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Abstract

The atom—bond connectivity (ABC) index of a graph G is defined as

dy +dy — 2

ABC(G) = o

weE(G)

where E(G) is the edge set and d,, d, are, respectively, the degrees of the vertices u and v in
G . In this paper, we present some sharp lower and upper bounds on ABC'. In addition, we give
a characterization of the maximum and minimum ABC index and the corresponding extremal
graphs among all unicyclic graphs, resp. unicyclic chemical graphs.

1 Introduction

The connectivity index, x, is topological index and it was introduced in 1975 by Milan
Randié¢ [3] who has shown this index to reflect molecular branching. However, many
physico—chemical properties are dependent on factors rather different than branching. In
order to take this into account, but at the same time to keep the spirit of the Randié¢
index, Ernesto Estrada et al. [2] proposed a new topological index, named atom-bond

connectivity (ABC') index. It displays an excellent correlation with the heat of formation
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of alkanes [2,7]. This index is defined as follows:
dy+d, —2
ABC(G) = _
@= > Vi
weF(G)
where F(G) is the set of edges and d,, d, are the degrees of vertices u and v in G,

respectively.
Recall that a connected graph is known as a molecular graph if its maximum degree

is at most four. Furtula et al. [1] determined the minimum and maximum values of this
index for molecular trees and showed that the star is the unique tree with the maximum
ABC index when the number of vertices is given. Kinkar Ch. Das [4] gave the upper and
lower bounds for the ABC' index of general graphs using parameters such as the number of
vertices, edges, pendent vertices and the minimal non-pendent vertices. Recently, Rundan
Xing [5] showed the upper bound for ABC index of trees with a perfect matching and
fixed maximum degree, respectively. In this paper, we present some sharp lower and
upper bounds on ABC index of graphs and give a characterization of the maximum and
minimum ABC' index and the corresponding extremal graphs among all unicyclic graphs,

resp. unicyclic chemical graphs.
2 The lower bound on ABC index

For a connected graph G of order n with m edges, the maximum vertex degree is denoted
by A | the number of pendent vertices by p and the number of non-pendent edges having at
least one end-vertex of degree 2 by [. Denote by x;; the number of edges of G connecting
vertices of degree i and j, where 1 < i < 7 < A. Denote by n; the number of vertices
with degree i in G for i = 1,2,...,A. Let ij = \/@ If V(G) is the disjoint union
of two non-empty set Vi(G) and V5(G) such that every vertex in V4(G) has degree r and
every vertex in V2(G) has degree s (r > s), then G is an (r, s)—semiregular graph. The
modified second Zagreb index M;(G) is equal to the sum of the products of the reciprocal

of the degrees of pairs of adjacent vertices of the underlying molecular graph G, that is,
M3(G) =0, en6) 7 -

Lemma 2.1. LetTy:\/M:\/%Jrlfl where x > 1. Thenﬂzg.

Ty

Proof. The proof is obvious. |

Lemma 2.2. Let Ty = ,/%. Ifz <y, then Tx < 1y.
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T zy y

Proof. Ifxgy,then%—m—_l:y’z >0. Hence Ty — Tz = /=1 — /=L > 0. O

&’

Lemma 2.3. ( [5]) Letf(a:,y):\/w*\/%+%*l , wherez, y>1. Ify >2is

zy zy

fized, then f(x,y) is decreasing for x .
Corollary 2.4. Let Ty = ,/% . Afy > 2 is fized, then 2y > Ty for x (v > 2).

Proof. By Lemma 2.3, if y > 2 is fixed, then 7y is deceasing for x, where x > 2. Hence
2y > 7. O

Let I" be the class of connected graphs G whose all the edges have at least one end-
vertex of degree 2.

Let I'™ be the class of connected graphs G, which there is at least one edge whose
two end-vertices’ degree are both A, and all other edges have at least one end-vertex of
degree 2.

Let I'** be the class of graph H = (V| E) such that H is connected graph of minimum
vertex degree 6 = 2 with ¢ edges v;v; € E(G) such that d; = d; = A(> 3) and the
remaining m — ¢ edges v;v; € E(H) such that d; =2 or dj =2 or d; = dj = 2, where A

is the maximum vertex degree and ¢ is given by ¢ = m;ﬂifﬁ .

Theorem 2.5. Let G be a simple connected graph with m edges, maximum vertex degree
A, p pendent vertices. Denote by | the number of non-pendent edges having at least one

end-vertex of degree 2. Then

V2(p+1) V2A =2 4

ABC(G) > 5 +(m—-p—1) A

The equality holds if and only if G is a regular graph or G € I' or G € I or G = C,, or
G=P,.
Proof. By Lemmas 2.1, 2.2, 2.3, we have

2<i<A 2<i<A 3<i<j<A

( Z 21,)12 + ( Z 22:)28 + ( Z ;) AA
2<i<A 2<i<A 3<i<i<A
V2(p+1) V2A =2

= #-i-(m—p—l) X

Y

Now we consider the equality. The equality holding if and only if 1, =0 (3 <i < A),
2i;=0B<i<j<Aand (i,j) # (A, A)).



-672-

Case 1A =2.
If 299 # 0 and x15 = 0, then G = C,,. If 299 # 0 and x15 # 0, then G = P, .
If 290 = 0 and 15 # 0, then G = P;.

Case 2:A > 3.

If zan = 0 and x19, T99, . . ., Toa are not all zero, then G € T".

If zan # 0 and @19 = x99 = -+ = waa = 0, then G is a regular graph.

If xan # 0 and 219, @29, . . ., Taa are not all zero, then G € ™. O

Theorem 2.6. ( [/]) Let G be a simple connected graph of order n with m edges, p
pendent vertices, mazimum vertex degree A and minimum non-pendent vertex degree dy .

Then

T AJAm - p)(n - 2M5(G) — p(1 — ) VA - D6 - 1)
ABC(G) > p 176—1+ VAL T—lﬁLi =) .

where M;(G) is the modified second Zagreb index of G'. Moreover, the equality holds

if and only if G is isomorphic to a (A, 1)—semiregular graph or G is isomorphic to a

regular graph or G € ['**.

Remark 1. In this note, Theorem 2.5 has given another bound and it is obviously better

than that in Theorem 2.6 in parameters and values, which is an improvement of the bound.

We give an example as follows:

From the above graph G, we know M;(G) = % . By Theorem 2.6, we have ABC(G) >

%\/5 However, by Theorem 2.5, we have ABC(G) > %\/5 > %\/5

Corollary 2.7. Let G be a simple connected graph with m edges and mazimum vertex

degree A. Then
V2A =2
R

The equality holds if and only if G is a reqular graph or G = C,, or G = P, .

ABC(G) > m
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Proof. By Theorem 2.5, we have

V2 O V2A =2 V2A =2 V2A =2
_ IR >
5 A Yp+1)+m A >m A .

ABC(G) > (
The equality holds if and only if G is a regular graph or G = C,, or G = P, .

Corollary 2.8. Let G* be a simple connected chemical graph with m edges. Then

ABC(G") > @ 4

The equality holds if and only if G* is a 4—regular graph.

Proof. Since A < 4, by Corollary 2.7, it is obvious that ABC(G*) > ‘[’” . The equality
holds if and only if G* is a 4—regular graph. |

Theorem 2.9. ( [4]) Let G be a simple connected graph with m edges and mazimum
vertex degree A . Then
2imy/A — 1
AT (VA +2)
with equality holding if and only if G = P, .

ABC(G) >

Remark 2. Since

V2A =2 2imy/A \/7\/(& 24)

m —

A (\F+f) AWV T VE) ©

the lower bound for ABC index of the graph G given in Corollary 2.7 is an improvement
of the bound given in Theorem 2.9.

3 The upper bound on ABC index

Let Wy be the class of connected graphs G, which there is at least one edge whose two
end-vertices’ degrees are both 3, and all pendent vertices are adjacent to the maximum
degree vertices, and all other edges have at least one end-vertex of degree 2.

Let Wy be the class of connected graphs G, whose all pendent vertices are adjacent to
the maximum degree vertices and all other edges have at least one end-vertex of degree

2.
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Theorem 3.1. Let G be a connected graph with m edges, mazimum vertex degree A
p pendent vertices. Denote by | the number of non-pendent edges having at least one

end-vertex of degree 2. Then

1 V2 2(m—p—1)
< I Al BT L A
ABC(G) < pyf1 - 5 + T+ ;

The equality holds if and only if G is isomorphic to a 3—regular graph or G € U,
or GeV,.

Proof. By Lemmas 2.1, 2.2, 2.3, we have

2<i<A 2<i<A 3<i<j<A
< ()] w)TA+ (D w28+ (> ;)33
2<i<A 2<i<A 3<i<ji<A

B / 1 V2, 2tm—p—1)
= m/l A+ 21+ 3 .

Now we consider the equality. The equality holding if and only if z; = 0 (2 < i <
Case 1:xzz #0.

If x1A = @99 = -+~ = waa = 0, then we get that G is isomorphic to a 3-regular graph.
If 1A, @92, - -, xaa are not all zero, we get G € ¥, .
Case 2:x33 = 0. If 21a, 29, -+ , 224 are not all zero, then we get G € U, O

Lemma 3.2. ([5]) Let i,j and A be positive integers with i < j < A and A > 3. Let
h(i g, A) = 232 — /1 - bt + T R R RV A 2. Then h(i,j,A) < 0 for
(i,7) # (1,A),(2,A).

Let U** be the set of connected graphs whose all the edges have one end-vertex of

degree A and the other end-vertex degree is 1 or 2.

Theorem 3.3. Let G be a connected graph of order n with m edges and mazimum degree

A, where 2 < A <n-—1. Then

ABC(G) < H(?n—m—%ﬂ)+\/§(m+%_n)

with the equality if and only if G € U™, with m =0 (mod A) .
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Proof. Since G is a graph of order n with m edges and maximum degree A, we have

ny+ng+otna = n

ny+2ny+---+Anp = 2m
Z Ty = M
2<i<A

Z T+ 2wy = ing (i=2,3,...,A).

1<j<A and j#i

Suppose
wy = Z T
2<i<A-1
Wy = Z Taj + 2]?22
1<j<A—1 and j#2
w; = Z I‘l]+273u (123,4//A)
1<j<A and j#i
wa = Z A + 2T A
3<j<A-1
i. e.,
wy = N1 — T1A
wy = 2ng — Taa
wa = Anp — Tia — Toa -
Then we have
w; = 2m72(x1A+x2A)
1<i<A
1 1 1
Sw; = n— (L4 )aia — (5 + )T -
7Y n—( +A)I1A ( +A)I2A
1<i<A
It follows that
2m 2 1 1
T = 2n—m— — — T Vs
T1A n—m A . (Z 5 A)wZ
1<i<A
2m 2 2 2
= 2n—m-———— 2402 1 - Dy
TR T L G+3 A%
1<i<G<A, (1,5)#(1,4)(2,4)
om + 2 2+Z(2 1 1)
T = 2m+——2n [ e —— T
2A A : ; AW
1<i<A
2m 2 2 2
= 2m+K—2n+ Z (f+3_2_Z)mU_

1i<G<A, (i)A0LA)2.A)
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Hence by Lemma 3.2, we have

A—1 2 2 2
ABO(G) = \|=x—(2n—m— Xm) + g@m + Xm —2n)

+ Z h(i, j, Az
I<i<G<A, (1) #(1L,A)(2,4)

A—-1 2m m
< = Ton—m—22 ) ).
< (2n—m )+ V2(m + n)

The equality holds if and only if xz;; = 0,where (i,5) # (1,A),(2,A), then x5 =
anmf%, ng:Qer%—Zn? with m =0 (mod A ), 1. e., G € U**.
Let U* be the class of graphs G that are connected, whose vertices are degree of at

least two and all the edges have at least one end-vertex of degree 2.

Theorem 3.4. ( [4]) Let G be a simple connected graph of order n with m edges, p pendent

vertices, mazimum vertexr degree A and minimum non-pendent vertex degree 61 . Then

ABC(@) < pyJ1— =+ =L a5 1)
N

with equality holding if and only if G is isomorphic to a (A, 1)-semiregular graph or G is

isomorphic to a reqular graph or G € Uy or G € U*.

Remark 3. Comparing with the upper bound in Theorem 3.4, the bound given in The-
orem 3.3 has fewer parameters and is sometimes better than the previous one. So it is

significative as a new bound. We give an example as follows.

From the above graph G, by Theorem 3.4, we have ABC(G) < 77‘/5 By Theorem
3.3, we have ABC(G) < M < 72ﬁ

4 On the ABC index of unicyclic graph U and uni-
cyclic chemical graph U*

A unicyclic graph U is a connected graph in which the number of edges equals the number

of vertices. In a unicyclic graph U, the length of the cycle is called its girth, denoted by
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g. A unicyclic chemical graph U* is the unicyclic graph that has no vertex with degree
greater than 4.

Let Uy (p) be a unicyclic graph, which is obtained from a cycle of length g by attaching
p pendent vertices to one vertex of the cycle.

Theorem 4.1. Let U be a unicyclic connected graph of order n and girth g. Then

n—g+1 2
ABC(U) < (n—g)\/ﬁzw'ﬁ‘?g

with the equality if and only if U = Uy(n —g) .

Proof. Since 2 < A <n — g+ 2, by Lemma 3.1, we have

ABOW) < pf1- 5+ é%wg

ﬂ
< 11— 4+ Y=
< pyf nﬁg+2 +5(n=p)
_ o nmgtT V2
= p\/n_g+2+ 5 (n—p) .

n—g+1 V2
D) <py)—F—— 4+ Z(n— <p<n-—
ABC(U)<p n—gt2 5 (n—p) (0<p<n-—yg).

We consider the function f(z) = x Z:Zié + %(n—:{:) , since f'(x) > 0, then ABC(U) <

(n—yg) Z:gi; + gg. The equality holds if and only if U = U (n —g) . O

Therefore,

Corollary 4.2. Let U be a unicyclic connected graph of order n. Then

-2  3V2
n-2_ 3v2
n—1 2

ABO(U) < (n—3)

with equality holding if and only if U = Uj(n — 3).
Proof. Since 3 < g < n, by Theorem 4.1, we have ABC(U) < (n—g)y/=et 4 fg We

n—g+2

consider the function f(z) = (n — ), /2= ;fr% + 2 z (3 <z <n). Since f (z) <0, then

n—2 3v2
AB — —_—
CU) < (n=3)\/—+—
with equality holding if and only if U = Uj(n — 3). O

From Corollary 4.2, we conclude that U;(n — 3) achieves the maximal ABC' index

among all unicyclic graphs of order n .
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Theorem 4.3. Let U be a unicyclic connected graph of order n and mazimum vertex

degree A. Then

nv2A — 2

AB >

o) > A

with equality holding if and only if U = C,, .

Proof. The proof follows directly from Corollary 2.7. |

Let @, be the class of unicyclic chemical graphs U* whose maximum vertex degree is
4 and the vertices of degree 4 are adjacent to the vertices of degree 2 or leaves and the

degrees of all other vertices are 2 or 3.

Corollary 4.4. Let U* be a unicyclic chemical connected graph of order n with p pendent
vertices. Denote by | the number of non-pendent edges having at least one end-vertex of
degree 2. Then

V32 V2 2. 2

ABOW) < (5= D+ (B2 -+ 2

with equality holding if and only if U* € &y .

Proof. Since A <4, by Theorem 3.1, we have

The equality holds if and only if U* € @, . |

Let @5 be the class of unicyclic chemical connected graphs U* whose all pendent
vertices are adjacent to the vertices of degrees are 4 and all other edges have at least one

end-vertex of degree 2.

Theorem 4.5. Let U* be the unicyclic chemical connected graph of order n with p pendent
vertices. Then

ABC(U*) < gn + g(\/é -V2)

with the equality holding if and only if U* € @,
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Proof. By Lemmas 2.1, 2.2, 2.3 and Corollary 2.4, we have
ABC(U*) = 1’12@ + l‘lgﬁ + 1’14ﬁ + Iggﬁ + 1’23% + Ig4ﬂ —+ 1’33@ + Ig4ﬂ =+ 1‘44@
J— . 2 . o
= T334 (p— 712 — 213) 14 + g(l‘lz + @op + To3 + Taa) + 13333 4+ 23434
+ (n—p— @9 — Toz — Tog — Tyz — T3 )ﬂ
V2 g
2

2 _
= pld+nH — pid + (T3 — Tz + ( )21y + (% — T)ra

P — A
n (% — )y + (g oy + (33 — Mgy + (31 — M)y,
_ — 2 2 2

< pld+nd — pil + (% D)oy + (% — W) + (% — W)y
+ (33— M)ray + (31— M)zsy

V2o
< pld+ndd — pdd + (7 4) (292 + a3 + o + T33 + T34)

2

< pld+ndd —pid + (g 44)(n — p)

grw (V3-V2).

Then ABC(U*) < %n + (V3 = V2) with the equality if and only if 15 = 15 =

T33 = X3g4 = T4q = 0 and w14, Tag, To3, Toy are not all zero, that is, U* € &5 . |

Let I _, be the class of unicyclic chemical connected graph U* whose maximum vertex
degree is 4 and U* € ' or U* € I'*.
Theorem 4.6. Let U* be a unicyclic chemical connected graph of order n with p pendent
vertices. Denote by | the number of non-pendent edges having at least one end-vertex of

degree 2. Then

ABC(U*) > (i,g)( +l)+§n

with equality holding if and only if U* € I'A_, .

Proof. Since A < 4, applying Theorem 2.5, we have

V2(p+1) V2A-2 V2 VB V6

ABC(U*) > 5 +(mn—p-1) x _(7—7)(P+l)+7n.

The equality holds if and only if 213 = 214 = 233 = 234 = 0 and x19, Tag, Tog, Toyg, Ty are

not all zero and the maximum vertex degree of U* is 4, that is, U* € I'i_, . |
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