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Abstract

The average eccentricity has been used as a molecular descriptor since 1988. In this paper, we give
lower and upper bounds for the average eccentricity in terms of the numbers of vertices and edges,
give lower and upper bounds for average eccentricity of trees with fixed diameter, fixed number of
pendent vertices and fixed matching number, respectively, and determine the n-vertex trees with the

first four smallest and the first |_n / ZJ th-largest average eccentricities for 7> 6.

1. Introduction
We consider simple graphs. Let G be a connected simple graph with vertex set V' (G) and

edge set E(G). The distance between vertices » and v in G, denoted by d;(u,v), is

the length (number of edges) of a shortest path connecting # and v in G. The eccentricity
of vertex u in G, denoted by e;(u), is the distance from u to a vertex farthest away

fromitin G. The average eccentricity of G is

avec(G):l D eg(u),

nyer(G)

where 7 =|V(G)|. This concept was introduced by Skorobogatov and Dobryninin [1] in
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mathematical chemistry used as a molecular descriptor, see also [2]. It is named the eccentric
mean by Buckley and Harray [3]. Dankelmann, Goddard and Swart [4] established an upper
bound for the average eccentricity in terms of number of vertices and minimum degree,
obtained Nordhaus-Gaddum results, and examined the change in the average eccentricity
when a graph is replaced by a spanning subgraph. Several packages, such as Dragan and
Cerius®, include the average eccentricity (AECC) among their molecular descriptors, thus
making it available for various structure-property models. A recent application may be found
in [5].

In this paper, we give lower and upper bounds for the average eccentricity in terms of
the numbers of vertices and edges, give lower and upper bounds for average eccentricity of
trees with fixed diameter, fixed number of pendent vertices and fixed matching number,

respectively, and determine the n-vertex trees with the first four smallest and the first

|_n / ZJ th-largest average eccentricities for n > 6.

2. Preliminaries

For a connected graph G, the radius r(G) and the diameter D(G) are, respectively, the
minimum and maximum eccentricity among the vertices of G [1]. For ueV(G), let

d;(u) be the degree of u in G. A connected graph is called a self-centered graph if all of
its vertices have the same eccentricity. Evidently, a connected graph G is self-centered if
and only if r(G)= D(G).

Let K, be the complete graph with 7 vertices. Let K, be the complete bipartite
graph with » and s vertices in its bipartite sets, respectively. Let S, and P, be,

respectively, the star and the path with » vertices. By direct calculation, the following

formulae hold: avec(K,)=1, avec(K, )=2, avec(S,)=2~- l, avec(C,) = LEJ, and
n

2
avec(P)) = {3'14_ ZJ.
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For a graph G and a subset E' of its edge set (£  of the edge set of its
complement, respectively), G—E' (G+E", respectively) denotes the graph formed from

G by deleting (adding, respectively) edges from E' (E", respectively). For u eV (G),

G —u denotes the graph formed from G by deleting the vertex # (and its incident edges).

We will use techniques developed in [7].

3. Average eccentricity of connected graphs

In this section, we give various lower and upper bounds for average eccentricity of connected

graphs in terms of other graph invariants.
If G is a connected graph, then 7(G) < avec(G)< D(G) with either equality if and

only if G is a self-centered graph.

Proposition 3.1. Let G be an n-vertex connected graph, and k the number of vertices of

degree n—1 in G, where 0<k <n. Then

avec(G) =22 — k
n

with equality if and only if all the vertices of degree less than n—1 have eccentricity two.

Proof. Note that there are k vertices with eccentricity one and n—k vertices with

eccentricity two. Then the result follows easily.  []

Let Gv H be the graph formed from vertex-disjoint graphs G and H by adding

edges between each vertex in G and each vertex in H. Denote by G(n,m) the set of

2n—1-2n-1) —st

graphs K, v H with nvertices andm edges, where a=aq,, —{ 3

Obviously, each vertex of H has eccentricity twoin K, v H.
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Proposition 3.2. Let G be an n-vertex connected graph with m edges, where

2n—1-+/(2n—1)" -8
n71Sm<(;). Let a={ " (2n=1) mJ Then

2
avec(G)>2— a
n

with equality if and only if G € G(n,m).

Proof. Let & be the number of vertices of degree n—1 in G, where 0<k<n-1. By
Propisition 3.1, avec(G)= 2—% with equality if and only if all the vertices of degree less
than n—1 have eccentricity two. If k=0, then avec(G)>2> 2—%. Suppose that &k >1.
Since 2m>k(n—1)+k(n—k) and a is the largest integer satisfying
2m>a(n—1)+a(n—a), we have avec(G)>2 —% >2 —% with equalities if and only if all
the n—k vertices of degree less than n—1 have eccentricity two and k=a, ie.,

GeG(nm). [

Note that for n>5, if G is an n-vertex unicyclic or bicyclic graph, then a=1,
and that G(n,n) contains exactly one (unicyclic) graph, formed by adding an edge to the

n-vertex star, G(n,n+1) contains exactly two (bicyclic) graphs, formed by adding two edges

to the n-vertex star. Thus, by Proposition 3.2, we have

Corollary 3.3. Let G be a unicyclic (bicyclic, respectively) graph with n>5 vertices.

Then
1
avec(G)=22——
n
with equality if and only if G is formed by adding one edge (two edges, respectively) to the

n-vertex star.
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Define K,—ke as a graph formed by deleting k independent edges from the

complete graph K, where k:1,2,..,,|_n/2_'.

Proposition 3.4. Let G be a connected graph with n>2 vertices and m edges. Then

avec(G)<n _2m
n

with equality if and only if G=K, —ke for k:0,1,...,|_n/2J, or G=P,

Proof. Let d(u;i) be the number of vertices that are of distance i from vertex u in G,
where i=1,2,...e;(u). For ueV(G), itis easily seen that

eg ()

n—1=d,(u)+ Zd(u i) >d,(u)+ Zl—d () +eg(u)—1,

and thus d;(u)+e;(u)<n, with equality if and only if e;(u)=1, ie. d;(u)=n-1 or

e;(w)=2 with d(u;2)=d(u;3)=---=d(u;e;(u))=1. Then

avec(G):l 2 eG(u)Sl{ z (n d;(u) :i—n— z d;(u)= n—Z—m
n n

uel(G) uerl (G) el (G)

Suppose that equality holds in the above inequality. Then e (u)=1, ie,
dgw)=n—-1 or e;w)=2 with d@2)=dw;3)=--=d(u;e;w))=1 for every
ueV(G). Suppose first that e (#)=1 for some weV(G). Then d,(u)=n-1 and
e;(v)=1 or 2 forall v#u. If e;(v)=1 forall v#u, then G=K,. Suppose that there
exists some vertex v with e;(v)=2. Then there exists a vertex welV(G) such that
d(v,w)=2. Since d(v;2)=d(w;2)=1, the vertex w 1is unique for fixed v. Thus
d;(v)=dg(w)=n-2, implying that G=K, —ke for k=1..[(n-1)/2]|. Now suppose
that e (u)>2 with d(u;2)=du;3)=-- (u eG(u)) 1 for every uelV(G). If

e;(u)=2 for every ueV(G), then d, (u)=n-2 for every uelV(G), and thus n is



-410-

evenand G=K, —ge. If e;(u)=3 forsome ueV(G), then D(G)=3, otherwise, for a
center x of a diametrical path, d(x;2)>2, a contradiction, and thus G =P,.
.o . 2 .
Conversely, it is easily checked that avec(G)=n “M for G= K, —ke with
n

k=0,1,...,|_n/2J, or G=PF,. U

4. Average eccentricity of trees

In this section, we give lower and upper bounds for average eccentricity of n-vertex trees with
fixed diameter, fixed number of pendent vertices and fixed matching number, respectively.

We also determine the n-vertex trees with the first four smallest and the first

|_n / ZJ th-largest average eccentricities for n> 6.

Lemma 4.1. Let u be a vertex of a tree Q with at least two vertices. For integer a1,
let G, be the tree obtained by attaching a star S, at its center v to u of O, and G,
the tree obtained by attaching a+1 pendent vertices to u of Q. Then

avec(G,) < avec(G,).

Proof. Let w be a pendent neighbor of v in G, and a pendent neighbor of v in G,
outside Q. Note that e; (x)<e;(x) for any xeV(Q), e;(u)<e;(v)<e;(w), and
e (w)=¢; (v). Then

n [avec(G2 ) —avec(G, )] = z [er (x)— €, (x)] +(a+ l)er w)y—a- € (w)— € )

el (0)
<(a+Deg (v)—a-e; (w)—eg; (v)

= a[e(‘.] M —eg (w)} <0,

and thus avec(G,) < avec(G,). [
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For 2<d<n-1, let T(n,d) be the set of n-vertex trees with diameter d, T, ,
be the set of n-vertex trees obtained from the path P, =vyv,...v, by attaching n—d -1
pendent vertices to v, and/or v, and let 7o :{T,fd :1Sa£L(n+l—d)/2J},
where T, is the n-vertex tree obtained by attaching a and n+1-a—d pendent vertices
respectively to the two end vertices of the path P,_. In particular, T, =T"* ={S,} and
Ty =T = ().

For 4<d<n-3, let T, , be the set of trees obtained from a tree in Tay BY
attaching a pendent vertex to a pendent vertex different from v, and v,. For 4<d<n-2,
let 7;,21 . Dbe the set of trees obtained from a tree in 7|, ,, by attaching a pendent vertex to

Va1 O Yanja-

Proposition 4.2. Let G € T(n,d), where 2<d <n-1. Then

luiﬂ‘“ ' -2+ I)J + (n—d—l)Ui—‘ + 1}} < avee(G) < 1[{73(‘1 1) -2(d+ DJ +(n—d- 1)4
n 4 2 " 4

with left equality if and only if G €T, ,, and right equality if and only if G € 7o,

Proof. The cases d =2 and n—1 are trivial. Suppose that 3<d <n-2.

Suppose first that G is a tree in T(n,d) with the minimum average eccentricity.
Let P(G)=vyv,...v, be a diametrical path of G. By Lemma 4.1, all vertices outside P(G)
are pendent. Suppose that there exists some v, with k#|d/2],[d/2], such that
d;(v,)=3. Let u,u,,...,u, be all the pendent neighbors of v, outside P(G). Let

G':Gf{vkul,..‘,vku,}+{vld/zjul,...,vtd,zju,}.Then G'eT(n,d). Since e (V) > e (M yp2))s

we have
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avec(G) - avec(G') = l|:t~(eG(vk)+ 1)=t+(e6 ) + 1)}
n
t
= ;[ec(vk)—ec(vld/”)} >0,
and then avec(G) > avec(G'), a contradiction. Thus G €T, .

Conversely, it is easily seen that

avec(G) = IHWJ +(n 7d71)Ug—‘ + lj:| for GeT,,.
n

Now suppose that G is a tree in T(n,d) with the maximum average eccentricity.
Suppose that GeT"". Let P(G)=vp,...v, be a diametrical path of G. Let y be a
pendent vertex outside P(G), and x the neighbor of y, where x=#v,,v,,. Obviously,
e;(y)sd. Form a tree G, =G—{xp}+{vy}€T(nd). Note that e;(y)=d. It is easily
seen that

avec(G)—avec(G]):%[ec(y)—ec‘(y)]S%(d—d):O

with equality if and only if e,(y)=d. If e,(y)<d, then avec(G)<avec(G,), a
contradiction. Then e;(y)=d, and thus x lies outside P(G). Repeating the above
procedure to all pendent neighbors of x, we may finally obtain a tree G, with diametrical
path  P(G) such that x is a pendent vertex in G, and e¢;(x)<d and
avec(G) = avec(G,). Obviously, x is not a neighbor of v, or v, ,. Repeating the above
procedure to x of G,, we have a tree in T(n,d) with larger average eccentricity, a contradiction.
Thus GeT™?.

2
Conversely, it is easily seen that avec(G)= 1H3(d+1)42(d+1)J +(n—d- l)dJ
n

for GeT™. [

By previous proposition, we may determine trees with the first a few smallest and
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largest average eccentricities as follows.

Proposition 4.3. Among the n-vertex trees with n>6, S, , n-vertex double-stars (trees in

T, ) the tree in T, ,, and the trees in T(M)UTH # (T, to4) =) are respectively the

unique trees with the smallest, second-smallest, third-smallest and fourth-smallest average

eccentricity, which are equal to 2 —l, 3 —g, 3 +l, and 3+ g, respectively.
n n n n

Proof. Let f(d) be the expression of the lower bound in Proposition 4.2, where

2<d<n-1. Suppose that d<n-2. If d iseven, then

i =
4 2

2_ —
—M—(n—d—l)(g+lj
4 2

=n—-1>0,

n[fd+)-f(d)]=

and if d is odd, then

n[fd+D)-f(d)]= 2

31’ -2(d+1) (n—d— 1)(ai+1 j
4

3(d+2)-2(d+2)-1 f(—d- 2)(d2+1 1]

=d>0.

It follows that f(d) is increasing for 2<d <n—1. Thus, forany 7 € T(n,d) with d>5,
we have by Proposition 4.2 that avec(T)2 f(5)> f(4)> f(3)> f(2). Note that

T, =1S,}, T, contains exactly all the |_n/2—1_' double-stars and T, , contains the

unique tree formed by attaching n—5 pendent vertices to the center of the path with five

vertices. Now by Proposition 4.2, we have: Among the n-vertex trees with n>6, S,

n-vertex double-stars, and the tree in T, ,, are respectively the unique trees with the smallest,

. . . 1 2
second-smallest, and third-smallest average eccentricity, which are equal to 2——, 3—-—,
n n

1 .
and 3+—, respectively.
n
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Let T be an n-vertex tree different from §,, mn-vertex double-stars, or the tree in

(n,4)°

. 2

T, If d>35, then by Proposition 4.2, avec(T)> f(d)> f(5)=4>3+=. Suppose that
n

d =4. Then there is exactly one vertex of eccentricity 2 in 7' and at least three vertices of

eccentricity 4. Thus avec(T) > l[2 +3x4+3(n—-4)]=3+ 2 with equality if and only if
n n

Tel,, VT, It follows that among the n-vertex trees with n>6, the trees in
T(lm U 7;,2,‘4) are the unique trees with the fourth-smallest average eccentricity, which is equal
2
to 3+—. [
n
For n>4, let T' be the tree formed by attaching a pendent vertex v, , to vertex
. _|n=2 .
v, of the path P =vyv..v,, where 1<i< | Since

avee(T} ) ~avee(T}) =+ e, (v, ) e, (v, ) | = {01 -i=D~(n-1-)] = =1 <0, we
nb % " n n

have avec(T'*") < avec(T!), where 1<i< Ln /2 —ZJ.

Proposition 4.4. Among the n-vertex trees, P, with n>3 is the unique graph with the

largest average eccentricity, and T for 1Si£|_n/2—1J is the unique graph with the

(i+1)th-largest average eccentricity, where

3n-2

2 if nis even
avec(P,) = 3 —2m—1
M ZINTL if nis odd,
4n
— 2 — — 7
3=l +2n-3-4i if nis even
i 4n ’
avec(T)) = s )
3(n-1)"+2n-2-4i if nis odd.

4n
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Proof. Let g(d) be the expression of the upper bound in Proposition 4.2, where

2<d<n-1. Supposethat d<n-2. If d iseven, then

3d+2) -2(d+2) |
4
_M_(n
4

n[g(d+1)-g(d)]= (n—d—2)(d+1)
—d-1)d

:n—i>0,
2

and if d 1is odd, then

]:3(d+2)2f42(d+2)71+
3(d+)P-2d+D)-1
4

n[g(d+1)-g(d) (n—d-2)(d+1)

(n—-d-1d

=n——->0.
It follows that g(d) is increasing for 2<d <n-1. Thus, for any 7 €T(n,d) with
d <n-3, we have by Proposition 4.2 that avec(T)< g(d)<g(n-3)<gn—-2)<g(n-1).
Note that 7" ={P} and T"" > ={T'}. Then P, for n>3 and T, for n>4 are

respectively the unique trees with the largest and the second-largest average eccentricity.

Suppose that 2<i< |_n /2 —IJ. Among the n-vertex trees, the (i+1)th-largest average

i-1
eccentricity is achieved by the trees in T(n,n—2)\\ T/ or in 7" with maximum
=1

i-1

average eccentricity, and let 7, € T(n,n-2)\(_T,/. Since avec(T') < avec(T™) for
j=1

2<i<|n/2-1|, we have avec(T;)<avec(T!) with equality if and only if 7,=7,. By

direct calculation, we have

3(n-1Y+2n-3-4i

if n is even
avec(T!) = ) an )
3(n—1)"+2n-2-4i i is odd,
4n

and for T, eT""™,
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avec(T,) —avec(T,)

3(n-1° +2n-3-4i 3(n-2)’~2(n-2)+8(n-3)

if n is even
4n 4n
2 - 2
3(n-1)"+2n-2-4i 3(n-2) -2(n-2)-1+8(n-3) i is odd
4n 4n
2n—4i+8 .
AL if n is even
4n
2024510 i i odd
4n
3 if n is even
n
7 if n is odd
2n

>0.

result follows.

q

adding the edge u,v,.
e;(w)> p. Then eG(M)(x) = e(;(pﬂ\q,])(x) for X#V,
€y (Ve) = € gy (V) P =1+ q <eg (V)
g<e;(w)<p. Then (o) (x)= eG(pwfl)(x) -1< eG(pwfl)(x)
xeV( VWV (O\,}, €ipa) (X)) = €Gpi1g)(X) for xeV(P)\{w},

€6(pa) (vq) < eG(/H'-qfl)(vq )

tovertex w. If p>gq, then avec(G(p,q))<avec(G(p+1,q-1)).

Thus 7 =7, is the unique n-vertex tree with the (i+1)th-largest average eccentricity. The

Lemma 4.5. Let w be a vertex of a connected graph G. For integers p, q>1, let

G(p,q) be the graph obtained from G by attaching pendent paths P=wuu,...u, and

Proof. Obviously, G(p+1,g—1) is obtained from G(p,q) by deleting the edge v, v, and

and

for

and
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Case 3. e;(W)<q.  Then > g =D, egpagn()  and
xel (PUQ) xeV (PLQ)

eG(p,q)(x) = e(i(erl,qfl)(x) -1< e(i(p+|,q—])(x) for xeV(G)\{w}.

Combing Cases 1-3, we have avec(G(p,q)) <avec(G(p+1,q-1)). [

Lemma 4.6. Let G and G' be the trees shown in Fig. 1, where vertices x and y are
connected by a path of length at least one (vertices in this path except x and y are of
degree two), and x has a unique neighbor in N. In G, vertex x has at least one
neighbor in M, and all of such neighbors are switched to be neighbors of y in G'
Suppose that max{d;(x,u):uV (M)} <max{d;(x,u):ueV(N)}. Then

@) If e;(x)>e;(y), then avec(G)> avec(G');

(i1) If e;(x)=e;(y), then avec(G)=avec(G").

Fig. 1. Graphs G and G’ in Lemma 4.6.

Proof. Let s be the number of neighbors of x of G in M. Weknow s2>1.

Suppose that e;(x)>e;(¥). Then max{d,;(x,u):ueV(N)}
<max{d;(y,u):uV(Q)}. Note that max{d;(x,u):u eV (M)}
<max{d;(x,u):ueV(N)}. Then e;(v)=e(v) for velV(G)\V(M), and

e;(vV)=e,(v)+1 for velV (M). Itis easily seen that
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avec(G") — avec(G) = 1 z [e, (V) —e, (V)] < 5. 0,
n

7 xer ()
and thus avec(G) > avec(G").
Suppose that e;(x)=¢;(»). Then max{d;(x,u):ueV(N)}
=max{d;(y,u):uV(Q)}. Note that max{d,;(x,u):ueV(M)}
<max{d;(x,u):uecV(N)}. Then e;(v)=e;(v) for veV(G), and  thus

avec(G) = avec(G'). [

Let 7,, be the set of n-vertex trees with p pendent vertices, where 2< p<n-1.
A tree is starlike if it has exactly one vertex of degree at least 3. For integers » and p with
3<p<n-1, let k=|(n-1)/p| and r=n-1-kp, let T"” be the tree obtained by
attaching p—r paths on & vertices and r paths on k+1 vertices to a common vertex,
and if p|(n—2), then let 7,”"(s) be the tree obtained by attaching respectively s paths
and p—s paths on (n—-2)/p vertices to the two end vertices of an edge, where

1SsS|_p/2_'. So we can obtain

Proposition 4.7. Let GeT! where 2<p<n-2, let k=|(n-1)/p| and

n,p?

r=n—1—kp. Let

Bn-Dk+n-1 i r=0,
2n

Sonpy = Dy,
n

Graik+D - eyss
2n

Then
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3(n—-p+2) -2(n-p+2)
4

f(n,p)Savec(G)S%H J+(p72)(n7p+l):|

with right equality if and only if GeT""™"? and left equality if and only if G = Tl("’”) or

G=T""(s) with 2<s< |_p / 2J if pl(n=2), and G=T,"" otherwise.

Proof. If GeT""7, then by  direct  calculation, we  have

— 2 — —

avec(G) = 1H3(" p+2) 7 2 ’”2)J+ (p-2(n-p+ 1)}. I G=1"" o
n

G=T""(s) with 2<s<|p/2] if p|(n-2), and G=T,"" otherwise, then we can

if r=0, avec(G)= if r=1

also easily get avec(G):% j (3’7_;&
n

n

and avec(G) = W@M if r=2.
n

Let d be the diameter of G. From the proof of Proposition 4.3,

2 p—
g(d)= IHWJ +(n—-d —l)d} is increasing on d. Since d<n-p+l,
n

then by Proposition 4.2, avec(G)<g(d)<g(n—p+1) with equality if and only if
GeT" 7,

Let G be a tree in Ge7,, with the minimum average eccentricity. Let
V(G)={xeV(G):d;(x)=3}.
Casel. |V;(G)|=1. Then G is starlike. By Lemma 4.5, G=7"".
Case 2. ‘V](G)‘ZZ

Choose x,y €V (G) such that all the internal vertices (if exist) of the path P
connecting x and y have degree two. Suppose that e;(x) #e;(y), say e, (x)>e,(p).
By Lemma 4.6 (1), we may get a tree in 7,, with smaller average eccentricity, a

contradiction. Thus e;(x)=¢;(y). Suppose that ‘Vl (G)‘ >3, Let zeV(G)\{x,y} such
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that min{d,(x,z),d;(y,z)} is as small as possible, say min{d;(x,z),d.(y,z)} =d;(y,z).
As above, e;(y)=e;(z). Since e;(x)=e;(y), and we know that e;(z) > d;(y,z)+e;(y).
This implies that d;(y,z) <0, a contradiction. Thus ‘V] (G)‘ =2. Suppose that d,;(x,y)>2,
and x, is the neighbor of x in P. We find that e;(x)>e,(x,). By Lemma 4.6 (1), we
may getatreein 7, with smaller average eccentricity, a contradiction. Thus d;(x,y)=1.
Note that the longest pendent paths at x and » have the same length, say a If all
pendent paths have equal lengths, then p|n—2 and G=T,""(s) with 1<s<|p/2].
Suppose that p [ n—2 and there is a pendent path of length #<a. Making use of
Lemma 4.6 (2), we may get a tree G' in 7,, with V,(G)={y} such that

avec(G") = avec(G). Note that there are two pendent paths in G’ at y with lengths a+1

and ¢, respectively. As in Case 1, we have G=T7"". I[]

A matching M of the graph G is a subset of E(G) such that no two edges in M
share a common vertex. The matching number of G is the maximum number of edges of a
matching in G. If every vertex of G incidence an edge in M of G, then M is a
perfect matching. For integers » and ISmSLn/ ZJ, let U(n,m) be the set of the
n-vertex trees with matching number m. Obviously, U(n,1)={S,}. For 2Sm$|_n/ 2J,

let U,

(n,m)

be the tree obtained by attaching m—1 paths on two vertices to the center of the

star S

n=2m+2*

Proposition 4.8. Let T eU(2m,m) with m>3. Then avvec(T)Z%—l with equality if
m

and only if T=U,

@mm)*
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Proof. Let T eU(2m,m) with m>3. Let d be the diameter of 7.
Suppose first m=3. Then d=4,5. From the proof of Proposition 4.3, we know

3(d+1)? —2(d +1)

=L
that f(d)= "H ;

J+(n—d—l)UZ—‘+lﬂ is increasing for 2<d<n-1.

By Proposition 4.2, avec(T) > f(d)> f(4)= %—% with equality if and only if GeT,, ie.,

G=U,

(63)"
Suppose that m>4 and the result holds for trees in U(2m—-2,m—1). Let

T eU(2m,m) with a perfect matching M. Let u a pendent vertex of a diametrical path of
T. Obviously, the unique neighbor v of u# has degree two. Then wveM and
T-u-veUQm-2,m-1). By the induction hypothesis, we have

z e, ,,(x)27(m-1)-2 with equality if and only if and T-u-v=U,,,,. . Let w

xelT—u-v

be the neighbor of v different from wu. Note that e, (w)>2. Then

e, (u)=e,(v)+12e,(w)+224. Then

avec(T) 2 ﬁ{ z e, (X)+e, (u)+e, (V):| > ﬁ{ Z e, (X)+4+ 3}

xel—u-v xel—u-v
1 7 1
>—[1(m-1)-2+7]=———
o [7(m—1) ] 2
with equalities if and only if e, , (x)=e,(x) for all xeV(T)\{u,v}, e (u)=4,

e,(vV)=3, e,(w)=2, and T—u—-v= T(M,M,I), ie, T= U(z,nﬁm). |

Proposition 4.9. Let T €U,

wmy With 2<m < |n/2].
) If m=2, then avec(T)=3 7% with equality if and only if T =U,, .

(i)  If m=3, then czlzc'zc(T)23+”172

with equality if and only if T =U,

(n,m)*

3n-2

@) If m= {%J, then avec(T) S{ J with equality if and only if T € P,.
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@iv) If m< Lg“, then

32m+1)’ =22m+D)-1

1
T)<—
avec(T) n{ 2

2(n—2m-— l)m}

with equality if and only if T € T"*™.

Proof. Let d be the diameter of 7. Suppose that m=2. Then d=3,4. If d=3, then

T eU(n,2), and thus avec(T) :3—%. Suppose that d =4. Then 7 may be obtained by
attaching pendent vertices at the two end vertices of a path on three vertices. Thus
avec(T) = 4—; >3 —%. Now (i) follows.

Suppose that m>3. We prove the result (ii) by induction on » (for fixed m). If
n=2m, then by Proposition 4.8, the result holds. Suppose that »>2m and the result holds
for trees in U(n—1,m). Let T eU(n,m). Then there is a matching M with |M|=m and
a pendent vertex u of 7 such that # is incident with any edge of M in T [6]. Thus
T —ueU(n—1,m). By the induction hypothesis,

Y e (x)23(n-1)+m-2
xelT-u
with equality if and only if 7T-u=U_, . Let v be the unique neighbor of u. Note that

e, (u)=e,(v)+123. Then

m—2

avec(T) Zl{ > eH(x)+eT(u)} 21[3(n—1)+m—2+3] =3+
n n n

xel—u
with equalities if and only if e,  (x)=e,(x) for all xeV(T)\{u}, e, (u)=3, e (v)=2

and T-u=U ie, T=U, The result (ii) follows.

n—l,m)> n,m)*
Note that the matching number of P, is Ln/ 2J. Then (iii) follows from Proposition
4.4.

Now we prove (iv). From the proof of Proposition 4.4,
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2 —
gd)= IHWJ +(n—d —l)d} is increasing for 2<d<mn-1. Since
n

d<2m, we have by  Proposition 4.2  that  avec(T)< g(d) < g(2m)

4

=l|:3(2m+1)z—2(2m+l)—l
n

+2(n—-2m —l)m:| with equalities if and only if 7eT7"*™. [}
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