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Abstract
A mathematical methodology for understanding the construction of polyhedral links has been developed in
this paper. A family of polyhedral links is generated based on the geometry of polyhedron by using the operation
of ‘Tangle Covering’. We then show that the HOMFLY polynomial for this family of links can be derived from
the Z"-polynomial of the original polyhedral graph by a simple substitution rule. The result thus generalizes the
computation of the HOMFLY polynomial to the family of nearly arbitrary polyhedral links, which complements
our previous research on semi-regular case. In addition, our work also gives the HOMFLY polynomials of

rational links, a typical link family which could facilitate a number of important problems in knot theory.

1. Introduction
A link "), a set of knotted loops all tangled up together, is the main study object of knot theory. In

1961, the first topological catenane ™

was synthesized in laboratory, which immediately attracts the
continuous interests of chemists. With the development of nanotechnology, a variety of polyhedral
catenates such as DNA tetrahedron [4’6], DNA cube 8], DNA truncated octahedron [q], DNA

octahedron "' DNA dodecahedron ' ', DNA icosahedron 'l and DNA bipyramid %), have

* Corresponding author (W.-Y. Qiu)
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been synthesized by using DNA blocks. These exciting results trigger scientist to study the properties
of these topological nontrivial structures embedding in 3D space, and also open a new area for knot
theory.

Polyhedral links, a mathematical model of DNA polyhedra, model edges of interlinked and
interlocked architectures as two strands of DNA chains 2%, Qiu’s group has constructed some
graceful links from Goldberg polyhedra and carbon nanotubes by the means of ‘three cross-curves and

5 [16,

double lines covering 1. Subsequently, other construction methods have been developed based on

the various polyhedrons "%, However, due to the structure diversity of knots and catenanes "),
some new methods to describe them may have to be considered. In this paper, a general operation
‘Tangle Covering’ is proposed to generate a family of polyhedral links including regular polyhedral
links and semi-regular polyhedral links discussed in our previous work . This work provides a
sound basis for the understanding of structure, properties and, further, the molecular design of DNA
polyhedral catenanes.

The HOMFLY polynomial, a powerful invariant of oriented links, can distinguish most links from
their mirror images **!, which is crucial in biomolecular system #**°!. It is known that the computation
of HOMFLY polynomial is believed to be #P hard *'*%. For the links with small crossing number, we
can resort to some software packages **. However, in the case of the links with large crossing number,
the computation becomes a difficult problem. This paper identifies a large family of links with special
structure such that their HOMFLY polynomial can be easily obtained only by computing the
Z"—polynomial, a weighted dichromatic polynomial, of original graph. The general result greatly
improves our previous work ! and is expected to facilitate the subsequent identification of the

topological link type and chirality of polyhedral links.

2. The construction for a family of polyhedral links

Some basic definitions, notations and operations are given in advance.

In graph theory, a planar graph is a graph which can be embedded in the plane or the sphere. A
planar graph already drawn in the plane without edge intersections is called a plane graph. All convex

polyhedrons are 3-connected planar graphs **, hence any one of them has a plane graph. While in this



-67-

paper, ‘polyhedral graph’ means one of its plane graphs. An isthmus of a graph is an edge whose
deletion increases the number of components. 4 /oop of a graph is an edge whose endpoints are the
same.

A tangle is defined to be two strands twisted around each other, which is an ideal building block for

135361 Four basic blocks used in this paper are a-tangle, b-tangle,

the construction of knots and links
c-tangle and d-tangle (see Figure 1). The length of each tangle is defined as one half of its crossing
number. X-fangle denotes one of four tangles throughout this paper.

We shall now construct a new link from any connected plane graph G as follow: cover each edge
with a tangle of length n (a-tangle, b-tangle, c-tangle or d-tangle), and connect the ends of tangles
along each edge in a face of G. The resulting link is denoted by D(G) and is called polyhedral link if
G is a polyhedral graph. This operation is called ‘Tangle Covering’ which generalizes Jaeger link !
and also the construction method in Ref. [36], and produces a family of links m by changing the
type and length of tangle for each edge.

In particular, the above operation will be called ‘X-Tangle Covering’ if we use only X-tangle to
cover each edge. Also, it will be called ‘X"-Tangle Covering’ if all tangles have the same length » for

each edge. We write Dx(G) and D (G) for the two links obtained from G by using the operations

‘X-Tangle Covering’ and ‘X"-Tangle Covering’, respectively (see Figure 1).

u-uil_u-'-' n’l-I\:ug.’r .--rg:ng.h- d_r::,,.ﬂ,;'. - é‘%;\;ls

7

a-tangle:n =n =n =2 fu‘\ &.‘ N

DIG) D(G) DG)

Figure 1. Three operations on tetrahedron: Tangle Covering, X-Tangle Covering and X"-Tangle Covering.
(Each box in D(G) contains a tangle with length »; for i=1...6.)
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Some interesting results can be obtained if G only consists of one edge e. If e is a loop, then
DL(G) and DZ(G) will be two torus links and D}(G) and DJ*(G) will be two trivial knots.

Otherwise, the situation is reversed (see Figure 2).

(a) (h)
D) E&OTD
{
DG o0
DNG)
D)(G) Dl(G)
@ G@ )
D,(G) DG)

Figure 2. (a) Four links derived from a loop. (b) Four links derived from an isthmus.

Semi-regular polyhedral links are obtained from any polyhedral graph G by using the operation
“X-Tangle Covering”, which have the same type of tangles for each edge. They are classified as four
classes of links according to the type of tangle used in ‘X-Tangle Covering’, and denoted by
D4(G),Dg(G), Dc(G) and Dy (G). The four classes of links are just the links constructed in Ref. [23].

Regular polyhedral links are obtained from any polyhedral graph G by using the operation
‘X"-Tangle Covering’. They are also classified as four classes of links according to the type of tangle
used in ‘X"-Tangle Covering’, and denoted by D}(G),DE(G),D{(G) and DJ(G). In contrast to
semi-regular links, regular links have more special structure from which we can obtain the relationship
between Tutte polynomial and HOMFLY polynomial as discussed in Section 4.

Remark. Note that all polyhedral graphs are connected. However, the operation ‘Tangle Covering’
can be also extended to any plane graph G. In the case that G is disconnected, its each connected
component will produce a link as above, then D(G) will be the collection of such links. We take this

convention that D(G) will be an isolated Jordan curves if G consists of an isolated vertex.
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3. Dichromatic polynomial and HOMFLY polynomial

In this section, we establish the relationship between the HOMFLY polynomial **! of a family of
links obtained in section 2 and the dichromatic polynomial ®® of the original graph, which is
stimulated by the earlier work of Traldi. From this result, we derive the connection between polyhedral
links and the associated polyhedral graph. Hereinafter we use G —e¢ and G - e to denote the graphs
obtained from graph G by deleting and contracting edge e respectively. |[F(G)| denotes the number of
vertices of a graph G, and |E(G)| the number of edges.

A graph G is a weighted graph if each edge e is given a label w(e).

Definition 3.1 The dichromatic polynomial Z%(G) = Z%(G;x,y) € Z[x,y] for a weighted graph G
is defined by the following rules:
(1) If G is an isolated vertex, then
Z%(G;x,y) = x.
(2) If G U H is the disjoint union of graphs G and H, then
Z¥(GUH;x,y) =ZY(G;x,y)ZV(H; x,y).
(3) If an edge e of G is a loop, then
Z7(G;x,y) = (1 +w(e)y)Z¥(G —e;x,y).
Otherwise,

Z%(G;x,y) =ZV(G —e;x,y)+w(e)ZV (G - e; x, y).

Definition 3.2 The HOMFLY polynomial H(L) = H(L; x,y,z) € Z[x,y, z] for an oriented link L is
defined by the following rules:
(1) If L is a trivial knot, then
H(L;x,y,z) = 1.
(2) If two links L, and L, are equivalent under ambient isotopic, then
H(Ly;x,y,2) = H(L; x,,2).
(3) Suppose that three link diagrams L., L- and Ly are different only on a local region, as shown

in Figure 3. Then
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xH(Ly;x,y,2) + YyH(L_;x,v,z) + zH(Lg; x,y,2z) = 0.

X

L, L 0

Figure 3. Three link diagrams: L,, L_and L.

Here, we can obtain the HOMFLY polynomial in two variables:
H(L;v,z) = H{L; v, —v, —2).

The HOMFLY polynomial has the following properties:

(1) If L is the connected sum of L; and L,, denoted by L,#L,, then

H(L;x,y,2z) = H(Ly; x,y, 2)H(L2; x, y, 2).
(2) If L is the disjoint union of L, and L,, denoted by L, U L,, then
Hx,y,2) = (<22 (L 0, , DH L %,7,2).
(3) If L* is the mirror image of L, then
H(L*;v,z) = H{L;v~1, 2).

It shows that the HOMFLY polynomial of an achiral link must satisfy:

H(L;v,z) = H(L;v™1, 2).

Lemma 3.3 Let e be an edge of a plane graph G which is covered by a-tangle of the length n. If e is a
loop, then
___X"(ﬂ) (_X"_ )(L)] _
H(D(®)) = [ ( x) =)+ ( x) ] Eare H(DG —e)). (1)

Otherwise,

H(D(G)) = (—%)n H(D(G - €);x,y,2) + ((— %)n - 1) (ﬁ) H(DG —e). (2

Proof We proceed by induction on the length of a-tangle, and split into two cases according to

whether e is a loop or not.
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(i) We first assume that the length of a-tangle is one.
If e is a loop, applying the definition (3) of HOMFLY polynomial to one of the crossings of D(G)

associated to e, we can obtain

H(D(G)) = [(— %) (—x : y) - 2] H(D(G - e)).

Formula (1) can be easily checked by using the above equation.

If e is not a loop, applying the definition (3) of HOMFLY polynomial to one of the crossings of

D(G) associated to e, we can obtain
H(D(G)) = —%H(D(G e)) — ;H(D(G —e).

Formula (2) can be easily checked by using the above equation.

(ii) We now assume that the length of a-tangle is at least two. Let the link Dg.,(G) be the same as
D(G) only except the length of tangle covering the edge e is n.

If e is a loop, applying the definition (3) of HOMFLY polynomial to one of the crossings of D(G)
associated to e, two new links D,.,_1(G) and D(G — e) can be obtained as depicted pictorially in

Figure 4, and
y z
HD(6)i%,y,2) = (= 2) H(De:n1 (@) + (=) H(D(G ~&)).
Hence we can obtain the following equation by induction hypothesis.

H(D(®) = (— g) H(D(G —e)) + (_ %)
YT ED) (D - 1) ()] a6 -

Figure 4. Five diagrams in the equation which differ only on a local region.
(Each diagram L stands for the value of H(L, x, y, z).)
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Because D,.,_1(G —e) and D(G — e) are isotopic, we obtain

(o) =[-(-5) (52) -3+ (0 +3) 5| e -0

Formula (1) follows immediately from the above equation.

On the other hand, suppose that e is not a loop. Similarly, applying the definition (3) of HOMFLY
polynomial to one of the crossings of D(G) associated to e, two links D,.,_;(G —e) and
D(G — e) can be obtained as depicted pictorially in Figure 5(a), then

z y
H(D(@) = (- ;) H(D(G — ) + (- ;) H(Den_1(6))-
By induction hypothesis, we have

H(D(®) = (- z) H(D(G — ) + (- %)n H(Desn-1(G - €))
+(- X) ( z ) [(_X)n_l - 1] H(Den—1 (G — €)).

x/ \x+y x

Since Dg.,—1(G —e) and D(G —e) are isotopic, and De.,,—1(G - €) and D(G - e) are isotopic, we

have
HD(G);x,y,2) = (—%)n H(D(G - e)) + [(L) [(_ X)" n X] _ ﬂ H(D(G - e)).

x+y x x

Formula (2) follows immediately from the above equation.

e
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Figure 5. Five diagrams in each of the equations (a) and (b) which differ only on a local region.

(Each diagram L stands for the value of of H(L, x, y, z).)
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Lemma 3.4 Let e be an edge of a plane graph G which is covered by b-tangle of the length n. If e is a
loop, then
HD(®) =H(D(G - e)). 3)

Otherwise,

z

- +y)H(D(G o). )

x\" x\"
H(D(G)) = (——) H(D(G —e)) + ((——) - 1)(
y y
Proof We proceed by induction on the length of b-tangle, and split into two cases according to
whether e is a loop or not.
(i) We first assume that the length of b-tangle is one.
If e is a loop, then D(G) and D(G — e) are ambient isotopic. Hence
H(D(6)) = H(D(G — e)).
If e is not a loop, applying the definition (3) of HOMFLY polynomial to one of the crossings
of D(G) associated to e, we can obtain
H(DD(®) = (—g) H(D(G-e)+ (— g) H(D(G - e)).
The formula (3) can be easily checked by using the above equation.
(ii) We now assume that the length of b-tangle is at least two. Let the link Do.,(G) be the same as
D(G) only except the length of tangle covering the edge e is n.
If e is a loop, then D(G) and D(G — e) are ambient isotopic as above.
Otherwise, applying the definition (3) of HOMFLY polynomial to one of the crossings of D(G)
associated to e, two links D,.,,_1(G) and D(G - e) can be obtained as depicted pictorially in Figure

5(b), and

H(D(®) = ( )H(Dem_l(c)) + ( )H(D(G -e)).

x z
y Y
Hence we can obtain the following equation by our induction hypothesis.

H(D(G);x,y,2) = (—g)n H(De—1(G — ) + (— g) H(D(G - e))

Rl (R [

Since Dg.,_1(G —e) and D(G —e) are isotopic, and D,.,_1(G-e) and D(G - e) are isotopic,

we have
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HD(G)ix,y,2) = (—g)nH(D(G —e)

I I e

The formula (4) follows immediately from the equation above. o
Similarly, the Lemmas 3.5 and 3.6 are given below, their proofs are omitted here.

Lemma 3.5 Let e be an edge of a plane graph G which is covered by c-tangle of the length n. If e is a

ne@) =[-(-5) (52)+(5) - 1) 5] nee-on,

loop, then

Otherwise,

H(D(G) ) ( x)nH(D(G ) + (( x)n 1) z H(D(G —e))
;%,y,2) =|—— e -] -1)]—— —e)).
y y x+y
Lemma 3.6 Let e be an edge of a plane graph G which is covered by d-tangle of the length n. If e is a
loop, then
H(D()) =H(D(G - ¢)).

Otherwise,

H(D®) = (- %)n H(D(G - e)) + ((_ X)" - 1)%H(D(G -e)).

X

Based on the Lemmas 3.3-3.6, we can obtain the following main theorem.

Theorem3.7 Let G be a weighted plane graph, and let E,, Ey,, E. and E4 be the numbers of the edges
covered by a-tangle, b-tangle, c-tangle and d-tangle, respectively. For any edge e in G, it will be
weighted with wg(e) for 1<i<E;, wy(e) for 1<i<E, wy(e) for 1<i<E; or
wy,(e) for 1 < i < E4 if the edge e is covered by a-tangle of the length a;, b-tangle of the length b;,
c-tangle of the length c; or d-tangle of the length d;. Then

Eq

ey

P )Ea+EC+1( x)zi"lbi—z
y

H(D(G);x,y,2) = — (x Ty
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LI o2 ),
where wg,(e) = (#) [1 _ (_ g)ai]—ll wp,(e) = (%) [1 - (
we,(e) = (#) [1 — (_ %)Ci:l—l and wg,(e) = (x j_ y) [1 - (

Proof We proceed by induction on the number of edges of G. We consider only two
edge e of G is covered by a-tangle and b-tangle. For c-tangle and d-tangle cases,
formula (5) by exchanging the variables x and y in above cases, respectively.

(i) Suppose first that G has exactly one edge e.

Case 1 The edge e is covered by a-tangle with length a;.

®)

-

cases when an

we can obtain

If eis aloop, D(G) can be described as D} (G) in Figure 2 (a). Applying Lemma 3.3 to e, we can

obtain

HD(G); x,y,2) = [(— %)al (— ﬂ) + ((— X)al - 1) ( z )] H(D(G — e);x,y,7).

z X X

(D HE)ES)

Since D(G — e) is a trivial knot.

N+

On the other hand, by (1) and (3) of Def. 3.1, we can obtain
Z%(G;x,y) = (1 + wg, (e)y)x.

By variable substitution, we have

(o622 = () (- )

Hence

H(D(G);x,y,2) = _( z )2 [(_X>al B 1]ZW (G;_x+y’_x+y).

x+y X z zZ

If e is not a loop, then D(G) is a trivial knot. Hence
H(D(G); x,y,2) = 1.
On the other hand, by Def. 3.1, we can obtain
Z¥(G; x,y) = x* + wy, (e)x.

By variable substitution, we have
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(o2 = [ ()T )
z z y z
So it is easy to check formula (5) follows from the above equations.
Case 2 The edge e is covered by b-tangle with length b,.
If e is a loop, then D(G) is a trivial knot and can be described as Dj}(G) in Figure 2(a). Hence
H(D(G);x,y,z) = 1.
On the other hand, we have
Z¥(G;x,y) = (1 + wp, (e)y)x.

By variable substitution, we can obtain

v (G._m _w) - (_z)”l (_M)
’ z z x z )

So it is easy to check formula (5) from the above equations.
If e is not a loop, then D(G) can be described as D}'(G) in Figure 2(b). Applying Lemma 3.4 to e,

we have

H(D(G); x,y,2) = (— g)bl H(D(G —e);x,y,2z) + ((— g)bl — 1)( ) H(D(G - e);x,y,2)

=) G

Since D(G - e) is a trivial knotand D(G — e) is a trivial link with two components.

xX+y

On the other hand, we have
Z%(G;x,y) = x% + wy, (e)x.

By variable substitution, we can obtain

Z‘”(G'—x+y _x+y):
! z z

)

So it is easy to check formula (5) from the above equations.
(ii) We now assume that G has at least two edges, and also consider two cases as above.
Case 1 The edge e is covered by a-tangle with the length a;for 1 < j < |Eg|.

If eis a loop, applying Lemma 3.3 to e, we can obtain

HO@xy2 =[-(-2)" () +[(-)" - 1] ()] #o© - yxyn.

x z x x+y

Hence, by induction,
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-1

=) [ (-
HDG); x,y,2) = (x+y)[( x) 1[ ~ 5 1) +1
z \Fa*Ee [ x\EilibimEi%d; B Y%
X —— -=) -1
=) ) [0 1]
=1
i#j
Ec .
i + +
I -5
| y z z
i=1
On the other hand, by Def 3.1 (3), we can obtain
ZW(GZX'}’) = (1 + Wuj(e)y)ZW(G - E;XIy)'
By variable substitution method, we have
2 : -1
(6T ) (2 () e (oo 2)
z z z y z z
Hence
Ep Eq
z Y\ & z \BatEe ; x\ELiZibimZi5 di
oo =) [ () ()
D@ x,,2) x+y (x) x+y y

x+y x+y)
z z /)

T ] T (o

If e is not a loop, applying the lemma 3.3 to e, we can obtain

. —(NY o) Y z .
HOG)xy.2) = (-2) HOG exxy. 2 +((-2) -1) (m) H(D(G — €); %,7,2).
Applying the induction hypothesis to G - e and G — e, we have

H(D(G); x,y,2)

T P -

y

x+y
x + 2\ 4\t x + x + x + x +
z y z z z z

On the other hand, by Def 3.1 (3), we can obtain

Z¥(Gix,y) = ZY(G —e;x,y) + Waj(e) Z% (G - e;x,y).

By variable substitution, we have

Z‘”(G-—x+y _x+y):ZW(G_e__x+y _x+y)
! z z ! z z




x + 2\t x + x +
SR (o)
z y z z

Hence formula (5) follows immediately from the above equations.

Case 2 The edge e is covered by b-tangle with the length b; for 1 < j < |Ep|.

If eis a loop, then D(G) and D(G — e) are ambient isotopic. Hence
H(D(G);x,y,z) =HD(G —e);x,y,z).

Applying our induction hypothesis to D(G — e), we have

7 \BatEctl ; x\Eih 5% d; & &

_ . = —|—— - X -1

H(D(G - e);x,y,2) (,H_y) ( y) 1_1“( X) ]
i=

T - ootz

On the other hand, we have
Z%(G;x,y) =1+ ij(e)y)ZW(G —ex,y).

By variable substitution, we can obtain

ZW(G._m _M):(_szzw(c_e;_xw _M)_
X

z z z z

Hence formula (5) follows immediately from the above equations.

If e is not a loop, by using Lemma 3.4, we can obtain
HD(G); x,y,2) = (—f)bj HD(G — e)ix,y,2) + ((— f)bj - 1) (=) HOG - exxy.2).
y y xX+y
Applying our induction hypothesis to G — e and G - e, we can obtain

H(D(G);x,y,2)

) e -
Tty Ty LIV % LIy
i=1 i=1

+ + bj + +
R (1_(_X)f)zw(a.e;_u,_u)].
V4 z x+y X z z

X

On the other hand, we have
Z¥(G;x,y) =Z%(G —e;x,y) + wbj(e)ZW(G “e;x,y).

By variable substitution, we have

+ + x+y x+
ZW(G;_X y'_u)zzw(a_e:_ y'__Y)
Z Z Z zZ




z bj x + x +
(1—(—X) '>ZW(G-e;— Y - y).
x+y X z z

Hence formula (5) follows immediately from the above equations. o

Remark. Theorem 3.7 holds for all links obtained from the plane graphs, hence also for polyhedral
links. Moreover, we have the following corollary for regular polyhedral links, which can be obtained

immediately from Theorem 3.7.

Corollary 3.8 Let G be a weighted polyhedral graph, and each edge e will be given a weight
we(e), wy(e), we(e) or wy(e) if it is covered by a-tangle, b-tangle, c-tangle or d-tangle of the length

n. Then

IE(G)I

’

(1) HDA(G)ix,y,2) = —

’

W(G;_x+y _x+y)
z z

<

7 \E@I+ n
) (D)
X+ x
z x\ME@) x + x+
(o x22, 2t

z z
IE(G)|+1 no
(-5 1)
y

E(®)]
_z)"'”“)' - (G._m _m)
- ),

o owle= (x j— y) [1 - (_ JJ_:)n]'

(3]
1T ot = 25 (3

(3) H(DZ(G);x,y,2) = —

B

(
(2) HDE(G);x,y,2) = — (
(

ZW(G;_x+y'_x+y).
z z

@ H(DB@ixy,2) = (

where we(e) = (x * y)
)

4. Applications
4.1 HOMFLY polynomial and W-polynomial
Using Theorem 3.7, we establish the relationship between HOMFLY polynomial and W-polynomial

(36,3401 \which generalizes the connection between polyhedral links and polyhedral graphs, and greatly

3] In addition, this work also gives a connection between rational links

improves the existing result
and their associated plane graphs.

We define a graph G as a colored graph, if there is a function f from edge set £ to color set A.

Definition 4.1.1 The W-polynomial W(G) = W(G; d, ty,t,) € Z[ty,t,,d] for a colored graph G is
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defined by the following recursion formulas:
(1) If E, be a graph which is composed of n isolated vertexes, then
W(E,) =d™ 1

(2) Let e be an edge of G. We use c(e) to denote the color of edge e and assume that c(e) = A.
If e is an isthmus, then

W(G) = Gz + mt )W (G - e).
Ifeis a loop, then

W(G) = (o + xat2)W (G —e).
Otherwise,

W(G) =x;W(G - e) + ;W (G — e).

The following Lemma can be easily obtained by the skein relations of Z"-polynomial and

W-polynomial, from which any weighted graph G can be considered as a colored graph.

Lemma 4.1.2 Let G be a weighted and colored graph, and each edge e will be given a weight w(e) if
and only if it is colored with 2 = c(e). In W(G), if x; = w(ey),y, = 1, then

ZY(G;x,y) = xW(G; x,x,y).

The following Theorem can be followed directly from Theorem 3.7 and Lemma 4.1.2, and hence its

proof is omitted here.

Theorem 4.1.3 Let G be a weighted plane graph as defined in theorem 3.7, and hence also a colored

graph. In W(G), if
1

v =we@ = () [ ()] =1
=@ = () [1- (-2 o =1
1

xe =we@ = () 1= (<) e =1

S () =
X+y y Va; = 4

xa, = wa (&) =
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Then,
7 \BatBe ; x\Eihbi-Iiddi - Y\
H®D x5V = ) (__) [ Tx h 1]
@)%y = (5 . |. 1| (-3)
iz

Ec
X\ x+ + +
L) w (o= -=22-=7)
11 y z z z

Remark. Theorem 4.1.3 clearly holds for all polyhedral links obtained in section 2. For rational
links, we will show that they can be also constructed from some plane graphs in the next section, and

hence their HOMLY polynomial can be derived by using this theorem.

4.2 HOMFLY polynomial and Tutte polynomial
Using Corollary 3.8, we establish the relationship between the HOMFLY polynomial of regular

37, 38]

polyhedral links and the Tutte polynomial of the origin graph, which generalizes the known

result !,

Definition 4.2.1 The Tutte polynomial T(G;x,y) € Z[x,y] for a graph G is defined by the following
recursion formulas:
(1) If G is a graph with no edge, then
T(G;x,y) =1
(2) Let e be an edge of G. If e is an isthmus, then
T(G;x,y) = xT(G - e;x,y).
Ifeis a loop, then
T(G;x,y) =yT(G —e;x,y).
Otherwise,

T(G;x,y) =T(G —e;x,y) +T(G-e;x,y).

Lemma 4.2.2 ®' et G be a connected graph, and each edge be given a weight w. Then

X
2¥(G;x,y) = w127 (651 + —1+ wy).
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The following Theorem can be immediately obtained from the Corollary 3.8 and lemma 4.2.2, and

its proof is omitted here.

Theorem 4.2.3 Let G be a weighted polyhedral graph, and each edge will be given a weight
we(e), wy(e), w.(e) or wy(e) ifit is covered by a-tangle, b-tangle, c-tangle or d-tangle of the length
n. Then

x + N\ V@I-IE@G)]-1 n IE@I-IV(&)|+1 n(V(G6)|-1)
%) (-2 -1) (-3)
A

(1) HDZ(G); %, y,2) = x
n 2 ny 1
(a3 -2 - ()

(2) HDE(G); x,y,2) = (x er y)|v<c)|—1 (1 (- %)n)lV(GN—l (_ g)nlE(G)l

rfon- (2 (D)D)

x4 WIV@IFE@I-1 E@)|-IV(@)|+1
(3) H(DMG);x,,2) =( Zy) ((_;) _1)

xT(G;(‘%)nll—(’“Z'y)z (1- (—%)n)ﬂ);
&) HDR(G);x,y,2) = (xiy)lv(a)l—l( B (_ g)n)lv(c)l—l (_ %)n|E(G)|

rle-E 0-(9)" ()

X

( x)nav(cn—l)
y

[uny

5. Examples
5.1 The HOMFLY polynomial for tetrahedral links

Applying Theorem 3.7 to tetrahedral links, we compute their HOMFLY polynomials and explore
their topological properties.

Tetrahedral links D7 (G) are obtained from the tetrahedral graph G by using the operation ‘Tangle
Covering’, where the edge e; is covered by the a-tangle of the length g; for i=1,2,3, and the edges e, es
and es are covered by b-tangle of the length ny, c-tangle of the length n;s and d-tangle of the length ns
respectively. These links can be also described as m in Figure 1 when n;=a;, n,=a,, n;=a;, ns=b,,
ns=as and ns=as. Here, using Theorem 3.7, the HOMFLY polynomial of D;(G) can be described by

the following formula:
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H(Ty(6);v,2) = =5 Py — 2P, — 2°P3 + 2°P,,
Where

Pl — v—1+2a1+2a2+2a3—2b4—2c5 (172 _ 1)(1]2114 _ vzd6 + 1]265+2df,)'

1-2bg—-2c5

v

P2 — et (v2a2 _ v2a1+2u2_vza2+2a3 _ v2a2+2d6_v2a3+2d6 + U265+2d6 ,
v2—

+Vza1+2u2+2u3 + v2a1+2a2+2b4 + 1;Zal+2a3+2b4 + 172a2+2a3+2b4 + U2a2+2a3+2d6
_’_,']2a3+2b4+2d6 _ 4v2a1+2a2+2a3+2b4 + 2V2a1+2a2+2a3+2d6 _ 1]Za1+2a3+2b4+2115
_v2a2+2a3+2b4+2d5 + 1]Zal+2az+2ag+2b4+2.’:5 + 1]2al+2az+2ag+2b4+2dé
2a;+2a;+2az+2cs+2d
—2pla1 2 3+2Cs 6),

3—2bs—2c:
v 4—2Cs
P3 — (—2172‘12—172‘134-17285 + 3v2a2+2a3 + 2V2a1+2a2 + 2v2a2+2d6

(v?-1)3
+2v2u3+2d5 + 1;2111+2a3 _ 21]2c5+2tzl6 + V2a2+2b4+Uza3+2b4_v2a1+2£5
+p2a1+2Cs+2de 4 4y2b4+2Cs+2de | 4,2a1+2b4+2Cs5 _ 4,201 +2a,+2dg _ 1,201 +2a3+2d
_Vza2+2a3+265 _ V2a2+2b4+2d6 _ 2U2a1+2a2+2b4 _ 2V2a1+2a3+2b4
_2v2a3+2b4+2d5 _ 3V2a1+2az+2a3 _ 3V2a2+2a3+2b4 _ 3v2az+2a3+2d5
+5V2u1+2a2+2a3+2b4 + 3v2a2+2a3+2b4+2d5 + 2v2a1+2a3+2b4+2d6
+v2a1+2a2+2a3+2d6 + U2a1+2a2+2a3+255 + v2a1+2a2+2b4+2d6
2a+2a3+2c5+2dg __5,2a1+2by+2¢c5+2dg __ 1,2a2+2a3+2by+2c5+2d,
+p2a2 3+2¢s 6 —2a1 4+2Cs 6 — p2az 3 4+2Cs 6
_2v2a1+2a2+2a3+2b4+205 _ 3v2a1+2a2+2a3+2b4+2d6
2a;+2a;+2a3+2bs+2c5+2d,
+p4dr 2 3 4 5 6)'

p5—2bg—2c5

P4 — = (UZal _ 1)(V2b4 _ 1)(U2d5 _ 1)(U2a2 + V2a3_2v2a2+2a3

— 265 4 p2ar+2a54205)

(1) Some chiral links Ly, , are obtained from Dr(G) for by=cs = ds= m.
p-1+2a1+2a,+2a; Zpl—dm

H(lpm) =————— @1 —v?) —

> (v4m + UZaz_VZm+2az_v2a1+2a2
z vi—-1

4 p2MA2a14+2a, _ 1, 2mH2a5 4 ,4mH2as | 1, 2MH2a1 4205 _ 1, 4Mm+2a1+2a5 _ 1,2a,+203

4op2mi2as+2a; _ ,4m+2a,+2a3 4 9,201 +2a,+2043 _ 2U2m+2a1+2a2+2a3)
Z3V3_4m

_( 5 1)3 (UZm _ 1)(V2a1 _ 1)(U2m _ 174m _ 2U2a2 + 1;2m+2az _ 2V2a3
2 —

— 25 4 2p2MA2As 4 39,205+205 _ 4)2MA205+205 | ) 4m+20,+205)
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ZSV5_4m
BN

— 202024205 | 2m205+203)

2m _ 1)2(U2a1 _ 1)(_V2m + p2a2 4 p2a3

If L, is achiral, H(L,, v, z) must be symmetric in v, and hence v~1+2¢1+2a2%2d3(1 — 3y2) must
also be symmetric in v. However, it is not symmetric in v. Therefore, all links from D;(G) are chiral
for by=c;5 = ds= m.

(2) The HOMFLY polynomials of some links obtained from D (G).
The links L, are obtained from D (G) for a;=a,=a;=b,=cs;=ds=n. Their HOMFLY polynomials

are given in the following.

1 Zpi=2n
H(Ln) - ;(U_1+6n _ 1]1+6n) + vz =1 (UZn _ 1)(1 _ 21]27! + 41]411)
23.‘]3—271 ZSUS—Zn
= - 2n_14- 277._2 - 2n_15'
CEEEE (w )*(w )+ CEEEE (v )

The links L,11,m are obtained from Dy(G) for a;=a>=a;=n and b,=cs=ds=m. Their HOMFLY

polynomials are given in the following.

H(L1 31X, Y,2) = l(v—1+6n _ 1]1+6n) + Zpl—4m (UZn _ 1)(174m + p2N _ pAn _ pp2mi2n
nm» AV, Z vz —
Zz3p3—4m
4op4mi2n o 2U2m+4n) — m(vwn — 1)2(17" _ 1)2(v2m —3p2n 4 v2m+2n)
st5_4m
+m(vzm — 1)2(p2" — 1)2(p2M — 2020 4 p2mian),

The links Lﬁ_m are obtained from D;(G) for a;=a,= n and a;= b,=cs = ds= m. Their HOMFLY

polynomials are given in the following.

U—1+2m+4n ZU1—4m
H(Lflmixly,l) =—(1-vY)- ) (ysm 4 p2n _ pin _ pp2m2n
’ z Ve —
4 2 6 2 2 4 4 4 231;3_4'"1 2
+3vm+n_zvm+n+21]m+n_21]m+n - Vm—].
) =~z )

X (.VZYL _ 1)(174m _ szn + 4v2m+2n — 4V4m+2n + U6m+2n)

Z5U5_4m
+7(v2m — 1)2(1]271 — 1)(1;211 _ 2V2n+2m + V4m+2n).

w?-1)°

5.2 The HOMFLY polynomial of rational links
Rational links is a very important and simple class of links which often leads to solving some

important problems of knot theory. Here, by using Theorem 4.1.2, we give an explicit formula of their
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HOMLY polynomial.

Let Dgp(G™), Dpq(G™), Dyp(GY) and D, g(GY) be four families of rational links obtained from
a connected plane graphs G" and GV by using the operation ‘Tangle Covering’ respectively (see
Figure 6). According to the Theorem 3.7, we can obtained the corresponding four weighted graphs
G(’ll,b» Gg‘_d, Ggp and GZ,. Hence according to Theorem 4.1.2, the above weighted graphs are also
considered as four colored graphs (see Figure 6).

Using Theorem 11 in Ref. [39], we can obtain the W-polynomials of G"; b Gf,d, Gy p and GZ .

, h
a‘.b ab Gab G:E_.d
Figure 6. Four families of rational links D, ;(G"), Dq(G"), Do, (G”) and D.4(GY)

and the corresponding colored graph G";’b, ng, Gopand GZy.

(Each box contains a-tangle with length a;, b-tangle with length b;, c-tangle with length ;
or d-tangle with length d;, where 1 <i<2n and 1<j<2n+1 in G;, and GZg,
and 1<i<2n+1and 1<j<2n+2 in G}, and Gly)

Theorem 5.2.1 Let G(’l"b, Gf'd, Gy, and G2 be four colored graph as described above. Then

MWLy d,d,d) = (SP, SHUT 4D, () W(GEp d,d,d) = (53, SDUT, A)),
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G) W(GLad d,d)= (83, SO}z 4)) (&) W(GZadd,d) = (57, SH(Tj=1 47)),
where
SP = yp,d*% 89 = x,,d%, S = y4,d*, SO = xq,d°,
59 = Ya,Yp,4%, S§= Xa, Vb, A% + Ya, Xp,d> + x4, xp,d*,
S? = Ye,¥a,d*, S§ = Xe,Ya,d> + Ve, xq,d3 + x¢, xq,d*,
i1 = YayVoyisr 4° + Xay Vi1 & Oz = Yay Xy & + Xay Xbyys

i 2 40— 2
az1 = yaziyb2i+1d 122 = xaziybzi+1d + Yazi*baie d+ xazixb2i+1d ’
f
a, yCZJyd21+1d +x521yd21+1d a12 yCz;xd21+1d +x521xd21+1'

jo— 2 J _ 2
n = yczjydzjﬂd A2 = szjyd2j+1d + YeajXdajia d+ szjxdzjﬂd '

Using Theorem 4.1.3 and Theorem 5.2.1, we can obtain the following theorem which give the

HOMFLY polynomials of Dg;(G™), D¢ q(G), Dgp(G”) and D 4(GY).

Theorem 5.2.2 Let D, ,(G"), D;4(G"), Dyp(G”) and D.4(G¥) be four families of rational links

ol
)
=1

I£.|
|Ecl  L|E4
(3) H(Dpa(6");v,2) —( "f Fel i ‘zml_[(v‘”l -D(se 53)( A1>].
Jj=

as constructed above. Then

=

|Ea|
|Eal Ep
(1) H(Dgp(G");v,2) _( Uf 1) ’ V-Z‘i:l'zmn(vzal —1) (82, s§ )(

|Eql
|Ep]
T Jora -1 (58,5 )(

i=1

3

|Eql

@) H(Day(6")i0,2) = (7—)

S

3

|Ec|

vz
— Aj ],
1

@) H(Dea(G")iv.2) = (=

J

1Ecl B4
) o] Jore - (s s

where

1-v2\* 1-v2\’ 1-v2\°
5{’:53:5;):59:( - ).SQz(u”h—l)( - ) 56_(1;—“1—1)( )

1-v2\* 1-1v2\° 1—v2\*
SO — —-2a; __ 1)1 2b, _ 1 1— —-2a1\-1 1— 2b, ,
2= ) < e ) +(17 ) _ +( v ) ( v ) e
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1-v2\* 1-v2\* 1-v2\*
S§=(ﬁ“—1T4(———)+ﬁr”2—ﬂ<———0 +(1—ﬁﬁr%1—v4%)<———),
vz vz V.

zZ
al al
A; = ( 3'1 32> with

a1 A2

) 1—v2\? ) 1-v2\?
ah:( - ) +(U—2azl_1)—1< — >,

. 1-v2\* 1 — v?baint
at . = at, =—— 4 p?b2ivi 1 gnd
21 vz TTLZ T _y2ay

. 1-v2\* 1-v?
ay, = (v~2%2i — 1)1 (T) +(1- U_Zazi)_l(l — v2b2i+1) <_

2
+ p2baiv1 — 1,
vz

2 —2d,:
j 1-v? ;o 1—pPa

a,, = ,ay ., =—————+ v “%2j+1 — 1 qand
21 1,2 1 — p2¢2

- 1—v2\*  [(1—p~2dan) (1 - p2)\°
J  — (p2€2i — 1)1 —2dzj41
a,, =@ 1) ( e ) + < gy )( s ) +v7%%i 1.

6 Conclusions

Given any polyhedron, a large family of polyhedral links is obtained by applying the operation
‘Tangle Covering’, which enriches the topology of molecular links. Two important classes of links,
named as regular links and semi-regular links, are derived from this family of links, where regular
links have the same type and crossing number of tangles for each edge and semi-regular links only
have the same type of tangles. These links have been regarded as mathematical model for molecular
knots and links, and parts of them constructed on the regular polyhedron have been discussed in other
16-26]

papers |

Furthermore, we have given a generalized relationship between the HOMFLY polynomial of a



-88-

family of polyhedral links and the Z"-polynomial of an original graph. This results in two important
relationships, one between the HOMFLY polynomial of regular links and the Tutte polynomial of the
original graph, and the other between the HOMFLY polynomial of regular links and the W-polynomial
of the original graph. Our result not only enriched the connections between graphs and links but also
simplified the computation of HOMFLY polynomial, especially for the links with large crossing
number. Therefore, this paper provides a possible approach to classifying and identifying the complex
links, as well as the description and analysis of the chemical properties for molecular catenanes and

knots.
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