distance energy

Graph spectral theory, based on eigenvalues of the adjacency matrix, has well and long
known applications in chemistry [16,17]. One of the chemically (and also mathematically)
most interesting graph-spectrum that based quantities in the graph energy is defined as
follows:

Let G be a simple graph on n vertices and let A be its adjacency matrix. Let
1, f2, -+, fn, be the eigenvalues of A. These are said to be the eigenvalues of the graph
G and to form of its spectrum [18]. The energy E(G) of the graph G is defined as the

sum of the absolute values of its eigenvalues
n
E=E@G) =Y |uml.
i=1

For more details on graph energy one can see, for instance, the reference [19].
In view of evident success of the concept of graph energy, and because of the rapid

decrease of open mathematical problems in its theory, energies based on the eigenvalues



-549-

of other graph matrices have, one-by-one, been introduced. Of these, the Laplacian
energy LFE(G), pertaining to the Laplacian matrix, sees to be the first [20]. Followed
the distance energy [21] based on the distance matrix, and variety of energy - like graph
invariants - introduced by Consonni and Todeschini [22]. After that Nikiforov extended
the definition of energy to arbitrary matrices [23], making thus possible to conceive the

incidence energy [24], based on the incidence matrix, etc.

Along these above lines of reasoning, we could think of the resistance-distance energy
as the sum of absolute values of the eigenvalues of the resistance-distance matrix. More
formally, let py, pa, - - - , pn be the eigenvalues of the resistance-distance matrix RD. Know-
ing that these eigenvalues are necessarily real numbers, the resistance-distance energy can

be defined as n
RDE = RDE(G) =Y _ |pi| - (10)
i=1

It is easy to see that this definition can be applicable to all graphs in the literature. Yet,

the actual route to resistance-distance energy is somewhat less straightforward.

In this section, by considering the definition in (10), we first present some fundamental
results for convenience.
Lemma 3.1. [1] Let G has n > 2 vertices. Assume that Ay and \,—1 are the largest
and smallest positive Laplacian eigenvalues of G, respectively. Then, for 1 < s <n, each

eigenvalue ps of the resistance-distance matriz RD satisfy the inequality

- 2
v (B) + min( ,72> < p <wn(B)- )\— (11)
n—1 1
- 2
mm< ,—2) < pp <—; 2<k<n-1
n—1 )\]
— 2
va(B) +min(3——,—2) < pu <va(B) -+
n—1 1

where the matriz B whose (i, j)-entry is equal to z;; + x5 (for X = |lzy| = (L+ 2J)7%,
J denote the square matriz of order n such that all of whose elements are unity) and each
vs(B) (1 < s <n) is an s-th largest eigenvalue of the matriz B.

Lemma 3.2. [1] Let G has n > 2 vertices (possessing t(G) > 0 spanning trees) and
let A, Ao, s An_1, A = 0 be its Laplacian eigenvalues. Then the determinant of its

resistance-distance matrix RD is equal to

. 271—1 n—1 1
(=1) nt(G) (S+2k2=;)\7k)
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where

n
S = 5(9511; Tog, - axnn)L($llax227 ce 7mnn)T .

Now we are ready to give some bounds on the resistance-distance energy:
Theorem 3.3. Let G hasn > 2 vertices and let Ay, Ao, -+, A1, A, = 0 be its Laplacian

eigenvalues. Then

RDE = RDE(G) < M + +/(n —1)(D — M?) (12)

where D is the sum of the squares of entries of the resistance-distance matriz, B is given

as in Lemma 3.1 and, by (11),

M = v(B) 4+ min (/\72 , 72). (13)
n—1

Proof. Let p1 > ps > -+ > p, be the eigenvalues of the resistance-distance matrix RD.
We know that

RDE — 21: ol and _X;p? =D= Z;Z;(W)2~
i= 1= ==

By the Cauchy—Schwarz inequality, we get

Therefore

RDE < p1+4/(n—1)(D — p?).

By Lemma 3.1, since

-2
p1 > (B)+ min( 772>
)\n—l
we obtain the required result. |

Theorem 3.4. Let G be a graph with n > 2 vertices. Then
RDE = RDE(G) < vVnD (14)

where D is the sum of the squares of entries of the resistance-distance matriz.

Proof: We have that

n n

RDE = |pi| and Y pt=D=> > (ry>
=1 i=1

i=1 j=1
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By the Cauchy-Schwarz inequality, we get

(n—2) Zpl Ioal + lpal + /(0= 2)(D — 3 — p2).

=2

RDE < |pu| + pul +

Consider the function

fla,y)=c+y+/(n—2)D—22—42) >0, y>0.

Now our aim is to find the maximum value of f(x,y). For this, we calculate

zv/n —2 f—1 yvn —2 o= (D —y*)v/n—2
N Y A T e e

zyv/n — 2 ~ (D=a)Vn-2
(D — 22 — 2)32 WD =2 — 2P

faczl_

fmy:fyz:_

Now,

Forz =y = \/é,
(n—2)(D—2>—?)

fzz<0 fzsz/ zy: (D—IZ—yQ)g >0.

From above we conclude that f(z,y) has a maximum value at © =y = \/g and maximum

value is 2\/> +4/(n— 2 — 2 = +v/nD. Hence the theorem. O

Lemma 3.5. [1] The resistance matriz of any connected (molecular) graph on n vertices,

n > 2, has exactly one positive eigenvalue and exactly n — 1 negative eigenvalues.

Lemma 3.6. [/] Let G be a graph of order n, m edges with diameter d. For all v;,v; € V
(i # 7), the (i,7)-th element of the resistance distance matriz RD(G) is

I

where d; is the degree of vertex v; in G.

Lemma 3.7. [25] Let B = ||b;|| be an n xn irreducible non-negative matriz with spectral

radius \(B), and let R;(B) be the i-th row sum of B, i. e., Ri(B) = i bi; . Then
j=1
min{R;(B): 1 <i<n}<A(B)<max{R;i(B): 1<i<n}. (16)

Moreover, if the row sums of B are not all equal, then both inequalities in (16) are strict.
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Now we are ready to give another bound on the resistance-distance energy.

Theorem 3.8. Let G be a graph of order n > 2 with m edges and diameter d. Then

min (
i

where d; is the degree of the vertex v; in G.

n

+Z ) < RDE(G) < 4md max (H;Q +Zdi>
i i J

0 j=1

Proof: By Lemma 3.5, we have
RDE = RDE(G) = 2p; .

By Lemma 3.6 and Lemma 3.7, we have

-2 &1 " "
miin (nTl + . d—]) < Qmiin Z vrij < RDE(G) < mexx . Z .nj
j=1 j=1,j#i Jj=1,j#i
n—2 "1
< 4md m: < )
< 4m 111;1)( 4 + g dj
Hence the theorem. [

The following lemma can be helped to show different bounds for resistance-distance
energy.

Lemma 3.9. [26] Let ay,as,- - ,a, be non-negative numbers. Then

1 n n 1/n n n 2
n /Za,;—(Ha,;) < nZa,;—(Z\/aT-)
i i=1 i=1 i=1
n 1/n
< n(n—-1) Z a; — <H a,i>
i=1

Theorem 3.10. Let G has n > 2 vertices (possessing t(G) > 0 spanning trees). Then

\/nn — D{det(RD)P/" + D < RDE(G) < \/(n — 1)D + nldet(RD)?,

where
n n
R 3y
i=1 j=1
Remark 3.11. We note that, by considering the references [1,4], the bounds of RDE, that
obtained in the left hand and right hand side of the inequality in the above theorem, can
also be written in terms of the eigenvalues and eigenvectors of the combinatorial Laplacian

and normalized Laplacian matrices.



-553-

Proof. Note that

D= pr =Y (rj)* and RDE=>|p;].
i=1

i=1 j=1 i=1

For 1 <i < n, by taking a; = p? in Lemma 3.9, we obtain

KE<nY = lnl)’ <(n—1K
i=1 =1
that is,
K <nD — [RDE]? < (n— 1)K

where

2/n

n n 1/n n
1 b ]- n
K=n|l) pf<||p?> =n nD<H|pi|) = D — n[det(RD)]" .
i=1 i=1 i=1

Hence the result.

In [5,27], for any n-vertex tree T,
det(A(T)) = det(RD(T)) = (—1)"*(n — 1)2"72
where A(T) is the adjacency matrix of tree T'.

Now using (17) in Theorem 3.10, we give the following result.

Corollary 3.12. For any n-vertez tree T,

\/D + nl(n — 1)r240-2n < RDE(T) < \/(n — 1)D + n[(n — 124721

where D is defined as in Theorem 3.10.

In [28], Bapat obtained the following two results:
(i) For unicyclic graph G of order n with unique cycle Cy of length k (> 3), then

3kn —2k? — 1
H(RD(G)) = (-1 tn 2 ——
det(RD(G)) = (~1) =
(ii) For cycle C, of order n (> 3), then

n?—1
3n?

det(RD(C,)) = (,1)n—12n72 )

Using above results, we give the following corollary.

(17)
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Corollary 3.13. (i) For unicyclic graph G of order n with unique cycle Cy, of length k
(>3), then

3kn — 2k2 — 172/n
\/D +nn—1) [QH : "T] < RDE(T) <

3kn — 2k% — 172/
\/(nf 1)D+n[2"*2 e e o ]

where D is defined as in Theorem 3.10.
(ii) For cycle C,, of order n (> 3), then

n2 — 1]2/n

\/D +aln—1) [QH e

where D is defined as in Theorem 3.10.

n2 — I]Z/H

< RDE(T) < \/ (n=1)D+n [2"’2 " T3n2
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