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Abstract

Let T, x and F, i be, respectively, the set of positively
weighted trees and forests, of order n with a (fixed) to-
tal weight sum K. In this paper we determine the mini-
mal energy together with the unique extremal weighted
graph achieving the minimal energy for both the classes
Tox and F, . We also determine the maximal energy
together with all extremal weighted graphs achieving the
maximal energy for the class F,, i, and show that there
does not exist weighted graphs in the class 7, x hav-
ing the largest energy. Some related problems are also
considered.

1 Introduction

Let A be a real matrix of order n and Ay,..., A, be the eigenvalues of A. Then the

energy of A, denoted by E(A), is defined as E(A) = >-" ; |A;|. The energy of a graph

*jyshao@tongji.edu.cn. Research supported by National Natural Science Foundation of China
10731040

fgfmichelle@hotmail.com

zhibindu@126.com



-880-

G is defined to be the energy of its adjacency matrix [5]. For details of the theory of
graph energy see the reviews [5,7], the recent paper [10,11,13-18] and the references
cited therein.

Nikiforov [12] first pointed out that the energy of the graph is equal to the sum
of the singular values of its adjacency matrix. Let M be an m x n real matrix. Then
MMT is a positive semi-definite matrix of order m. If we denote the eigenvalues of
MM?T by o%,... 0% with o; > 0 for i = 1,...,m, then oy,...,0,, are called the
singular values of the matrix M. For convenience, we call the sum oy + -+ + 0, as
the singular energy of M, denoted by o (M).

It is easy to see that if A is a real symmetric matrix with eigenvalues Ay, ..., A,
then AAT = A? has eigenvalues A2, ..., A2 and thus the singular values of A are just
the absolute values of the eigenvalues of A. Consequently, the energy of A is the same
as the singular energy of A, namely we have E(A) = o(A) for real symmetric matrix
A.

An (edge)-weighted graph is a graph G each of whose edges has a nonzero weight.
In other words, there is a weight function w from the edge set E(G) of G to the set
of nonzero real numbers. Such weighted graph is usually denoted by (G, w).

The (weighted) adjacency matrix A, (G) of the weighted graph (G, w) of order n
is defined as the matrix A(G) = A,(G) = (a;;) of order n with

w(e) if ij is an edge e of G
a;; =
0 otherwise.

Similar to the unweighted graphs, the energy of a weighted graph (G, w) (some-
times simply denoted by G) is defined to be the energy of its (weighted) adjacency
matrix A(G) [9]. Since A(G) is still a real symmetric matrix for weighted graph G,
we see that the energy of G is also the same as the singular energy of A(G). Namely,

E(G) = 0(A(G)) holds also for weighted graphs.

Lemma 1.1. Let G be a graph and e be a cut edge of G with G —e = Gy U Go.
Let Hy = (G,w) and Hy = (G, ws) be two weighted graphs on G such that ws(e) =
—wi(e), and they have the same weights on all other edges of G. Then we have

E(H:) = E(H2).
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Proof. By suitably ordering the vertices of GG, we may write the weighted adjacency

matrices of H; and Hy as:

o A1 X o A1 -X
A(Hl) = ( XT AQ ) and A(HQ) = ( —XT Ag )
where A; is the weighted adjacency matrix of G; (i = 1,2), and X contains exactly

one nonzero entry corresponding to the cut edge e. Now it is easy to verify that

I, 0 A X L, 0 \ ' [ A -X
0 —I,, XT A, 0 —I, =L —xT 4,

which means that A(H;) and A(H,) are similar. Thus A(H;) and A(H,) have the
same spectrum, and therefore E(H,) = E(Hy). O

From Lemma 1.1 we can see that when we study the energy of weighted trees
or forests (each of their edges is a cut edge), we can always assume that they are
positively weighted.

Let K > 0 be a fixed number and n be a fixed positive integer. Let 7y, x, and F,, x,
be the set of positively weighted trees, and forests, of order n with the fixed total
weight sum K, respectively. In this paper, we study the extremal energy together
with the corresponding extremal weighted graphs for the classes 7, x and F,, x, and
we will also study some further related problems.

In §3, we determine the minimal energy together with the unique extremal weight-
ed graph achieving this minimal value for both the classes 7, x and F;, k. In §4, we
use the continuity property of the energy as a function of the weights to prove that
there do not exist weighted graphs in 7, x (and F, k) having the second smallest
energy. In §5, we study the maximal energy problem. We determine the maximal
energy together with all the extremal weighted graphs achieving this maximal value
for the class F, i, and also show that there do not exist weighted graphs in the
class T, having the maximal energy. We also answer the analogous maximal energy
problems for the class of all weighted connected graphs of order n with the total
weight sum K, as well as the class of all weighted graphs of order n with the total

weight sum K.
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2 The quasi order of weighted bipartite graphs

Lemma 2.1. [8] Let G be a weighted bipartite graph on n vertices. Then its charac-

teristic polynomial can be written as:

[n/2]
O(G,x) =Y (—1)Fb(G k)" (2.1)

k=0

where b(G, k) >0 for all k.

From the Coulson integral formula for the energy of graphs [8], we can see that if

G is a weighted bipartite graph with the characteristic polynomial as in (2.1), then:

s 1 Ln/2]
E(G) = = / —n > (G k)™ | da . (2.2)
k=0

0
Formula (2.2) holds for both simple and weighted bipartite graphs. It is much used in
the study of the energy of bipartite graphs (see [11] and the references cited therein).

It follows that E(G) is a strictly monotonically increasing function of those num-
bers b(G, k) (k= 0,1,...,[5]) for weighted bipartite graphs. Thus we can also define
the quasi-ordering relation ”=<” for weighted bipartite graphs as the following. (The
analogous quasi ordering of simple graphs, first conceived in [4], is nowadays much
used in the theory of graph energy, see [10,13-16,18] and the references cited therein.)

Let Gy and G5 be two weighted bipartite graphs of order n. If b(Gy, k) < b(G, k)
for all & with 1 < k& < [5], then we write Gy = Gi. (Note that b(G,0) = 1 for all
weighted bipartite graphs G). Furthermore, if G; < G and there exists at least one
index j such that b(G1,7) < b(Ga, j), then we write G < Ga. If b(G1, k) = b(Ga, k)
for all k, we write G| ~ Gs.

According to the Coulson integral formula (2.2), we see that if G; and G are
two weighted bipartite graphs of order n, then G; < G» implies E(G;) < E(G3) and
G < G5 implies E(G) < E(Gs).
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3 The minimal energy problems for 7, x and F,

Lemma 3.1. Let G be a weighted bipartite graph. Then we have

G 1) = Y we).

e€E(Q)
Proof. By the symmetry of the spectrum of G' with respect to the origin, we see that

the characteristic polynomial of G can be written as
HGN) =" (N =) (N —¢) (e;>0,i=1,...,7). (3.1)

Thus in this form we have b(G,1) = >"7_, ¢;.

Let Ar,..., A\, be all the eigenvalues of G. Then from (3.1) we also have
tr(AG)?) =D N =2 ¢ =2b(G.1). (3.2)
=1 i1

On the other hand, since A(G) is symmetric, we have

tr(A(G)?) = Z iafj =2 > w(e). (3.3)
i=1 j=1 c€E(G)
Comparing (3.2) and (3.3) we get the result. O
Lemma 3.2. Let x1,...,x, and y, ...,y be real numbers satisfying:
(1) x4+ +a=yr+ - +u
2)yp= =y

(3) (w1, ar) # (Yo yn) -
Thenx%+~--+x§>y12+...+yz,

Proof. First we have
@+t m) Y (@ =kt ad)

1<i<j<k

So

1<i<j<k 1<i<j<k 1<i<j<k
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An equally weighted star S in 7T, i is a weighted star S = (K ,,—1,w) of order n

each of whose edges has the weight n—’fl

Lemma 3.3. Let S be the equally weighted star in T, . Then b(S,1) = nK—i, and
b(S,k) =0 for all k > 2.

Proof. First, by Lemma 3.1 we have b(S,1) = > ¢ (s) w(e)? = Tfi.

Second, it is easy to see that the rank of the adjacency matrix A(S) of S is 2. So
S has n — 2 zero eigenvalues, and thus b(S, k) = 0 for all k > 2. O

Theorem 3.1. Let S be the equally weighted star in Ty k., and T be any weighted tree
in Tox with T # S (as weighted graphs). Then S < T.

Proof. First we always have b(S,0) = b(T,0) = 1. Also by Lemma 3.3 we have
b(S,k) =0 < b(T,k) (forall k> 2).

We now consider the case k = 1.

Case 1: T is not equally weighted.

Then by Lemma 3.1 and Lemma 3.2 we have

BT, 1) = Y wle)> > wle)=bs,1).
e€B(T) e€E(S)

Thus we have S < T

Case 2: T is equally weighted.

Then the underlying unweighted graph of T' (say, denoted by H) is not a star.

By the well-known quasi-ordering fact for unweighted trees we have Ky, 1 < H,
since H is not a star. It follows from this that S < T since S and T" are both equally

weighted. O

It is not difficult to verify that the equally weighted star S € T, x has the energy

2K
n—1"

Next we show that this S is also the unique weighted forest with the minimal

energy in F, k.

Theorem 3.2. Let S be the equally weighted star in T, x and I be a weighted forest
in Fo. If F# S, then E(F) > E(S).
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Proof. Case 1: F is connected (i.e., F' is a tree). Then the result follows from
Theorem 3.1.

Case 2: F is not connected. Suppose 71, ..., T, (r > 2) are all the components of
F, where T; has order n; and total weight sum K;. Then Y. n; =nand > _, K; =
K.

Let S; be the equally weighted star of order n; with the total weight sum K;, then
by Theorem 3.1 we have E(S;) < E(T;). Thus

= Y Em) 2 Y ES) thl Zm_l 2B _s)

Vn—1

O

4 The non-existence of the second smallest energy
in 7, x and F, g

The following inequality about the singular energy for the sum of two matrices is due
to Ky Fan [3], for details see [17]:

Lemma 4.1. [3] (The Ky Fan inequality): Suppose the matrices A, B,C satisfy
C =A+ B. Then
o(C) <o(A)+0o(B) .

Equality holds if and only if there exists a unitary matrixz P, such that both PA and

PB are positive semi-definite.
The following lemma is a simple generalization of the Ky Fan inequality.

Lemma 4.2. (a variation of Ky Fan inequality): Suppose the matrices A, B, C' satisfy
C=A+ B. Then

lo(C) = o(A)| <o(B) . (4.1)

Proof. o(C) — o(A) < o(B) is the Ky Fan inequality. On the other hand, we have
A=C+(—B),so
d(A) <a(C)+0(—B) =ac(C)+0c(B)

which implies that o(C') — 0(A) > —o(B). O
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Using Lemma 4.2, we can show that E(G) is a continuous function of the weights

of all edges (supposing that the weight of each edge is an independent variable).

Theorem 4.1. Let G be a weighted graph with m edges ey, . .., e, where w(e;) =
x; (i=1,...,m), and x,...,x,, are viewed as independent variables. Let

fx1, ... zm) =E(G). Then f(xy,...,2m) is (multi-variabled) continuous.

Proof. Let A(G(x1,...,2,)) be the weighted adjacency matrix of G. Let G, be the

spanning (unweighted) subgraph of G' containing a single edge e. Then we have:
AG(z1 4+ Az, .oy 2 + Azyy)) — AG(21, - 2)) = i Az; A(Ge,) .
i=1
Thus from Lemma 4.2 and Ky Fan inequality we have:
[f(z1 4+ Az, ooy + Axy) — f(21, .00 2]

= |o(A(G(z1 + Az, ..., 2y + Axy))) — o(A(G(21, ..., Tm)))]

o (i AxiA(Gez)> <

m

IA

o(AziA(Ge,)) =2 |Azy| .
=1

i=1

From Theorem 4.1 we have:

Theorem 4.2. Let S be the equally weighted star in T, . For any e > 0, there exists

some weighted star T # S of order n in T, k such that
E(S) <E(T) <E(S) +¢ . (4.2)

Proof. Take any two edges e; and ey of the star K ,,_1, define weights w(e;) = % +0
and w(ez) = 25 =4, and w(e) = £ for all other edges of Ky,_1. Take T' to be such

= -1

a weighted star. Then by the continuity of E(7) with respect to § we see that T" will
satisfy (4.2) if 6 > 0 is sufficiently small. O

From Theorem 4.2 we can immediately see that among all weighted graphs in 7;, x

(or in F,, ), there do not exist graphs with the second smallest energy.
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5 The maximal energy problems for 7, x and F,

To study the maximal energy problems for 7, x and F, x, we first need the following

matrix version of a result by Day and So [2, Theorem 2.6(i)]:

Lemma 5.1. (2] Let A be a symmetric real matriz of the form A = ( ;(hT il( ),
2
0O X

XT Ay
0(A) < o(B) + o(A1), where equality holds if and only if X = O.

where Ay is a non-singular square matriz. Let B = ) Then we have

From Lemma 5.1 we have:

Corollary 5.1. Let G be a connected weighted graph of order n > 3, and e be an
edge of G with w(e) # 0. Then E(G) < E(G — e) + 2|w(e)|.

Proof. Without loss of generality, we may assume that e = vjvy. Then we can write

A(G) as:
AG) = ( f({; 51(2 )

0 w(e) ) is non-singular since w(e) # 0, and A(G —e) =

where H = wle) 0

( )?1 jf ) Since G is connected of order n > 3, we have X # O. Thus by
2

Lemma 5.1 we have 0(A(G)) < 0(A(G —¢€)) + o(H) which is equivalent to (5.1). O
Theorem 5.1. Let G be a weighted graph of order n each of whose edges has nonzero

weight, and ey, ..., ey, be all the edges of G. Then
E(G) <2 |w(e)]
i=1

where equality holds if and only if each connected component of G has at most two

vertices.

Proof. Let G. be the spanning (weighted) subgraph of G containing a single edge e.
Then A(G) = >, A(G.,). Thus by the Ky Fan inequality,
E(G) = 0(A(G) <D o(A(G.)) =2 wes)] -
i i=1

i=1
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Next we prove the equality case. For sufficiency, let G; be the component of G

containing the (single) edge e;. Then
E(G) = ZE(GJ = QZ lw(es)]
i=1 i=1

For the necessity part, suppose that some component H; of G contains at least
three vertices (thus at least two edges). Assume that e; is an edge of Hi, and
Hs, ..., H, are all the other components of G. Then by Corollary 5.1 we have
E(H,) < E(H; — 1) + 2|w(eq)], implying

E(G) ZIE Y+ E(H,) < ZIE‘, )+ EH, —e;) + 2Jw(e)]

E(G — e1) 4+ 2w(er)| < 22|w (&) + 2|w(er)| = 22 lw(e;)|

=2 i=1

From Theorem 5.1 we have:

Theorem 5.2. Let n > 3 and K > 0 be fived. Let C,, and G, i, be the set of
all positively weighted connected graphs, and all positively weighted graphs, of order n
with the total weight sum K, respectively. Then we have:

(1) A weighted graph G in F, k, or in G, k, has the mazimal energy in F, r,
or in Gur, if and only if each component of G is Ky or Ko. And the value of the
mazimal energy in F, i, or in G, k, is 2.

(2) There do not exist weighted graphs in Ty i (or C, i) having the mazimal energy

Tnic (07 Co i ).

Proof. We have now 3 iy [w(e)| = 3 cpe wle) = K.

(1) follows directly from Theorem 5.1.

For (2), from Theorem 5.1 and n > 3, we see that E(T) < 2K for all T € T, x (or
Cn.i) since T is now connected of order n > 3. On the other hand, for each £ > 0,
take sufficiently small 6 > 0 and take T5 € T, x such that one edge of Ts has weight
K — (m—1)4, and all the other (m — 1) edges have weight . Then by the continuity

of the energy function (Theorem 4.1), we have

2K —e <E(T5) <2K  (if § >0 is sufficiently small) .
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This shows that no weighted graph in 7y, x (or C, i) has the largest energy in 7, x
(or Cp k). O
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