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Abstract
A thread in a graph G is any maximal connected subgraph induced by a set of
vertices of degree 2 in G. A string in G is a subgraph induced by a thread and the
vertices adjacent to it. A graph G consists of s strings if it can be represented as a
union of s strings so that any two strings have at most two vertices in common. In
this paper we compute several recently introduced graph invariants for all graphs
that consist of at most three strings.

1 Introduction

A topological index is a numerical quantity related to a graph and invariant under graph
automorphisms. Hundreds of topological indices have been studied and used in structure-
property relationship studies over the course of several decades, and the new ones have

been constantly introduced.
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In order to be useful, topological indices must somehow encode the information about
structural properties of the underlying graph. Most of them do it in a quite intricate
manner. Besides making them useful, such intricacies usually make them difficult (or
at least not easy) to compute. In particular, nice closed formulas are usually available
only for very narrow classes of graphs. Typical examples are complete graphs, complete
bipartite graphs, cycles, paths, stars and some other special trees. Sometimes it is also
possible to use the symmetry-related properties of graphs to obtain closed formulas, but
such graphs are only of limited interest.

The main goal of this paper is to consider a class of graphs that admit decomposition
in a small number of path- or cycle-like structures that we call strings. We follow the idea
of a paper by Lukovits [18], where he computed Wiener indices for such graphs. Our main
results are explicit formulas for values of several recently introduced topological indices

for the considered graphs.

2 Definitions and preliminaries

All graphs considered here are finite and simple. Also, as most of the considered invariants
are connectivity-related, we assume the graphs to be connected unless explicitly stated
otherwise.

Let G be a graph on p vertices. The vertex and the edge set of G are denoted by V(G)
and E(G), respectively. A thread in G is any maximal connected subgraph induced by
a set of vertices of degree 2 in G. It is clear from the definition that a thread can have at
most two other vertices of G adjacent to it. A (sub)graph induced by a thread and the
vertices adjacent to it is called a string. Any string in G is either an induced path or an
induced cycle in G. The converse is not generally true - an induced cycle in G with at
least two vertices of degree greater than two is not a string. The length of a string is the
number of edges in it.

Every edge from E(G) incident to a vertex of degree 2 in G belongs to one (and only
one) string in G, and the length of that string is at least 2. In order to allow the length of
a string to achieve its natural minimum value of 1, we consider the edges of G' connecting
two vertices of degree other than two as strings of length 1. Those strings are special,
since they do not contain threads as subgraphs. Hence we call them trivial. Besides

minimizing the length function, trivial strings allow for a decomposition of any graph into
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a finite union of strings; in the worst case, there will be exactly |E(G)| strings in the

decomposition. Such decompositions are somewhat similar to ear decompositions from
the structural theory of matchings [17]; there are, however, enough differences to justify
the use of different terminology.

We say that a graph G consists of s strings if it can be decomposed into s strings so
that any two strings have at most two vertices in common. Of special interest are the
cases when s is small with respect to the number of vertices or edges of G; it implies that
most strings are non-trivial. In the extreme case s = 1, G is either a path or a cycle,
and this, together with the number of vertices, gives us complete information on G. In
general, the smaller s, the more information on G is packed into its string decomposition.
Our goal here is to investigate how that information can be converted into information
about the values of certain topological indices of such graphs.

Up to our best knowledge, the first attempt on a systematic investigation of topological
indices of graphs consisting of a few strings was made in a paper by Lukovits [18]. There
he considered graphs consisting of at most three strings and presented explicit formulas
for the values of Wiener index of such graphs in terms of lengths of the strings. The eight

classes of graphs considered in his paper are shown in Fig. 1.
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Figure 1: Graphs from Lukovits’ paper including at most three strings.

In this paper we take further the line of research of reference [18] by considering
two more classes of graphs (shown in Fig. 2). Together with eight classes of Lukovits’
paper they exhaust the graphs consisting of at most three strings. We then proceed to
compute and present explicit formulas for the values of several topological indices (the
eccentric connectivity index, the reverse Wiener index, the geometric-arithmetic index,

two connectivity indices and two Zagreb indices) for all graphs consisting of at most three
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strings in terms of the string lengths.
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Figure 2: Two more graphs with three strings.

It is clear from the above illustrations that for a given number of vertices there are
exactly two graphs that are single strings. Further, for any given pair of meaningful
lengths there are exactly two graphs consisting of two strings. (Here we consider length of
a cycle meaningful if it is at least three.) Finally, for any three (meaningful) lengths there
are six graphs consisting of three strings with given lengths. In order to avoid notational
overcrowding we will suppress the length parameters in our notation, and denote the
considered graphs by G;, where 7 is the number that appears in the parenthesis below the
graph in Fig. 1 or Fig. 2. Hence, through the rest of the paper, Gy denotes a path of
length &, G4 denotes two cycles of length & and m spliced in one vertex, and G5 denotes
three paths of lengths k, m and n spliced together in one of their respective endvertices.
Further, whenever referring to the strings of the same type, we assume that the lengths
(weakly) increase with the lexicographic order of the corresponding notational parameter.
For example, we assume k£ < m in Gy, Gg and £k < m < n in G5, Gg and Gyo. Similarly,
we take m < n in G7 and Gy, but do not make any assumptions about the relationship
of either of them with k. Those notational conventions will enable us to formulate results
in a more compact way. However, sometimes it will be necessary to refer to the values of
the string lengths. In such cases we put the lengths in the superscripts in the alphabetic
order. For example, Gé’l’” denotes a graph of type (5) whose two path-like strings have
length 1. Similarly, Gé’m‘” denotes a graph of type (9) whose path-like string is trivial.

In the rest of this section we define the topological indices considered in this paper.

For two vertices u and v of V(G) their distance d(u,v) is defined as the length of a
shortest path connecting u and v in G. For a given vertex u of V(G) its eccentricity
e(u) is the largest distance between u and any other vertex v of G. Hence, e(u) =
max,ey(q) d(u, v). The maximum eccentricity over all vertices of G is called the diameter

of G and denoted by D(G); the minimum eccentricity among the vertices of G is called



-177-

radius of G and denoted by R(G). The eccentric connectivity index £(G) of a graph
G is defined as

§(G) = due(u),
where §, denotes the degree of vertex u, i. e., the number of its neighbors in G. The
eccentric connectivity index was introduced by Madan et al and employed in a series of
QSAR/QSPR oriented papers over the last couple of years [13-15,19,20]. Its mathematical
properties also attracted a lot of attention recently [1,5-8,12,23].

The eccentric connectivity index belongs to a large family of distance-based indices.
The most prominent of them, the Wiener index W (@), is defined as the sum of distances
between all pairs of distinct vertices,

WG = Y du,v).
uweV(GQ)
Introduced by H. Wiener [22] in 1947, it became one of the most used, the best researched
and most generalized topological indices. The literature on Wiener index and its general-
izations is vast; we refer the reader to [3,4] for a survey of recent results concerning some
classes of graphs of chemical interest. Among its many generalizations we consider here
the reverse Wiener index, introduced in 2000 by Balaban et al [2]. The reverse Wiener

index of a graph G is defined as

where D(G) denotes the diameter of G.
The geometric-arithmetic index GA(G) of a graph G is defined as

24/340,
Oy + 6y

GAG) = Y

weE(G)
Here ¢, stands for the degree of a vertex u. It was introduced in a paper by Vukicevi¢ and
Furtula [21]. A number of generalizations can be obtained by replacing degrees by any
other numerical quantities associated with the endvertices of an edge. For some recent
developments we refer the reader to [9,24].
The zeroth-order connectivity index °x(G) and the first-order connectivity

index 'x(G) or simply the connectivity index (also called the Randié index [10,16]) of
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the graph G are defined respectively as:

NG = N (6
veV(GQ)

NG) = 3 (8.0,)7
weE(G)

The Randi¢ index 'y (G) is one of the most popular descriptors and has found numerous
QSPR and QSAR applications. The quantity %y (&) has been also used to investigate
structure-based correlations for physical properties.

The list of invariants considered in this paper is concluded by a pair of topological
indices introduced some 30 years ago [11] under the name of Zagreb indices. The first

M, (G) and the second M (G) Zagreb index of a graph G are defined as follows.

M(G) = > (6)
veV(G)

My(G) = > 6udy
weE(G)

3 Main results

3.1 Eccentric connectivity index
In this subsection we compute eccentric connectivity indices of graphs G;, 1 < ¢ < 10.
The first two cases were treated in earlier works [8,23] and we quote the results without

proofs.

Lemma 3.1

@) P gk2+% k is odd
§(Gr) =&(P) =
%k2 k is even.
Lemma 3.2
k2 k is even

£(G2) =£(Ch) = { k(k—1) kis odd.

Most of the results that follow are obtained by straightforward calculations. As a rule,

we omit the computational details and proofs.

Lemma 3.3
5m?+20mk+12k%+4

S m is even, 2 js odd
5m2—2m73+280mk—4k+12k2 m is odd, 2k+;n—1 is even m| <k
§(G3) _ ?m:+20;nk+12k2 1 ) m, Zk;»m are even L?J =
5m —2m+1+280mk‘—4ls+12k m, 2k+;n71 are odd
3k + mk +m? m is even m
{ 3k24+mk+k—m+m? misodd 2] >k
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Proof

We consider two cases. If |3 ] <k, then

2
-+ mk
G3) =E&(Pyym + 4 e
f( 3) 5( Ic+L2J+1) {(m,41) mk+mak—1

On the other hand, if [%] > k we have:
£(G) = 3(k* = 1) + mk +m?*+3
VUK -1 +mk+Ek+m A (m—1)2+2
This completes the proof.

Lemma 3.4

m? 4+ mk + k>
m?2—1+k>+mk—m—k
m? + k% — k +mk

m? 4+ k%> —m +mk

§(Gy) =

Lemma 3.5

3n2+6mn+3m?+4kn+2k%+1

§(Gs) = { %(m+n)21 (2n + k)k

Proof

It is easy to see that G5 — E(Py) = Ppin+1. Hence,

mA4n+k+1 m+n+1
£(Gs) = Z ovie(v;) = Z ovie(v;)
i=1 i=1
meAntht
+ Z ovie(v;) +n
i=mtn+2

= &Ppinn) +20+k+2((n+ 1)+ (n+2) +

The claim now follows by lemma 3.1.

Lemma 3.6

(G + EQ2LY] + k)
(G + k(2m + k)

§(C) = E(Psr) + n{ntdm) n is even
m i 2 s ) .
{ E(Pntr) + ”2*'4%_1 n is odd

Lemma 3.7 For G; we distinguish two cases.
(A). IF |2) < k+ 2] then

1(m? 4+ n?) + mn + mk + kn
n?4+2n+dnm+4ank—104+2m+8k+m2+dmk

5(07) = f(Pa+b+k) +

4
n?+dnm+ank+m?+4mk—3+4k+2m

n? +47L7n+4nk+m%+4mk—3+4k+2n
4

m is even

m is odd

m is even
m is odd

m, k are even
m, k are odd
k is odd and m is even
m is odd and k is even

m+n+1is even
m+n+1is odd

ct (k= 1))

m,n are even
m,n are odd

m odd
n odd , m even

n even ,
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(B). If |5] > k+ 5] then

n% +nm +m? + nk + 4mk + 3k*

n?>—n+nm—1—m+m?+nk —k + 4mk + 3k>
n? +nm +m? —m + nk + 4mk — 2k + 3k?

£(Gr) =

n2+nm —n+m?+nk +k+4dmk + 3k?

Lemma 3.8

f(Gs) =

R
R+k—mn—-—m-—1
R—n—2k
R—Fk—m

R+k—m—m-—1
R

R—n—2k
R—k—m

Here R = n? + 2nk +nm +m? + mk.

Lemma 3.9

§(G9) =

Lemma 3.10

on 4mk-+m?
£(G37 ) + { m2+24mk71
2mn+m?
n 2mn2+m2 —2m—1
£(G3’ ) + 27n7l+m%71
2mn+27{77.2 —2m

€G) + { E(n+k—1)

E2+42kn
2
k2 4+2kn—2

§(Gho) = S(GI™") + {

3.2 Reverse Wiener index

2
k2 4+2kn—1
2
k24+2kn—2,
2

m, n are odd

m,n are even

n even and m odd
n odd and m even
m,n are odd

m,n are even

n is odd, m is even
m is odd, n is even

m is even

m is odd
m, n even
m, n odd
n even, m odd
n odd, m even
n is even
n is odd

n is even

k n is odd
n is even
k1 n is odd

m,n are even
m,n are odd
n even , m odd
n odd , m even

k is odd

k is even

) <h

k<l

k is even

k is odd

As mentioned before, the reverse Wiener index was introduced by Balaban in 2000 [2].

It is defined in terms of Wiener index and the diameter of a graph. Hence we start

this subsection by computing the diameters of the graphs considered in this paper. The

diameters are presented in Table I. We then proceed by combining them with Lukovits’

results in order to obtain explicit formulas. Again, we omit most of the computational

details.



G remark V(G)] D(G)

Cr k |&

Gy k4+m 3]+ &

Gy k+m—1 2]+ )

Gs |[k<m<n|k+m+n+1 +n

Gs | k<m kE+m+n + 5]

Gr |m<n E+m+n—1 I+ 1% +k

m,n are even or odd
otherwise

1Z] k<[7]

J k>3]

Gs |[E<m<n|k+m+n-—1

Gy |m<n k+m+n—1

— s 3 3
3 |3
i
L

Guo|lk<m<n|k+m+n—2

,_
holS

We start by quoting known results for paths and cycles.

Lemma 3.11 Let Cy, and Py, be a cycle and a path of length k.

K2(k-2) k is even k(k*—1)
A(C) = A(G) = { I AR A Pt}
4 s

The results for two-parameter graphs depend on the parity of the cycle length(s).

Lemma 3.12
3 2 12k2— . 3 2L 6m2 .
A(G ) B 8k3+18k*m—12k 30k7‘2n4+4k+3m +18m?k—6m m is even
3) = 3 2 18k2_ et 3m3 25 19m2 .
8k%+18k*m—18k 42km+12(zk+(5m +18m?k—12m?+9m m is odd

k3 44k?m—4k? 4 4m?k—12km+m3 —4m2+4k+4m

k, m are even

8
A(G4) _ (k+m—4)(k2—4k§3km—4m+m2+3) k. m are odd
k3 +4k?m—6k>+4m?k—16km+m>—6m?+12k+11m—6 o
+ + Pt RS VLA otherwise
Lemma 3.13 Let us consider G5 and Gg.
If k <m <mn, then
g 1 2 2 2 13 3
AGs) =— 619 + Q(km —km+kn® — k* — kn) + g(m +n’—k—n—m)
+  2kmn + m®*n + mn?
If n is even and k < m, then
1 ., 1, 1. 1 1, 3 3 1.
A(Gb) = gn'ls + §n3 — ékd — §m2 — an + Zmzn + ZTL2TTL — Zkzn
3 1

35 1, , 1., 3 1
ka 4kn 4mn+2km +4kn + 2kmn+6k+6m
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If n is odd and k < m, then

1 5, 1 1 3 1 3 3 1 1
A(Gg) = §m3 + §7L3 - éka — Zmz - inz + Zmzn + anm - Zkzn - ZkQ
5 7 1 1 3 2 2 3
— 2km — an — g + ékmz + anz + kan + §k + 3™ + 3"

Lemma 3.14 For Gi; we distinguish three cases:

(A) m and n are even

1, . . 1. 1, .
ANGr) = g(m3+ns)+§k3—k2+§(mzn+n2m—n2—m2+m+n)

T = Tk = 2 on s S 4 12 22 2
4km 4kn 2mn+4(km +k*m +kn® 4+ k n)+kmn+3k
(B) m and n are odd
1, . .
AGr) = —%(1 + k) + g(md +n?) + %(lm2 + En 4+ km? 4+ k*m) — n? —m?

11 1. 1 1
- Z(km +kn) — gmn + kmn + %k + gks + gg(m +n)+ E(mzn +n’m)

(C) otherwise

3 1 1 > 1
AGr) = —J(+n® £ m?) £ glm® +n®) + ok — Zk"’ + 5 (m*n + n*m) + kmn
11
- 2(km + kn) — 2mn + §(lcm2 + E?*m + kn? + k*n) + §k + §m +—n
4 4 3 2 8
Lemma 3.15 For Gg we have four cases:
(A) k, m and n are all even or all odd.
Lo 3 3 2 2 2 oy Log
AGg) = g(n +m’ + mk® + nk® + kn® + km?®) — Z(k + km + nk)

1 3
+ 7(mn2+nm2fn27m2+m+n+kmn)f§mn

(B) m, k are odd and n is even or m, k are even and n is odd.

1, . 1, . 1
A(Gg) = g(nd +m® 4+ mk® +nk® + km® + kn®) — Z(k:d +E%) + §(mn2 +m?n)
3 7

3 . 1 11
- 4(mk+nk+n +m +1)—2mn+2knm+ 8n+2m+8k

(C) k, n are odd and m is even or k, n are even and m is odd.

1 1
A(Gs) = g(n3 +m® 4+ mk? + nk® + km? + kn?) + i(mn2 +m?n + kmn)

11 1, .
7k: + —m —2nm — Z(kd + k) — %(n2 +m? + km +kn+ 1)

+§n+f
278 8
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(D) m, n are even and k is odd or m, n are odd and k is even.

1, . . 1
A(Gy) = g(m“+n3+mk2+nk2+m2k+n?lc)—Z(k‘”+/’<:+mk+nk)
7 1 3
+ g(m+n)f§(n2+m27mn2fm2nfkmn+l)fimn

Graph Gy is the most complicated, since we have to take care of many possible com-
binations of parities of cycle lengths and their relationships with the length of the path
part.

Lemma 3.16 For Gy we have two cases, each of them with four subcases:
(A) k< |3]

If m and n are even then

1 1 1 1 1 1 1 1 1
AGy) = _6k3 + §nm2 + kaQ + Zm + §k2 - 5712 + gn3 + ng + on + mnk
5 1 . 1, .
+ §k + imnZ — §mz — gmn — ka — an — Z(nkZ +mk? — kn?)
If m and n are odd then
1. 1 5 1 1, . ]
ANGy) = —gk‘} + §nm2 + gg(m +n) — (n® +m?) + g(n3 +m?) + %k + mnk
1 5 5 9 1, 9 9 9 3
+ 5Mmn” — gmn 4(mk+nk) 4(nk + mk* — kn® — km?) 5
If m is even and n is odd then
1., 1 11 1, . .
AGy) = —gkd + Ean + gm + 3" z(n2 +m?) + g(nd +m?) + gk -+ mnk
1 1
+ —mn®—2mn — z(mk + nk) — —(nk* + mk* — kn* — km?* — k%) — 3
2 4 4 4
If n is even and m is odd then
1 1 3 11 3 1, . - 5
AGy) = —6k3 + 5an +antgm= Z(n2 +m?) + g(n3 +m?) + 3k +mnk
1 7 1 3
+ §mn2 —2mn — Z(mk +nk) — Z(nk2 +mk? — kn? — km?® — k%) — 7

B) k> [%]

If m and n are even then

1 1 1 1 1 1 3 1
5 1 1 3 11 3
+ %k + Zmn2 + ZmZ - - 2mk — an + i(nkZ + kn?)



-184-

If m and n are odd then

1 1 5 3 1 1 13 3 1
A(Gy) = gkg + kaz - Zkz - ZnQ + gn?’ - gm?’ + 3" + 5mnk + 5mk2
35 9 1 5 5 13 3
+ Ek + 3™ + Zm,n2 - zmn - %mk - an + Z(nkz +kn?) —1
If m is even and n is odd then
1. 1 . 1 1. 1 . 5 3 1 1
A(Gy) = §k5 + kaQ R §n2 + gns — gms + 3" + §mnk + §mk2 + 1m2
23 1 1 3 11 3 1
+ Ek + o + Zmn2 — g = 2mk — I”k + Z(nk2 + kn?) — 7
If n is even and m is odd then
1. 1, 5 3 5, 1. 1 5 3 1
AGy) = gk‘; + kaz - zk’z — Enz + gn“ - gm“ + 5(71 + mnk) + §mk2
8 7 1 5 5 13 3 . 3
+ gk + 3m + Zan = gmn = §mk - Ink + Z(nkQ + kn?) — 1
Lemma 3.17
R m,n are even
S m, n are odd K is even
T m is even, n is odd v
_ T+ == m is odd, n is even
AGro) = R+ 2nt2mihod m,n are even
S + Zntlmibod m,n are odd .
T + ntlmikd m is even, n is odd cis odd
T + Sntmik=d m is odd, n is even
Here
R= (m34n3—k3)+2(km?—3n>+kn?—3m?—5mk—5nk) +4(nm?+3m+k>+3n+mn—5mn)+8mnk

8
S — (mB+n8—k34+35m+35n)+2(km?—5n2+kn? —5m2 —9mk—9nk)+4(nm?+mn>—Tmn)+8(3k+mnk—4)
- 8

T — (mB+n3—k3423n)+2(km2+k>+kn?—Tmk—Tnk)+4(nm2+3k+mn?)+8(—m>+3m—3mn+mnk—2)
= S i

3.3 Geometric - arithmetic index

Since the majority of edges in our graphs are in threads, and hence have both ends of

degree two, their contributions to the geometric-arithmetic index will be, in most cases,

equal to one. Hence the values of the geometric-arithmetic indices will be, on average,

close to the number of edges, and the deviations will be determined by the number and

type of the out-of-thread edges. Further deviations arise when some of the threads are

trivial. In order to emphasize the deviations, we express GA(G;) in terms of the number

of edges ¢, which is equal to the sum of lengths of all strings in G;.
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All results of this subsection follow by a straightforward calculation. Hence we present

them omitting the details and proofs.
Proposition 3.18 Let ¢ denote the number of edges in G;. Then
(1) GA(Gy) = q — 2+ 22; GA(G}) = 1.

(2) GA(Gs) =q.

(3) GA(Gs) = q— 4+ 88 4 22, GA(GY™) = ¢ -3+ 28 1 B

(1) GA(Gy) = q— 4+ 22

(5) GA(Gs) = ¢ — 6+ &8 + 2y/2; GA(GY™") = q — 5 + 28 4 423
q—4+28 4+ 22 43 GAGY) = 2.

(6) GA(Gg) = ¢ — 6 +4v2; GA(Gg™") = ¢ — L + 22;
GAGE™) =g — 2+ 22,

(7) GA(Gr) = q— 6+ 128, GAGy™) = q — 4+ 2.

(8) GA(Gs) = q — 6+ 2/0; GA(GY™") = q — 4+ 2L,
(9) GA(Gs) = q— 6+ 1248 1+ 202, GA(GY™) = g — 5+ 240 4 4.
(10) GA(Gw) =q—6+ 3v/3.

A few things are immediately obvious from the above formulas. First, we note that
among the graphs with at most three strings the geometric-arithmetic index assumes
rational values only on cycles and on the trivial string K. Further, the index is quite
discriminative on the considered class of graphs; given the number of edges, the graph type
can be in most cases reconstructed from the index value. The only exceptions are G7 and
('s. The same two graphs also show anomalous behavior with respect to the deviations of
GA(G) from g. Namely, the quantity ¢—GA(G;) introduces an ordering into the set of ten
graph classes considered here. Its numerical values range from 0 for Gy and 0.11438 for
G to 0.53965 for G and 0.80385 for GGy, and, for the most part, agree with an intuitive
sense of complexity of the graphs. (We have restricted our attention only on the graphs
without trivial strings.) If we agree that G; < G; means ¢ — GA(G;) < ¢ — GA(G;), we
can write

Gy <G <Gy <Gr =Gy <Gy <G5 <G < Gy < G
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This supports the conclusion that the geometric-arithmetic index measures both diversity

of edge types and a disparity of their end-vertices.

3.4 Connectivity indices

The results for the connectivity indices have a similar flavor as those for the geometric-
arithmetic index. For example, all of them (with two trivial exceptions) contain irra-

tionalities and they do not distinguish between G7 and Gs. That is the reason we present

them next.

Proposition 3.19 Let G; be graphs in figures 1 and 2. Then

(1) °x(Gy) = 2+ L(k — 1);
X(G) =v2 -1+ 1k (G =

(2) Ox(Gs) = Lk;

(3) OX(Ga) = 14+ L + L2k +m —2);

IX(Gs) = =2+ Y250 4 Lk +m); Ix(Gy™) = V35S0 4 m2,
(4) °X(Ga) = 3 + R (k +m —2);
! (G):—2+xf+ 5(k+m).

(5) °x(G5) =3+ L + L(k+m+n - 3);

IX(G5) = =3+ 28 4 L(k+m 4 n); I (Gy™") = DA | mind,

DGR = BAREENE 4222 (G = VB,

(6) °X(Ge) = 5+ L(k +m +n —3);

N (Ge) = 2v2 3 + %(k +m+n); 1)((0};”"””) = 75*/372 + ot

N(GE) = Y,

X(Gr) = V6 =3+ 5(k +m+n); I(Gy™") = /=5 4 mn,

1X(G8) :1 X(G7)7 1X(Gé,m7n) : (Glmn) (Gl ln) — \/63—1 +

n.
27
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(9) °x(Go) = 3285 4 L2(k +-m +n — 3);
1X(G9) _ V24106 + %(k/‘ +m4+ n); IX(Gé’m’n) _ \/5-%—2\5/E—10 + %‘Fﬂ

(10) °X(G1o) = B + L(k +m+n —3);

6

'X(Gro) = V3B =3+ §(k +m+n)
3.5 Zagreb Indices
The Zagreb indices exhibit somewhat larger degeneracy than the connectivity indices and

the geometric-arithmetic index. For example, neither of them discriminates between G,

G7 and Gg.
Proposition 3.20 Let G; be graphs from figures 1 and 2.

Ma(Gh) = d(k — 1); Mao(G) = 1.

(2) Mi(Gs) = Ms(Ga) = 4k.

(3) Mi(G3) = 4(k +m) +2;
My(Gs) = 4(k+m) + 4;
My(G5™) = 4m + 7.

(4) My(Gy) = 4(m +k +2);

(5) AII(GS) = ]\42(05) = 4([{' +m + n);
My(G5™") = 4(m + n) + 3; Mp(G5™") = dn + 6; My(GyH') = 9.

(6) Mi(Gg) =4(k +m+n)+6;
M5(Ge) = 4(k +m +n) +12;
My(GE™™) = 4(m +n) + 14; My(GE™™) = 4n + 16.

(7) Mi(G7) = My(Gs);
]\/12(G7) = A{Q(G@), ]\/fz(G;mL’n) = 4(77@ + 7L) + 17,

(8) ]\/ll(Gg) = ]\/fl(Gﬁ),
My(Gs) = My(Ge); Ma(Gy™") = My(G7™"); My(Gg™™) = dn + 22;
My(GEMY) =27
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(9) Mi(Go) =4(k +m+n)+ 14;
My(Gy) = 4(k +m +n) + 28; My(Gy™") = 4(m +n) + 29;

(10) My(Gio) = 4(k +m +n) + 24;
M5(Gho) = 4(k +m +n) +48.

We see than the expressions for M;(G) have basically the same form as those for
9%(@) for all considered graphs. This fact is readily explained by noticing that the only
differences come from the vertices of degree 3 and more. Another consequence of this
observation is that M;(G) and %y(G) will order our graphs (on the same number of

edges) in roughly the opposite ways. Similar, but less pronounced, is the parallelism

between Ly(G) and My(G) for the considered graphs.

4 Concluding remarks

In this paper we have presented explicit formulas for values of several important graph-
theoretical invariants of graphs that consist of at most three strings. In spite of the
simple description, this class contains many chemically interesting graphs. Hence, it
could be worthwhile to continue this line of research by finding formulas for values of

other chemically interesting invariants.

Acknowledgment. Partial support of the Ministry of Science, Education and Sport
of the Republic of Croatia (Grants No. 037-0000000-2779 and 177-0000000-0884) and the
hospitality of Department of Mathematics at the FU Berlin are gratefully acknowledged
by one of the authors (TD).

References

[1] A. R. Ashrafi, T. Dosli¢, M. Saheli, The eccentric connectivity index of TUC,Cs(R)
nanotubes, MATCH Commun. Math. Comput. Chem. 65 (2011) 85-92.

[2] A. T. Balaban, D. Mills, O. Ivanciuc, S. C. Basak, Reverse Wiener indices, Croat.
Chem. Acta 73 (2000) 923-941.

[3] A. A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: Theory and appli-
cations, Acta Appl. Math. 66 (2001) 211-249.



4]

[5]

(6]

[7l

(8]

(9]

[10]

[11]

(12]

(13]

(14]

(15]

(16]

-189-

A. A. Dobrynin, I. Gutman, S. Klavzar, P. Zigert, Wiener index of hexagonal systems,
Acta Appl. Math. 72 (2002) 247-294.

T. Dosli¢, M. Ghorbani, M. A. Hosseinzadeh, Eccentric connectivity polynomial of

some graph operations, Util. Math. 84 (2011) 197-209.

T. Dosli¢, A. Graovac, O. Ori, Eccentric connectivity indices of hexagonal belts and

chains, MATCH Commun. Math. Comput. Chem. 65 (2011) 745-752.

T. Dosli¢, M. Saheli, Eccentric connectivity index of composite graphs, Util. Math.,

to appear.

T. Dosli¢, M. Saheli, D. Vukicevi¢, Eccentric connectivity index: Extremal graphs

and values, fran. J. Math. Chem. 1 (2010) 000-000.

G. Fath-Tabar, B. Furtula, I. Gutman, A new geometric-arithmetic index, J. Math.
Chem. 47 (2010) 477-486.

I. Gutman, B. Furtula (Eds.), Recent Results in the Theory of Randié¢ Index, Univ.

Kragujevac, Kragujevac, 2008.

I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total m-electron

energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

A. Tli¢, I. Gutman, Eccentric connectivity index of chemical trees, MATCH Commun.

Math. Comput. Chem. 65 (2011) 731-744.

V. Kumar, A. K. Madan, Application of graph theory: Prediction of cytosolic phos-
pholipase A, inhibitory activity of propan-2-ones, J. Math. Chem. 39 (2006) 511-521.

V. Lather, A. K. Madan, Application of graph theory: Topological models for predic-
tion of CDK-1 inhibitory activity of aloisines, Croat. Chem. Acta 78 (2005) 55-61.

V. Lather, A. K. Madan, Predicting dopamine receptors binding affinity of N-[4-(4-
arylpiperazin-1-yl)butyljaryl carboxamides: Computational approach using topolog-

ical descriptors, Curr. Drug Discov. Tech. 2 (2005) 115-121.

X. Li, I. Gutman, Mathematical Aspects of Randié-Type Molecular Structure Descrip-

tors, Univ. Kragujevac, Kragujevac, 2006.



(17]

(18]

(19]

(20]

(21]

22]

(23]

(24]

-190-

L. Lovasz, M. D. Plummer, Matching Theory, North-Holland, Amsterdam, 1986.

I. Lukovits, General formula for the Wiener index, J. Chem. Inf. Comput. Sci. 31
(1991) 503-507.

S. Sardana, A. K. Madan, Application of graph theory: Relationship of molecular
connectivity index, Wiener’s index and eccentric connectivity index with diuretic

activity, MATCH Commun. Math. Comput. Chem. 43 (2001) 85-98.

V. Sharma, R. Goswami, A. K. Madan, Eccentric connectivity index: A novel highly
discriminating topological descriptor for structure-property and structure-activity

studies, J. Chem. Inf. Comput. Sci. 37 (1997) 273-282.

D. Vukicevi¢, B. Furtula, Topological index based on the ratios of geometrical and
arithmetical means of end-vertex degrees of edges, J. Math. Chem. 46 (2009) 1369
1376.

H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc.

69 (1947) 17-20.

B. Zhou, Z. Du, On eccentric connectivity index, MATCH Commun. Math. Comput.
Chem. 63 (2010) 181-198.

B. Zhou, I. Gutman, B. Furtula, Z. Du, On two types of geometric-arithmetic index,

Chem. Phys. Lett. 482 (2009) 153-155.



