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Abstract

The energy of a graph was first defined in 1977. In 2010 (but also earlier) this concept was
generalized to the energy of any complex polynomial. In this paper, we adopt new approaches to
prove both the complex form and real form of the Coulson integral formulas for the energy of a
complex polynomial. For the complex form, we use an approach which does not use the contour
integration and the Cauchy residue theorem. For the real form, we use an approach which can
completely avoid using the logarithm of a complex function. We also obtain the following new
formula for the energy of an arbitrary monic complex polynomial ¢(z):

+00
1 ‘ i1 x
E(¢)= - | — log [P*(z) + ¢*(z)] dz + i / 2 arctgf% dx
where the real polynomials p(x) and ¢(x) are the real and imaginary parts of g(—iz), while g(¢)

is the so called “reverse polynomial” of ¢(¢). Finally, we give some applications of these results

to the energies of digraphs.
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1 Introduction

The energy of a graph G was conceived in the 1970s by one of the present authors [4]
(see also [5]). However, the chemical aspects of this concept can be traced back until
the 1940s [1]. The energy of a graph G is defined as the sum of the absolute values of
the eigenvalues (of the adjacency matrix) of G. Since then, this definition has various
generalizations. The most recent generalization was in [11] where the energy of any
complex polynomial was defined in such a way that the energy of a graph, or a digraph,
is just the energy of its characteristic polynomial.

In a much earlier work [7], one of the present authors considered a somewhat related
problem. Among other things, in [7] was proven that if A(x) and B(z) are two monic (but
otherwise arbitrary) polynomials of equal degree n, and if a1, as, ..., a, and by, ba, ..., b,

are the zeros of A(x) and B(x), respectively, then

+oo
1 Aliz) "
~ oo [os ke - > [1Re(a,)] | Rett)]
This formula holds provided ay + -+ 4+a, =by +---+ b, .
The present paper can be viewed as the elaboration and analysis of the concept of the

energy of an arbitrary polynomial, at a rigorous mathematical level.

Definition 1.1. [11] Let
B =D =z m)(z ) (2 - )
k=0

be a monic complex polynomial of degree n. Then its (complex) energy E(¢) is defined
as:

E(¢) = sgn(Re(z)) 2 (1.1)
k=1

where sgn(a) of a real number a is defined to be 1, 0, or —1, according to a >0, a =0,

ora<0.
The real energy E,.(¢) of ¢(z) is defined to be the real part of the energy E(¢).

Namely [11],
Ere(¢) = Re(E(¢)) -
It was pointed out in [11] that (1.1) can be rewritten as

E@)= > a- Y. = (1.2)

Re(z,)>0 Re(z1,)<0



-851-

and
n

E.o(¢) =) |Re(z)| . (1.3)
k=1
In the special case where ¢(z) is a real polynomial (but possibly has complex roots), then

its non-real roots occur in pairs (counting the multiplicities). In this case
Z Im(z) =0= Z Im(z) .
Re(z)>0 Re(z)<0

Thus from (1.2) we have Im(E(¢)) = 0. So in this case one has [11]

E(¢) = E,e(¢) = D |Re(z)] - (1.4)
k=1

If we further assume that all the roots of ¢(z) are real (for example, ¢(z) is the
characteristic polynomial of a symmetric real matrix, or of a graph), then Re(z;) =

zi (k=1,...,n). Then from (1.4) we further have ( see [11])

n

E(¢) =Ere(®) = > |ul -

k=1
This coincides with the original definition of the energy of a (undirected) graph, or a
symmetric real matrix.
Let ¢(z) = ¢(2) be the characteristic polynomial of a graph G'. Coulson [1] obtained
the following integral formula for the energy of the graph G:

+oo
1 iy ¢'(iy)
EG:IE(;S:fp.U./[nfi,'d 1.5
(©) = E(g) = * o g, (15)
+00 M
where the principal value (p.v.) of the integral [ means [liIfrl J . Note that if ¢(z)
- T M

has purely imaginary roots iby, ..., b, (with by < --- < b.), then the p.v. of the integral

in (1.5) will mean:

bi—er .y biti—gja M
lim + g +
M =400 -
e;—=0(=11) "y J=1 bj+e;j br+ter

In [10] and [11], Mateljevié¢ et al. proved that the integral formula (1.5) also holds
for any complex polynomial ¢(z), by using partial fraction decomposition, the Cauchy
residue formula, the Jordan lemma and complex integration along semicircle.

For convenience, we call (1.5) the complex form of the Coulson integral formula (or

simply complex integral formula) for the energy of a polynomial.
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In [11], Mateljevi¢ et al. also gave a real integral formula for the real energy of a
polynomial.

In this paper we give new proofs for both the complex integral formula and the real
integral formula for the energy, and real energy, of a polynomial.

In §2, we give a new proof of the complex integral formula without using the contour
integration, the Cauchy residue formula and the Jordan lemma.

In §3, we outline an approach that completely avoids the use of the logarithm of a
complex function when proving the real form of the integral formula for the real energy
of a complex polynomial. There we also obtain the following new formula for the energy

of an arbitrary monic complex polynomial ¢(z):

+oo e
11 [
E(d) = 5 / = log [p(x) + ¢(x)] do + / 22 “’"Ctg% o

where the real polynomials p(z) and ¢(z) are the real and imaginary parts of g(—iz),

while g(t) is the so called “reverse polynomial” of ¢(t).

Note that the complex function log z is a multi-valued function. We usually need to
take a specific branch of log z to study it. This will sometimes cause difficulties. For
example, log (ab) = log a + log b is not always true for complex numbers a and b, when

0 <arg(a) <2m,0 <arg(b) < 2m, but arg(a)+arg(b) > 27 (as was pointed out in [11]).

2 The complex Coulson integral formula

In this section, we give a new proof of the following complex form (2.1) of Coulson
integral formula for the energy of an arbitrary complex polynomial ¢(z), without using
contour integration, or the Cauchy residue formula for the integration of complex variable
functions. A simplified consideration along the same lines was reported already in the
paper [4], and eventually reproduced on pp. 55-56 of the book [3].
What first needs to be noted is that formula (2.1) is a proper generalization of formula
(1.5):
LT id)
E(p) = - / {n - W} dy . (2.1)

Recall that sgn(a) denotes the sign of a real number a.
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Lemma 2.1. For any real numbers a and b,

+00
" a
/ mdzzﬂ-sgn(a) .

Proof. The result holds obviously if a = 0. So we now assume that a # 0.

Using a = |a|sgn(a), and taking y = (z — b)/|a|, we have

+o00 +o00 1 b
a x—
/ ——————dx = sgn(a) / d ( )
I AR : 2
o (x =0 +a . (L\T]b) i1 |al
+o0 1 too
= sgn(a) / il dy = sgn(a) arctg y N =7 -sgn(a) .
O
Lemma 2.2. For any real numbers a and b,
M )
. €r —
i [ Topra T
M

Proof. Case 1: a = 0. Then the integral should be understood as the following principal

value:
. b—e 1 M 1 ‘ b M
lim dx + dr|{ = lim [log |z — b ‘ + log |z — b ]
M—+o0 r—0b r—b M—+o0 M bie
=0 |y bre =0
. M=
=l M+b’ N
Case 2: a # 0. Then we have
M
z—b 1 M
———dr = -1 = 0)? +d?
I e L R I
-M

VYRRV
= 11 '[(]\{ i) +a} 0 (when M — +o00) .

2% | M +b2+a
0

Theorem 2.1. For any complex polynomial ¢(z) = (z — z1)--- (2 — z,), the complex

Coulson integral formula (2.1) holds.
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Proof. Let z, = ay + byt (ay, by are real numbers, k = 1,...,n) and let
z2¢'(2)
f(z)=n—— .
B=n=50)
Then
fz)=n— £ - %
P

implying

=1

TS T (R E= T

By using Lemmas 2.1 and 2.2 we get

+o0 +o00

2k ay + byt
dy = ——d
/Zk*iy Y /ak*( — by )i v

—00 —00

_ 7°ai—bk<y—bk>+[ =t +adi
(y — br)? +ak

—00

may - sgn(ay) + wby, - sgn(ay)i = 7 - sgn(ag)(ag + bgi)
= m-sgn(ay) 2z - (2.3)

Substituting (2.3) into (2.2), we arrive at

jr/w[n U]y = 13-t = 3 ntRel) 5 = )

—o0

3 The real integral formulas

In this section, we put forward an approach that can completely avoid using the logarithm
of a complex function to prove the real form of the integral formula for the real energy
of a complex polynomial. We also obtain the following new formula for the energy of an

arbitrary monic complex polynomial ¢(z):

+00
IE(gb):i//ilog[p()-Q—q()]dx—ﬁ— /—arctgzggd
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where the real polynomials p(x) and ¢(z) are the real and imaginary parts of g(—iz),

while g(¢) is the so called “reverse polynomial” of ¢(t).

Now let ¢(z) = >"p_, ar 2" * be a complex polynomial with ag = 1 and aj, = by, + ¢, 4,
where by, and ¢, are real numbers (k= 0,1,--+ ,n). Also we write f(z) =n—2z¢'(z)/¢(z)

Then we have:

S (n—k)ay 2"k

_ - 2¢/(2) _ . _ k=0
I R
k=0
Zn: kag 2"k Zn: kag (1/2)*
= = =5 . (3.1)

S a2k Eak(l/z)k
k=0 k=0

Let g(t) = Y_j_, ai t* be the polynomial obtained from ¢(t) by reversing the order of
the coefficients of ¢(¢). For convenience, we call g(t) the “reverse polynomial” of ¢(t).

Then from (3.1) we have:
Z v tk

_tg'(t)
fare = ktk Cogt)

M:

By changing the variable ¢ = 1/ in the integration, writing Dy = (—o0, —75) U

(77, +00) , and using the complex integral formula (2.1), we have

M —1/M .
[ o= /f‘/"’“‘*+/f/f - [
M 1/M
- Dé %dw — 7wE(¢)  (when M — +o0) . (3.2)

Now we write
9(x/i) = g(—ix) = p(x) +iq(x)
recalling that p(z) and ¢(z) are real polynomials. Then (g(x/i)) = p'(z) + ¢ (z). Thus
the real part of the integrand in (3.2) is:

W] _ (20 id0) ) o)) o)
fe Lgu/z)} - R (va(x)Hq(x)])

- {Qilog[p()ﬂ()}} +21 log [p*(z) + ¢*(@)] . (33)
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Here the function inside log is a real function.

Since g(t) =Y p_pant? =>4 o bk t" + (O p_y ek t¥) i, we have
(—ix) Zbk —ix) (Z ck(—iz)k) i.
k=0
From this and the assumption ag = by + ¢pi = 1 we obtain
[n/2) [(n=1)/2]
p(z) = Z( VE by 228 4+ Z Ve et =14 a4 -
k=0
[(n=1)/2] [n/2]

q(x) = Z (= 1) boy 172k+1+z Fegpa® = —byao4---

k=0 k=0
Thus there exists some real polynomial h(z), such that

P2(2) + ¢*(x) =1+ 2c, 2 + 22 h(x) .

Then lim 2= log [p*(#) + ¢*(x)] = 1, and thus
=>4
=c—c;=0.

1
lim o~ log [p*(2) + ¢*(2)] .

It is also easy to see that

lim ZL log [p*(x) + ¢*(x)] =0 .

x—00 2T

From (3.6) and (3.7) we have:

/ [% log [p* (=) + qZ(x)]}'dl.

Dar
1 , ) —1/M 1 , ) +00
= — . 2( . iy | 2(,.
5 log [*(2) + ()] s [P*(z) + ¢*(2)] "
1 1/M
= —— log [p*(z) + ¢*(x)] —0 (when M — +00) .
2z —1/M

(3.6)

3.7)

(3-8)

Finally, taking the real parts for both sides of (3.2) and substituting (3.3) and (3.8)

into it, leads to:

E.(¢) — ~ lim [

T M—~+0c0
Dy

2

T M—+4o0c0
Dt

! lim / ({% log [p*(2) + qZ(w)}} , + Tiz log [p*(z) + ‘12(1‘)]) dx

(3.9)
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This is what we call the real form of Coulson integral formula (for real energy of a
complex polynomial), where the last integral in (3.9) should be understood as the principal

value at x = 0.

Remark 1. In general, for the imaginary part of the energy E(¢), we first note that

p(x) () —qx) p(x) _ ( Q(x))'

arctg——
P*(z) +¢*(x)

p(x)

So, similar to (3.3),
[/ (P @) ) p) g () )
! [zgu/n} ! (z[pmﬂq(x)]) 2@) T ()]

= lar(’ @ l iarc @
- ( 't"pu)) T E G

From (3.4) and (3.5) it follows

1
lim — arcth =—b
AT )
and it is also obvious that
1
lim — arcth =0
2 )
So, similar to (3.8) we have
1 O\ 1 VM +o00
/ (7 arcth> de = — ou"ctgM + =~ arc tg@
z p(z) T p(@)|_ v p(x) 1M
Dy
aa) |
= —= arctg——= — b —b =0 (when M — +00) .
p(z) 1/M

Thus from (3.2) we get:
Mm(E$) = + lim [ Im {( (x/l))}

T M—+00 zg(x/i)
D
1 1 ' 1
= — lim (7 arctg@) dr + — / — arctg 4(x) d
T M—Foo x p(x) ™ JLI—»+oo (x)
D
q(x)
= /— arctg d:p (3.10)
p(x)

where (same as in the case of (3.9)) the last integral in (3.10) should be understood as

the principal value at = 0.

Combining (3.9) and (3.10), we finally obtain:
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Theorem 3.1. Let ¢(z) = ZZ=0 a, 2" be a complex polynomial with ag = 1 and a;, =
by + ¢ i, where by, ¢y are real numbers (k = 0,1,..., n). Let the real polynomials p(x)

and q(z) be defined as in (5.4) and (5.5). Then

+oo +o0
1 1 ] 1
E(¢) = o / =) log [pz(f) + QZ(I)} dx +% / = arctg% dz .

Remark 2. If ¢(z) is a real polynomial, then p(z) and ¢(z) have the following simple

forms:
[n/2] [(n—1)/2]
p(x) =Y (=DFana™ , q@)= Y (=) agga™". (3.11)
k=0 k=0

Also in this case, arctglg(z)/p(z)] is an odd function, so (again) we have E(¢) = E,.(¢)

for real polynomials.

4 Some applications to the energies of digraphs

In [12], the energy of a digraph D is defined as

n

E(D) =) | Re(z)]

k=1
where z1,...,z, are the eigenvalues of the adjacency matrix A(D) of D.

By (1.3), we see that E(D) = E,.(¢), where ¢(z) is the characteristic polynomial of
the adjacency matrix A(D) of the digraph D. Since ¢(z) is now a real polynomial, by
the arguments in §1, we see that E(D) = E,.(¢) = E(¢) .

In [12], Pefia and Rada used a corollary of the complex form of Coulson integral
formula to obtain an integral formula for the energy of a digraph D, all of whose cycles
have length h, where h = 2 (mod 4). In that formula, all the terms inside the logarithm
in the integrand have non-negative coefficients. But the corollary they used still contains
the logarithm of some complex function.

In this section, we generalize their result to the digraphs in which every cycle has length
an odd multiple of h, where h = 2 (mod 4) is a fixed positive integer. Furthermore, the
approach we use to prove this generalization is to apply our real form (3.9) of the integral
formula for energies. Thus we can avoid using the logarithm of a complex function in the

proof of this generalization.
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Let ¢(x) = Y _j_, ar 2" be the characteristic polynomial of a digraph D . Then the

well-known Sachs formula is [2]:

ap =Y (=1)mr®) (4.1)

LeLly,

where L), is the set of all linear subdigraphs of D with k vertices, and comp(L) denotes

the number of components of L .

Theorem 4.1. Let h = 2 (mod 4) be a fized positive integer, and ¢(z) = Y p_axa"*
(where ag = 1) be a real polynomial of the following form:

[n/h)

dla) =Y apa™ (4.2)
k=0
Note that a; # 0 implies that t is a multiple of h . Then we have:
1 o R dz
E(¢p) = - / log ; (=1)F apy 2™ o (4.3)

Proof. Using formula (3.11), we have ¢(z) = 0 since h is even. This implies that all the
coefficients agi 11 are equal to zero.
On the other hand, if some ag, # 0, then h|2k, so there exists some integer ¢, such

that k = 1 ht. Thus from (3.11) it follows:

[n/2] [n/h] . [n/h]
p(z) = Z (=1)* ag 2 = Z (—1)2" a2 = Z (—1)! apg (4.4)
k=0 =0 =0

since %h is an odd number.

Substituting (4.4) and g(z) = 0 into the real integral formula (3.9), we obtain (4.3). [

Lemma 4.1. Let h be a positive integer and D be a digraph of order n. Let ¢(x) =
Op(x) = dp_gana™ " be the characteristic polynomial of D . Then ¢(z) has the form
(4.2) if and only if the length of every cycle of D is a multiple of h .

Proof. Sufficiency: If a; # 0, then £; # 0 by the Sachs formula (4.1). Take L € L,.
Then t is the sum of the lengths of the cycles of L. Thus ¢ is a multiple of h by hypothesis.
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Necessity: Suppose to the contrary that the length of some cycle of D is not a multiple
of h. Let t be the minimal such length. Then it can be verified that any linear subdigraph
L € £; must consist of exactly one cycle (of length ¢). Thus we have

= S = g 40
LeLly

where ¢; is the number of t-cycles of D, a contradiction. |
We now arrive at the following generalization of Theorem 5.3 from [12].

Theorem 4.2. Let h =2 (mod 4) be a fized positive integer, and D be a digraph of order
n each of whose cycles has length an odd multiple of h. Let ¢(x) = > ;_gar ™ F be the
characteristic polynomial of D . Then we have:

(1) E(D) =E(¢) has the from (4.3).

(2) (=DFap >0 forallk=0,1,...,|n/h].

Proof. The result (1) follows directly from Theorem 4.1 and Lemma 4.1.
For result (2), take any L € Lp. Let hey, ..., he, be the lengths of all the cycles of

L. Then ¢y,... ¢, are all odd and ¢; + - - 4+ ¢, = k. Thus we have
(71)comp(L) _ (71)r _ (71)cl+---+cr _ (71>k )

This implies
ane =y (=1 = (=1)F | Ly -

LeLpy

Thus (—1)k Apl = "Chk| 2 0. 0
Remark 3. From (4.3) and (—1)*ay, > 0, we see that E(D) is a strictly increasing
function of those numbers |apg| .

Note: If we take h = 2, then the hypothesis in Theorem 4.2 can be restated as: The

length of every cycle of D is even, but not a multiple of 4.



-861-

References

[1] C.A. Coulson, On the calculation of the energy in unsaturated hydrocarbon molecules,
Proc. Cambridge Phil. Soc. 36 (1940) 201-203.

[2] D. M. Cvetkovié, M. Doob, H. Sachs, Spectra of Graphs — Theory and Application,
Academic Press, New York 1980.

[3] A. Graovac, I. Gutman, N. Trinajsti¢, Topological Approach to the Chemistry of Con-
jugated Molecules, Springer—Verlag, Berlin, 1977.

[4] I. Gutman, The energy of a graph, Ber. Math.—Statist. Sekt. Forschungsz. Graz 103
(1978) 1-22.

[5] I. Gutman, Acyclic systems with extremal Hiickel m-electron energy, Theor. Chim.
Acta 45 (1977) 79-87.

[6] I. Gutman, The energy of a graph: Old and new results, in: A. Betten, A. Kohnert,
R. Laue, A. Wasserman (Eds), Algebraic Combinatorics and Applications, Springer—
Verlag, Berlin, 2001, pp. 196-211.

[7] I. Gutman, W. C. Herndon, Note on the contribution of a ring to the stability of
conjugated molecules, Chem. Phys. Lett. 281-284.

[8] I. Gutman, M. Mateljevié¢, Note on the Coulson integral formula, J. Math. Chem. 39
(2006) 259-266.

[9] I. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry, Springer—
Verlag, Berlin, 1986.

[10] M. Mateljevi¢, I. Gutman, Note on the Coulson and Coulson—Jacobs integral formu-
las, MATCH Commun. Math. Comput. Chem. 59 (2008) 257-268.

[11] M. Mateljevié¢, V. Bozin, I. Gutman, Energy of a polynomial and the Coulson integral
formula, J. Math. Chem. 48 (2010) 1062-1068.

[12] I. Pena, J. Rada, Energy of digraphs, Lin. Multilin. Algebra 56 (2008) 565-579.



