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Abstract

The sum of the absolute values of the eigenvalues of a graph G is called energy of
G. Let PS be the graph obtained by merging a vertex of the six vertex cycle Cg and
an end vertex of the n—>5 vertex path. In this paper we prove that for n = 8,12, 14 or
n > 16 we have E(PS) > E(C,,). Combined with a result in [Y. Hou, I. Gutman, C.-
W. Woo, Unicyclic graphs with maximal energy, Linear Algebra Appl. 356 (2002)
27-36] this means that PS is the connected unicyclic bipartite graph of order n, for
the values listed above, with maximal energy.

1 Introduction

For any graph G of order n, we denote by A\ (G), A\2(G), - , A\, (G) its eigenvalues. The

graph invariant defined by
E(G) =) (G (1)
i=1

is called energy of G. Within the framework of the Hiickel molecular orbital [1] approx-
imation, the calculation of the total m-electron energy in a conjugated hydrocarbon can

be reduced to that of the energy of the corresponding graph. An alternative expression
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of E(G) is given as a Coulson integral [1] by
2

L5 ln/2] _ v 2 ln/2) , _
E(G) = o / ﬁlog Z(—l)JazijJ + Z(—I)J(Lz#lz?]“ de, (2)
e =0 =0
where ag, a1, -+ ,a, are the coefficients of the characteristic polynomial of G written in

the form ’
GG, x) = aa" . (3)
i=0

Formula (2) has been very helpful for the study of extremal energy in various classes of
graphs (see for instance [2-4]).

Among the most popular classes of graphs are unicyclic graphs and bipartite graphs.
The former class consists of all graphs which contain exactly one cycle, and a graph
belongs to the latter class if its set of vertices can be partitioned into two subsets in such
a way that every edge has its ends in different sets. In this paper we aim to show that
PS5 which results from merging an end vertex of a n — 5 vertex path and a vertex in a 6
vertex cyclic graph, is the connected unicyclic bipartite graph of order n with maximal
energy. A very important step leading to this objective was achieved in [5] where it is

proven that

Theorem 1. P? has the mazimal energy among all connected unicyclic bipartite n-vertex
graphs, except the circuit C,,.

Therefore, what is left is to compare the energy of the two graphs P and C,, for a

n

fixed positive integer n. Our main result is that for n = 8,12, 14 or n > 16 we have
E(C,) < E(P)) . (4)
This partially proves the conjecture:

Conjecture 1 ( [6,7]). Among all unicyclic graphs on n > T vertices the cycle C,, has
mazximal energy if n = 9,10,11,13 and 15. For all other values of n the unicyclic graph

with mazimum energy is PS.

2 Lower bound for E(PP)

Since P? is bipartite (see Figure 1), its characteristic polynomials is of the form [1]

$(Py, ) = det(al, — A(Py) = Y_(=1)*b(P)a" ()

k>0
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Figure 1: P8 emphasizing that it is bipartite

where A(P9) is an adjacency matrix of P8 and I, is the identity matrix of order n. Hence,

using equation (2), the Coulson integral expression of the energy of PS is given by

E(PS) = / log (Zbk P%)z > (6)

k>0

First, we need an explicit expression for Q,(x) = 3= bk(P2)2? ¥ in terms of n and w.
This will help us to evaluate the right-hand side of the equation (6). Q,(z) and ¢(PS, )

are related as follows for all n > 6:

(/i) éul(Pyifz) = (/i)"Y (=1) bu(Py) (i)

k>0

_§ bk PG i 2k " 7n+21€

k>0

—_ Z bk(PG xzk

k>0

= @n(z) . (7)
If we label the vertices of P¢ as in Figure 1, then the corresponding adjacency matrix

is

01000 1 0 00
10100 0 0 00
01010 0 0 00
00101 0 0 00
00010 1 0 00
6\ __ .
APD=110001 0 1 ®)
00000 1 0 00
10
00000 0 1 01
100000 0 10
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Therefore the characteristic polynomial of P¢ is

z -1 0 0 0 -1 0 0 0
-1« -1 0 0 0 0 0 0
0O -1 -1 0 0 O 0 0
0o 0 -1 2 -1 0 0 0 0
0 0 -1 x -1 0 0 0
6 ) .
o(F,x)=| _1 o 0 -1 z -1
o 0 o 0 0 -1 = 0 0
e T
o o o o o0 - 0 =1 a2 -1
o o o o o0 -+ 0 0 -1 =

In particular, after computation of the corresponding determinant, we have

B(PS,x) = a8 — 62" + 92 — 4,
d(PE,x) =a" —T2° + 132° — Ta
and consequently, using equation (7), we obtain
Qo() = (¢/0)°((i/2)° = 6(i/x)* + 9(i/x)* — 4)
=1+ 62® + 92" + 4a®
Qr() = (2/0)"((i/2)" = 7(i/2)" +13(i/2)* — 7(i/x))

=14 72?4+ 132" + 725 .

(12)

(13)

The importance of equation (9) is that it allows us to derive a recurrence relation for

the sequence of polynomials (¢(P?, z)),>¢. For n > 8, expanding the determinant on the

right-hand side of equation (9) with respect to its last row we obtain

(Zb(PS,I) = x‘lb(Psth) - ¢(P7?727x) .

(14)

Via equation (7) we now can deduce a recurrence relation for the sequence (@, (x)),>6:

Qn(l’) = (x/z)nd)n(l/x)
= (" L bua i) = (i) 00200/
= /1" 60a(8f) + i) 002(i/2)

= anl(I) + IZQTL72(I) .

(15)
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This linear recurrence relation has characteristic equation

X?-X-2"=0 (16)
which has two roots
Dy(a) = VAT W (17)
and
Dy(a) = LY (15)

Therefore, the explicit expression for @,(z) must be of the form

Qn(x) = Ci(2) DY (x) + Co() D3 (@) (19)
where C(z) and Cy(z) satisfy the system of equations

Cy(2)D8(z) + Co(2)D§(x) = Qo(z) = 1 + 62 + 92 + 4a®

(20)
Cy(z)D](x) + Co(z)Di(x) = Q7(x) = 1+ T2 + 132* + 72" .
Solving the system of equations we obtain
(22 +1)((4a* + 522 + 1)V1 + 422 — 1 — 72 — 102%)
C(r) = : (21)
2D5(x)V/1 + 4a?
(@) (2% +1)((4a* + 52% + 1)V1 + 4a? + 1 + T2* + 102%) (22)
x) = ,
! 2D8(x)V/1 + 4a?
and therefore
o) (22 + 1)((do* + 522 + 1)VI + 422 + 1028 + 722 + 1) (1+ VI +4da?)
n\T) =
2v/1 + 4a? 2
n—6
. (22 +1)((4a* + 522 + )V1 + 422 — 102* — 722 — 1) [ 1 — /1 + 4a?
2V 1 + 4a? 2
(@4 D) (A2t 52 DT F A2 + 102 + T2+ 1) (14 VT4
2V/1 + 422 2
n—=6
(42t + 522 + 1)V1 + 422 — 102" = T2? — 1 (1 — 1+ 4a? (23)
(42t + 522 + 1)v1 + 42?2 + 1024 + 722 + 1 \ 1 + V1 + 422

With this expression of @, (z), equation (6) leads to

E(P%) = %((n —6) [y + Iy + Iy — I3 + I5(n)) (24)
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where I, Iy, I3, I, I5(n) are described as follows:

L log(Dy(x))dx =2, (25)

/
12:/ A (26)

+o0
log(+v4x? + 1
Iy = / wdl:“ (27)
0

Unlike the three first integrations whose exact values can be obtained via easy integration

by parts, for the next two we content ourselves with some bounds,

+00
I / log((42* + 52 + 1)v/1 + 422 + 102* + 722 4 1) — log(2) d
4= x

2
0

+00

S / (log((4x* + 522 + 1)V1 + 422 + 102" + 72* + 1) — log(2)) d (%) x
0

B [10g((4x4 + 522 + 1)V1 + 422 + 102* + 722 4+ 1) — 103(2)} N
x
r—0

+00

/ 802° + 7623 + 14z + (4023 + 142)V/1 + 4a?
x
1627 + 2420 4 923 + x + (1025 + 723 + )1 + 422

+00

/ 80z + 7622 + 14 + (402° + 14)V/1 + 422
= T
1625 + 242t 4+ 922 + 1 4+ (102t + 722 + 1)1 + 422

+00
/‘ 2(42? + 1)(102% + 7) + (4022 + 14)V/1 + 4a? J
= X
(@ 4+ 1)(4a? + 1)% + (102* + 722 4+ 1)V1 + 4a?
+00
- / (202 + 14)V/1 + 422 + 402* + 14
(22 + 1)(42? + 1)V1 + 42 + 102* 4 T22 4 1

(28)

Expressing x in terms of a new variable y defined by = = % (i — y) ,y € (0,1), leads to
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a rational integral
1

4/ +1)(5y* + 10y> + 26y* + 10y + 5)
y+1 °+y + Tyt =23+ T2y + 1)

0

80/(y+1>2

1
74+4/ 3yt + 2y +10y% + 2y + 3
B YOy Tyt =28+ Ty y + 1
0

1
dy+4/ 3yt + 2y + 1092 + 2y + 3
YOy Tyt =28 + TPy + 1

(29)

To get a lower bound for Iy, note that for all y € (0,1) we have

3yt + 2y +10y% + 2y + 3 15y% — 50y + 60
YAy Ty 2P+ TRy 1 20

_ (v —v)f ()
4y0 + 4y® + 28y* — 8y + 28y% + 4y + 4

(30)

where
f(y) =3y° —4y° + 19y" — 45y* + 68y> — 31y + 6
=6(—y*+3y — 12+ 2(y* —y)* + 3¢5 — 4y’ + 11y* — 5¢° + 5y >0 . (31)

This means that the difference in (30) is positive for all y € (0, 1), therefore we deduce
that
T r 2
I4>4+4/wdy:12. (32)

20
0

By numerical integration we get a better estimate for Iy :
1y > 12.1855 . (33)

And finally the last term is given by

n—6
1 (42 + 522 + D)V1 + 422 — 102t — 722 — 1 [ 1 — V1 + 422
Iin)= | —log |1+ dz.
) (42% + 522 + 1)V1 + 422 + 1024 + 722 + 1

14+ V1+422
(34)
Let us proceed by a change of variable from z to z where x = ——. This gives
dx = —$d7, V14422 = cre” (35)

(ez _ 672)2 - e —e—% "
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and

2657 + 4e32 + 2e7% \e* — e % + (e* + e77)

7 2¢e% 4 /—32 2 /—5z ? e % _ (e* % n—6
Is(n) = /log <1 + 2 B e (() ¢ (" +e )) ) (e 4+e7)dz
0

2e7%%(e%% 4 2e2* + 1)
log (1 -
2e%(e% 4 2e** + 1)

(_efh)"*“) (¢ +¢7) dz

€% +2e% +1
log {1+ —F—F—
ez 4+ 2¢t2 + 1

(71)”74672@74)2) (e +e7)dz . (36)
Let us treat separately two cases depending on the parity of n.
e If n is even, then n — 4 is even and equation (36) leads to the following inequality

which will be needed for the comparison of E(PS) and E(C,,):

1+ €% 4 2¢%*

—2(n—4)z z —z
o Lot >(e +e7?)dz

Is(n) > Jy(n) = /Oolog (1 +

= /log (1+e2%) (" +e*)dz >0 . (37)
0

Using the expression of log(1 + z) as a power series
2L (—1)k gk

log(l + T) = Z # (38)

k=1

(71)k—1672(n73)kz

Ji(n) = /Z f(ez +e7)dz

i (*1)]67]/ C@m-Bk-1)z | —(2(n-3)k+1)z
= (e +e ) dz
0

e~ (2(n=3)k-1)z 200 |: e~ (2(n=3)k+1)z } 200 )
JF -
{—(2(n—3)k— I)LO —2n=3)k+1)]

> —1)k1 =i 2(n—3
:4(7L73)ZW:Z#~ (39)
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Now, we use Euler’s partial fraction expansion of 7 csc(nz) for z = m
1
~ (_1)k—127
7r 1 2(n—3)
= 4
FCSCQ(nis) ¥+; kz_; (40)
2(n —3) (2(n —3))?
to find
Is(n) > Jy(n) :ncscﬁfZ(nfS). (41)
Hence for all even integers n > 6
in 2 T 2
E(PS) > — + (14 —12) + 2cs¢ ———— — —2(n — 3
(Ph) > 4~ = 12) 4 2050 5T~ 22(n = 5)
—2ese—— 4+ 2(1,— 6) (42)
a CSCQ(nf?)) aod ’

Remark 1. Similarly, we can also obtain an upper bound for Is(n) which helps to
see that Is(n) tends to zero when n tends to infinity.
7 1 6z 2 4z .
0 < I5(n) < /log <1 + ue—z(nfzt)z) (€ +e %) dz

1+ eb% + 2e4=
0

/log (1+ 672(7%4)2) (" +e7)dz
0

T cse (ﬁ) —2n—4). (43)

e If n is odd, then n — 4 is also odd and equation (36) leads to

14 b + 2¢*
1+ b2 4 2et2

0> Is(n) > J_(n) = 710g (1 -

0

e—2(n—4)z> (62 + e—z) dz

= /log (1—e29%) (" + %) dz . (44)
0
We still can use the power series

log(1 — ) Z % (45)
k=1

to obtain

F oo E)—Q(n 4)k
/Z (e 4+e?)dz. (46)
0

k=1
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Similar way as in the previous case, using the Euler’s partial fraction expansion of

7z cot(mz) instead of that of mcsc(nz) leads to

J_(n) = mcot ﬁ —2n—4). (47)

Therefore, for this case we have the following lower bound for E(P?):

4n 2 T 2

E(P) > — 4+ =(I4 — 12) + 2cot ————— — =2(n — 4

(Ph) > T 2 = 12) 4 2000 5~ 2(n—4)
> 200t = 4+ 21, — 4) (48)

cot ——+ —(I, —4) .
2n—4) 7t

3 Energy of the cyclic graph with vertices n

Let us denote by C, the cyclic graph with n vertices. The eigenvalues of C,, can be
computed explicitly [8], they are

2imk
A = 2cos o
n

2irk _ 2ink

=en +e n,k=0,1,---,n—1. (49)

Summing the geometric series one obtains

deot T ifn =4l
E(C,) = 2csc g ifn=4l4+1orn=4+3, (50)

descTifn=4l+2.

4 Comparison between E(P%) and E(C),)

We are only concerned with n > 6 corresponding to = € (0, §].

e Forn =4l,2 <1 €N, the Taylor expansion of cot shows that for 7 >z >0
1
cot(x) < —, (51)
x

from equations (32) and (37) we know that Iy > 12 and I5(4l) > 0, respectively.

Hence, it follows that

1
B(Cy) = 4cot% < %l + %(14 12+ L5(4D)) = E(PS) . (52)
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e For n =41+ 2,1 < e N inequality (42) and equation (50) lead to

E(PS) — E(C,) > D(n) = 2csc ﬁ - 40502 + %(14 —6) . (53)

Computing the particular value of D(n) at n = 4 -3 + 2 using the lower bound for

14 in equation (33) we have
D(14) > 0.01532 . (54)

Let us define a function fp : [6,00) — R by

fD(CL‘):2CSC2(%_3)*4CSC§+%([4*6) . (55)

Note that for all integers n € [6,00) we have fp(n) = D(n). Clearly fp is differen-
tiable in [6,00). Aiming to prove that the sequence (D(n))g<, is increasing we are
going to prove that fp is an increasing function in [6,00). The derivative of fp at
any point = € [6,00) is given by

fplz) = 2 cos ————esct — ir cos = csc? =
DY 9@ —3)2 T 2(x - 3) 2 —3) a? x x

2
4 ™ T 5, T 4 <7T)2 T T
== cos csc —— (=) cos—csc®—
m \2(x —3) 2(x —3) 2x—-3) 7w \zx x x

4 s s
’E(f (2(z—3))_f<5)> (56)
where the function f is defined by

flz) = 2 coswesc® (57)

and for all = the expression of its derivative is

(22 cos x — a?sinx) sin® & — 222 cos ' sin 2 cos x

f'(:x) - sint x

2 2

sin? z — 222 cos® ©

sin® x

2rcosrsine — x

x(2coszsine — x — x cos? x)

sin® z

(2zcosx —x — wcos’ x)

S

sin

2%(1 — cosz)?
T sin® <0 (58)
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meaning that f is a decreasing function on (0, §]. Equation (56) implies that for all

x € [6,00) we have f},(z) > 0. Therefore, for all [ > 3 we have
DAl+2)>D(14) >0 . (59)
Finally, this implies that whenever | > 3 the inequality
E(Pji12) > E(Cuye) (60)

holds.
For the two cases 6 < n = 4l+ 1 or 6 < n = 4l + 3, using the corresponding

expression of E(C,,) in (50) and the inequality (48) we obtain

6 _ ot — " —9ese 4 2(1, -
E(P?) — E(C,) > D(n) = 2cot =1 2csc ot 7r([4 4) . (61)

Exactly as in the previous case, we can associate a continuous function fp to the

sequence (D(n))s<p defined by

fDZ[G,OO)—>R

m T 2
r+—2cot — —2csc — + —([y — 4
* «© 2(x —4) % +7T( 1=4)
which has a derivative at any point € [6, 00) given by
T
W1 3%,
fplx) =2 B 2( 7r) - 22? 2 7r2x
sin e — 1) sin” 2
m 2 T 2
4 2(x—4 4 9
>2| 2] -2 2 (62)
sin 20— 1) sin o

Since the function g(r) = x/sinx is positive and increasing and 2(z — 4) < 2z
inequality (62) gives fj(x) > 0. Therefore fp, and consequently the sequence

(D(n))e<n, is increasing. This implies that for all integers [ > 4 we have

D(4l+3) > D(4l + 1) > D(17) = 0.0066 > 0 . (63)
It follows that for all integers [ > 4 we have
E(Pf.1) > E(Cup) (64)

and

E(Pj3) > E(Cuys) - (65)
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Remark 2. From equation (43) for even n and equation (47) for odd n, it follows that

ngrilw I;(n) =0, (66)
and therefore in view of equations (24) and (50) we deduce that
2
lim E(P%) - E(C,) ==(I,—12) > 0. (67)
n—r+00 s

In summary, the results (52), (60), (64), (65) and Theorem 1 lead clearly to the

following theorem

Theorem 2. Among all connected unicyclic bipartite graphs on n > 6 vertices the graph

PS5 has mazimal energy except for n = 10.

We believe that a similar method can be used to improve the result in [9] aiming to
prove claims in [10] on the n-vertex unicyclic bipartite graph with second or third maximal

energy.
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