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Abstract

Let G be a simple connected graph with vertex set V(G) and edge set
E(G). The z,, index, for a real number for p =0, is defined as

1

z,,=2,,G=73 M,(d,.d))  where 5 (d..d.)= ) +d)"\r
re T e M, d) P 2

and d,, is the degree of the vertex u. The Z,  index is a generalization of

the geometric—arithmetic index. In this paper, some relations between

Z,,» Randi¢, and Zagreb indices are presented.

Introduction

A graph G consists of a set of vertices V(G) and a set of edges E(G). If the vertices

u,v € V(G) are connected by an edge e, then we write e=uv. In chemical graphs, each

vertex represents an atom of the molecule, and covalent bonds between atoms are

represented by edges between the corresponding vertices. This object, derived from a
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chemical compound, is usually referred to as its molecular graph. Molecular structure
descriptors, frequently called fopological indices, are used in theoretical chemistry for
the design of chemical compounds with given physico-chemical properties or given
pharmacologic and biological activities. Usage of topological indices in chemistry
began in 1947 when Harold Wiener developed the most widely known topological
descriptor, the Wiener index, and used it to determine physical properties of alkanes [1].
In the recent years, in mathematical chemistry it became a popular practice to introduce
novel topological indices, see [2—13].

The first and second Zagreb indices were originally defined as Z, (G) = Z

uel (G) "
and Z, (G)= ZME(G) .d, , respectively, where d, is the degree of the vertex u, the
number of first neighbors of u. Note that if uv € E(G), then d,and d, >1. For more

information on Zagreb indices, the interested readers are referred to [14—17].

In 1975, Randi¢ proposed another topological index based on the degrees of the end

vertices of an edge [18]: R(G) = ZE:W W .

Let p # 0 be a real number. Then the mean M, is defined as [19,20]:

1

1< L)

Mp=Mp(xl,xz,-n,xn):=[;2xip] .
i=1

Also

1
My=My(x,x,,"+,x,) = [Hxl.j .
i=1

The best known of these means are M; , My , and M_; called, respectively, arithmetic,

geometric, and harmonic mean. If p >gq, then M, > M . More details on means can

be found in the monographs [19, 20].

Lemma 1. Let G be a connected graph. Then
(i)  For all positive numbers p and all weE(G); M,(+ ) <1 and hence

sz(dL.,’dIi.)Sm‘

wek(G)
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y . ) 1
(it) For all negative numbers p and all wveE(G); Mp(d%’i)zil and hence

ZM (d ’d > =
uveE(G)
(iii) For all positive numbers p and all weE(G); M,d,.d)<n-1 and
hence "M, (d,.d,)<m(n-1).
uveE(G)
Proof is straightforward. o

Directly from the definition of first Zagreb index, it follows that it can be written in

terms of arithmetic means as

Z,(G)=2 Y Md,,d).

weE(G)
In the following theorem, the second Zagreb index is expressed in terms of M ,(d,.d )
and M_,(d,.d,).
Theorem 2. [15] The identity

z,(G)= Y M,d,.d)M_(d

weE(G)

d,)

u?’

is valid for any value of p . Thus, in particular, the second Zagreb index can be
expressed in terms of arithmetic and harmonic means:

Z,(G)=2 Y M,

weE(G)

d)M.,d,.d,).

us us

Considerations based on means make it possible to conceive the following partition of
the first Zagreb index into two components. In view of

llln M (xl,xz, ,x,) =max (x;, X,, *,X,)
p

lim M, (x;,x,, -+, x,) =min(x;,X,, -+, X,)
p—>—0
we can decompose Zg,(G) as Zg,, (G)+ Zg,,(G) , where

7g,=22,G)= ). lim M, (d,.d,)= D maxid,.d,},

weE(G) P uveE(G)
Zg,, =7g,(G)= Y, 11m M,(d,,d)= Y minid,.d}.
weE(G) ¥ uweE(G)

n [15] it is shown that Zg,(G) < min {Zg,, (G) Zg,,(G),A\/Zg,, Zg,, }-
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The concept of geometric-arithmetic indices was introduced in the chemical graph

theory. These indices generally are defined as

V2.0,

O (0, +0,)/2

where Q, is some quantity that in a unique manner can be associated with the vertex u

G4 general — GA general (G)= Z

of graph G. The first type of geometric-arithmetic index is denoted by GA and defined

as GA=GAG)= VU e [9] (see also [13,21,22]). Since
wer) (d, +d,)/2

M,(d,.d,) MG 3)
Md,.d) ML+

we get

GaG) - § Modid) 5 MoGa
uveE(G) M1 (d”,d‘,) uveE(G) M1 (%ﬂ’i)

The Z, , index was defined in [15] as

M (dd,
2, -2,,G)=y L@d)
pa = Ona T LML (d, )

So Z,, =GA. Also the equality Z, , =Z  _, holds for all values of parameters p and g.

Main Results

In this section, we obtain some relations between Z,,, Randi¢, and Zagreb indi-

ces of any graphs.

Theorem 3. Let p and ¢ be numbers with the same sign. Then the following inequalities

are hold:
(i) @<ZM <(n-1)R(G),
m

i 27g,(G) 1
(ii) mszm <17g,(G).
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Proof. (i) At first suppose that p,q >0. Then by definition and using Lemma 1 (i),

Z,,>Z,= > M,d,.d,) MG 3)
v o quE(G)Mq(du>dv) uveE(G) Mq(dL’dL)
S,
S WeEG) e _ R(G) >@. )]
Z:]sz('%Wi ZMq(d%’dIi\ m
uveE(G)

weE(G)
By definition and using Lemma 1 (ii),

M,d,.d,) M,(d,.d,) My(G.7)

Zpg <Lpo = M, .d) M_(d.d) M_ (5
wek(G) Mold,,d, weEe) M_,(a,,d, wek(G) M (5=

P9 P,

My,
M:(n—l)R(G). )

n

>

weE(G)

From inequalities (1) and (2) we conclude that R©G) <Z,,<(n=1R(G).
m

(if) By using the definition of Z, , Lemma 1 (iii), and the Jensen inequality,

M,d,.d,) (M,(d,.d,)]’

W M,(d,d) o M, (d,.d)M_,(d

P4

d,)

u?’

M,(d, .d 2
[MO(du’dv)]2 S z [(My(d,,d,)]

uveE(G)

_uveE(G)Mq(du5dv)Ml(du’dv)_ Z Mq(du’dv) Z Ml(du’dv)

uveE(G)

uveE(G)

27,6 278,G) -
> M, (d,.d,)7,(G)  m(n—-1)Zg,(G)

weE(G)

Also

M,d,.d,) _ (M, (d, )’
weE(G) Mq (d

d) WSl M, (d,d )M, (d

X

u’

d,)

(M,(d,.d)) _ M,d,.d,)

T oM (d, d)M_(d,.d,) oM. ,d,.d,)

u?’

A

< Y Md,.d,)=57g(G). 0]
uveE(G)
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By inequalities (3) and (4), we have:

27g,(G) |
—==r <7 <1z )
m(n—-1)Zg (G) <%0 <3 26(0)

For the case p,q <0, by using the factthat Z, =z _, and —g,—p >0, the proofis
analogous. a

Theorem 4. Let p and g be real numbers such that p >0 and ¢g<0. Then the following
inequalities are hold:

. m ?
(i) @ DRG) <Z,,<l(n-DR(G)]
i 4289 7 11 70,G)

[Zg,G)F "

Proof. (i) Using Lemma 1 (ii),

M_,(d,.d, M, (f%)
Z,, 22y, =2 4=
weE(G) Mo(d,ndv) uveE(G) M (d ’d
Zqu d, u/»
> weE(G) m (5)
> M) (n—l)R(G)
uveE(G)

Using the Jensen inequality and (2), we have:

7 - M,d,.d) [M,(d,.d
M e M(d,d,) e M, (d,.d )M,,] (d,, .d,)
_ < Md,.d) M,d,.d,)
werey M, (d,,d,) M_,(d,.d,)
M,d,,d,) M,d,.d,)
T LEeM,d,.d,) oM (d,.d,)
=20y 20y =Z 40 Z, <ln=D RG] 6)

By (5) and (6), we have the following inequality:

m

ORG) <z, <[(n-DRG)P-



-511-

(ii) Using the Jensen inequality,

M,d,.d,) _ (M,(d,.d,)]’

zZ = =
d) waseM,d,d)IM_,d

X
wveE(G) M,, (@

u’ u’ u’ dv)

DM, (d,.d)T >[M,d,.d,)T

weE(G) weE(G)

> M/(d,.d) Y M_(d,d,) z > Md,.d,) Y M(d,.d,)

weE(G) weE(G) weE(G) weE(G)

28,(G) _ 47g,(G)

- - ) ™
(28O  [Z2,(G)]

Also

3 M,d,.d,) (M,d,,d,)]
M WEeo M, d) WM, (d,,d)M_,(d

d,)

us

c oy MEAT s
WS M (d, d )M (d,d,) WS

u?

<[ ) M\d,.d)I =[5 Zg,(O)F - ®)

weE(G)
From (7) and (8) follows

47g,(G) _

<Z,  <[tZg, (G-
Ze,G)p e B2

Theorem 5. Let p and ¢ be real numbers such that p <0 and ¢ > 0. Then the following
inequalities are hold:

® L(Gf]z <Z,,<R(G)
-
(i) 2.9 7 < Zg,G)T
mn-1 "

Proof. (i)
M,(d,,d,) M,(G.3)
Z <Z — 0 u v — u v
ra o= 2, M,(d,.d,) oM, (G3)

weE(G)

< Y My(E.H=RG). ©®

weE(G)

Also
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7 M,d,.d,) B M,d d,)

> d)M_ (d
M WEeoM,d,,d) W M, (d,,d )M ,d,.d,)

us -p\Hu>

) My, d)P ¢ My
ueE(G) M,, d,,d )M

-p

d).,
‘,)]

u?

d,d,) W&o M,(d,.d,)

where r =max{g,— p}. Now by using the Cauchy inequality ,

d
Dy

u>

{ z MO(du9dv)}2S 12 [Mo(d
wekE(G) M,- (d,, 5 d‘,) weE(G) uveE(G) Mr (d,, 5 dv )
Hence, using inequality (1)

Z [Mo(dwdv)]z Zi{ Z MU(du’d\‘)}ZZ(ZO,V)Z Z[R(G;)]z .

(10)
wek(G) M, (d,,’dv) M ek (G) M,(du,dv) m

By (9) and (10):

<Z  <R(G).

[RGI
m3 - pPq
(i1) By using Lemma 1 (iii),

d,)
d,)

u’ u’

, s Md) o M,@d.d)M
M e M (dd,) WS M, (d,d )M, (d

-p \Pu>s

M,d,,d )T’
Mdpd)p ]

o M,(d,d)M (d,.d) " Y M,(d,.d) > M d,d,)

weE(G) weE(G)

[M,(d,.d,)
w&“ A

TS M,d,,d)F  min-1)

weE(G)

()

where r =max{q,— p}.

M,

u>
X -
were) M (d,,d,) W&o M, (d

d) M,

u?’

d)M_,(d,.d,)
d)M_,d,.d,)

ud

Ml(d,,,dv)]z

_ M d)E 5
W M, (d, . d )M, (d,.d) " 5 M,(d,.d,)

Md,.d,)., 21 2 12
S{I(VE;G);M’_(d“,d‘,)} S{WEZE(:(’yI(dmdv)} _[ngl(G)] ( )
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where r=min{g,— p}.

By relations (11) and (12) we arrive at the bounds:

78,(G) _

iy S e 2O

References

(1]
(2]

(3]
(4]

(3]
(6]
(7]
(8]
9]
(10]

(17]
(18]

H. Wiener, J. Am. Chem. Soc. 69 (1947) 17-20.

A. R. Ashrafi, M. Ghorbani, M. Jalali, Theoret. Comput. Chem. T (2008)
221-231.

B. Zhou, N. Trinajsti¢, J. Math. Chem. 44 (2008) 235-243.

V. Consonni, R. Todeschini, MATCH Commun. Math. Comput. Chem. 60 (2008)
3-14.

X. Cai, B. Zhou, MATCH Commun. Math. Comput. Chem. 60 (2008) 95—105.

I. Gutman, B. Furtula, M. Petrovi¢, J. Math. Chem. 46 (2009) 522.

B. Zhou, N. Trinajsti¢, J. Math. Chem. 46 (2009) 1172—1180.

B. Zhou, N. Trinajsti¢, J. Math. Chem. 46 (2009) 1252—1270.

D. Vukicevié, B. Furtula, J. Math. Chem. 46 (2009) 1369.

A. Iranmanesh, I. Gutman, O. Khormali, A. Mahmiani, MATCH Commun. Math.
Comput. Chem. 61 (2009) 663—672.

H. Deng, MATCH Commun. Math. Comput. Chem. 66 (2011) 273-284.

X. Qi, B. Zhou, MATCH Commun. Math. Comput. Chem. 66 (2011) 329-342.

G. Fath-Tabar, B. Furtula, 1. Gutman, J. Math. Chem. 47 (2010) 471-486.

I. Gutman, N. Trinajsti¢, Chem. Phys. Lett. 17 (1972) 535-538.

T. Dosli¢, B. Furtula, A. Graovac, I. Gutman, S. Moradi, Z. Yarahmadi, MATCH
Commun. Math. Comput. Chem. 66 (2011) 613—626.

D.Vukiéevié, 1. Gutman, B. Furtula, V. Andova, D. Dimitrov, MATCH Commun.
Math. Comput. Chem. 66 (2011) 627-645.

S. Bogoev, MATCH Commun. Math. Comput. Chem. 66 (2011) 647—668.

M. Randié, J. Am. Chem. Soc. 97 (1975) 6609—6615.



-514-

[19] G. H. Hardy, J. E. Littlewood, Inequalities, Cambridge Univ. Press, Cambridge,
1952.

[20] D. S. Mitrinovié, P. M. Vasi¢, Analytical Inequalities, Springer—Verlag, Berlin,
1970.

[21] B. Zhou, I. Gutman, B. Furtula, Z. Du, Chem. Phys. Lett. 482 (2009) 153-155.

[22] Y. Yuan, B. Zhou, N. Trinajsti¢, J. Math. Chem. 47 (2010) 833-841.





