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Abstract

The paper is concerned with the inequality *M;(G)/n < *My(G)/m for the
first and second generalized Zagreb indices of (m n) - graphs. It was conjec-
tured that this inequality holds for general graphs, whenever A is in the interval
[0 v/2/2], but the same was only partially proved. We prove that the inequality
holds for every (m n) - graph and for every \ from the interval (1/2 v/2/2].

1 Introduction
1.1 Definitions

In this paper graph has the meaning of a simple connected graph. Let G = (V, E)
be a graph with n = |V| vertices and m = |E| edges, and let denote the degree of a
vertex v € V by d(v). The variable first and second Zagreb indices are defined as

MMYG) =D (dw)?, and MMy(G) =Y (d(u)d(v))*
veV wek
respectively, where A € R. A question that remains to be answered is whether and

when the following Inequality (1) holds?

MM(G) _ M(G) 0

n m
Inequality (1) is known as generalized Zagreb indices inequality. From the definitions

above, we can observe that the order of magnitude for *M,(G) is O(n?), while the

order of magnitude for *My(G) is O(mn?). Hence, *M,(G)/n and *Ms(G)/m will
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have magnitudes of same order and, therefore, evaluation of (1) is more reasonable
approach than comparing *M;(G) and *My(G) directly. Assuming A = 1, we take a
step backward from this generalization to the originally stated definitions for the first
and second Zagreb indices (introduced by I. Gutman and N. Trinajsti¢ [1] in 1972)
and the Zagreb indices inequality. In this case, we simply write M;(G) and My(G)
instead of 1M, (G) and ' My(G). Now, let’s introduce a definition which refers to the
term of a chemical graph: A chemical graph is any simple connected graph G with
maximum vertex degree A(G) < 4.

In order to obtain a clear notion about the herein analyzed problem, we are going

to expose several related results to this topic.

1.2 Known results and an open problem

In this section, we aim to give a brief idea about some of the already resolved issues
arising from Inequality (1). In sequel, if in a specified case some inequality does not
hold, but the reverse one (with reversed inequality sign) does, we may emphasize it
by stating opposite inequality, or opposite strict inequality in case of omitted equality

sign. Namely, the opposite of Inequality (1) is given by

AM;L(G) . *M:H(G) _ @

At first, the AutoGraphiX system [2] proposed the following conjecture:

Conjecture 1. For all simple connected graphs G and X = 1, Inequality (1) holds,

and the bound is tight for complete graphs.

In 2007, P. Hansen and D. Vukicevi¢ [3] disproved this claim for general graphs.
Actually, the above conjecture does not refer to the variable Zagreb indices because
the generalization happened later, but however, it was underlying motivation for many
further results. Remember that when we say graph, we mean a simple connected
graph. Notations and all other terms used in the below listed theorems, are in the

sense of the classical Graph Theory.
Theorem 1. [3] For all chemical graphs G and A = 1, Inequality (1) holds.

Theorem 2. [4] For all trees T and X\ = 1, Inequality (1) holds.
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Theorem 3. [5] For all unicyclic graphs G and A = 1, Inequality (1) holds.

Theorem 4. [6] For all graphs G such that
A(G) —6(G) <2 and A = 1, Inequality (1) holds.

Theorem 5. [6] For all graphs G such that
A(G) —0(G) <3 and 6(G) # 2 and X = 1, Inequality (1) holds.

Theorem 6. [7] For all graphs G = (V, E) such that
YoeV,dw)e{[s,s+[vs]]:seN} and A =1, Inequality (1) holds.

Theorem 7. [8] For all graphs G = (V, E) such that
Yo eV, dw)e{la,a+s]:a> @ :s € N} and X = 1, Inequality (1) holds.

The last two theorems slightly differ from their original, and they are adapted here

for the purpose of this section. Now, let’s move to the generalized variant.
Theorem 8. [9] For all chemical graphs G and X € [0,1], Inequality (1) holds.
Theorem 9. [10] For all trees T and X € [0,1], Inequality (1) holds.

Theorem 10. [11] For all unicyclic graphs G and X € [0,1], Inequality (1) holds.

Theorem 11. [12] For all unicyclic graphs G and X € (—o0,0), Opposite inequality
(2) holds.

It has also been proved that for the distinct classes of graphs mentioned in the above
theorems, for A € (1, +00) neither (1) nor (2) holds, i.e., the relationship of numerical

value between *M;(G)/n and *Ms(G)/m is not defined [12].

Theorem 12. [13] For all graphs G such that A(G) — §(G) < 2 and X € [0,1],
Inequality (1) holds.

Theorem 13. [13] For all graphs G such that A(G) — 6(G) < 2 and X € (—o0,0),
Opposite inequality (2) holds.

Theorem 14. [13] For all graphs G such that A(G) — 6(G) < 3 and §(G) # 2 and
A € (0, 1], Inequality (1) holds.

Theorem 15. [13] For all graphs G such that A(G) — 06(G) < 3 and §(G) # 2 and
A € (—00,0), Opposite inequality (2) holds.
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Theorem 16. [9] For all complete unbalanced bipartite graphs G and A € R\[0,1],
Opposite strict inequality (2) holds.

Theorem 17. [15] For all graphs G and X € [0, 1], Inequality (1) holds.

Theorem 18. [9] For all X € (§7 1], there is a graph G such that Opposite strict
inequality (2) holds.

From the last two theorems, the next question for general graphs makes sense:
What happens with Inequality (1) when \ € (%, g] 2 In other words, the same
question can be restated as in [9]:

1 V2

Open problem 1. [9] Identify A from the interval (3, 5] such that Opposite strict

inequality (2) holds.

2 Preliminaries
2.1 Karamata Inequality

Definition 1. Let (a,b) CR. A function f : (a,b) — R is said to be convez if for
each two points x,y € (a,b) and each two nonnegative real numbers Ay, A, satisfying

Az + Ay =1, the following inequality holds:

FOwz 4+ My) < Aaf(@) + A\ f(y) (3)

The function [ is concave if the function —f is convex. If in the previous inequality
(assuming x # y), the equality takes place only in the case when A\, = 0 or A\, = 0, then
the function f is said to be strictly convex. The function f is strictly concave if

the function —f is strictly convex. For concave functions, the next inequality is valid:
FOwz +Ay) > Aaf () + A f(y) -
Now, let’s define a majorization relation for finite sequences of real numbers.

Definition 2.1. Let a = (a;)"~, and b = (b;)I_, be two (finite) sequences of real

numbers. We say that the sequence a magjorizes the sequence b, and write
a>b or b<a (4)

if there exist permutations iyiy . . .4, and jija ... Jn of all indices of the elements of a

and b respectively, such that the following three conditions are simultaneously satisfied:
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i. aiIZahZ.A.Zain, and bjlzbjzz-“zbj

i >, > by, Vm,1<m<n—1;
e n n
1. Zk:l iy = Zk:l bj, -
Next, we give a theorem which plays an essential role in the rest of this paper.

Theorem 2.1. [Karamata Inequality] Let (o, f) C R. Let a = (a;), and b= (b;),
be two (finite) sequences of real numbers such that a;,b; € (o, §) for alli=1,2,...,n.
If f: (o, ) = R is a convex function and a = b (in other words (3) and (4) hold),

then the following inequality is valid:
Y fla) =) fb). (5)
i=1 i=1

2.2 Redefining Open problem 1

Now, we return to Open problem 1, confining to matters that are related to our
approach to this problem. Namely, it has been shown (see [9, 14]) that the difference
MMy (@) B AML(G)

m n ©)
depends on a function in which the degrees of the vertices of a graph play the role
of variables. This function also depends on the parameter A, and our interest is how
the function behaves with respect to the mentioned parameter. What is important

here is the sign of the expression (6) and, to this end, we are going to present some

connections to this difference in the following paragraph.

Let G = (V, E) be a (simple connected) graph and Dg = {d(v) : v € V'} be the set
of the degrees of the all vertices of G. Let m; ; be the number of those edges from £
that connect vertices of degrees i and j. It is clear that 7,5 € N, and m;; = m,, for
all pairs (i, 7). As shown (see [9, 14]), the sign of the difference (6) can be expressed

by the following equivalence:

L PM(G) MUG)] o .
Slgn T - T:| = Slgn |:12<7: A.f(Zajv ka l)mi,jmk,l ) (7/7.])7 (k7 l) € N2 :
k<l
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In order to single out the parameter A from the other variables, we write * £ (i, §, k, )
instead of f(i,j, k,1, ). Since m;; = 0 for all (i,5) ¢ D% (the same applies to my,),
the sum on the right side of the previous equality can be taken over all pairs (i, j)
and (k,1) from N? such that i < j and k < [. Clearly, m,; and my,, are positive
integers or 0, thus, it turns out that the function * f is a key factor for the sign of the
difference (6). This function is defined as

1 1 1 1 .
M) = (E + 7) T+ (; + ;) L N (!

where a = (4,4, k,1) € N* and A € R. In Section 1.2, we listed a number of theorems
that actually refer to some restrictions on the variables i, j, k, [, and the parameter
A, under which the function * f is nonnegative. Also, it was shown [8] that in general
case, whenever *f is negative for some fixed values i,, jg, kg, I, and ), we have
a way to construct a graph G, with Dg, = {ig,jg, k¢, 1y}, such that for X\ = X,
Inequality (1) does not hold. From the previous fact and the list of theorems in
Section 1.2, we may conclude that for all i, j, k, I such that max{s,j, k 1} < 4,
or max{i,j, k,l} — min{é,j, k,1} < 2, or max{4,7j,k,1} — min{i,j, k, I} < 3 where
2 # min{i, j, k, 1}, we have ' f > 0. What is more important to us, is that we have
Af>0foralli, j, k, | when A € [0, %] On the other hand, the last theorem from the
list says us that for A € (g 1], we can always find 4, j, k, [ such that *f < 0. Hence,
the interval [0, 1] could be at most extended to the interval [0, g] on which *f >0
would hold for any four positive integers 7, j, k, [, and that is the assumption to be

proved. Thus, Open problem 1 is reduced to

Problem 2. Identify A from the interval (%, g] such that *f is negative for some

positive integers i, j, k, L.

3 Solution of Problem 2

Let X be the set (RT)*, w = (2,y,p,q) be a point from X, and A be a real number.
Define a function ¢ : X x R — R as

‘ 1 1 1 1 _ _ _ -
d(w, \) = 2y (EJrg) T (;Jr;) T R R N )
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and for the sake of formal similarity with the notation in (7), denote *p(w) = ¢(w, A).

Now, from (7) and (8) it is clear that *f is a restriction of *¢ on N* i.e.,
A=l 9)
Some characteristics of the function *¢ can be immediately perceived:

a. "%pw) =0, Ywe X;
A is continuous in both variables w and .
Further, the function *¢ has an useful symmetry property with respect to the position

of z, y, p, ¢, i.e., for a fixed value of A and an arbitrary point w = (z,y,p,q) € X,

obviously it is valid

b. 2é(z,y,p,q) =6y, 2. p,4);
Yoz, y,p,q) =0(p,q,7,y).
In accordance with Problem 2, our interest is limited in terms of the range of values

of A\. The interval which we consider is

-2

22
Let’s define the sets:
X,={weX:2<y, p<gq, z=min{z,y,p,q}}; Xo={weX,: qg<y};

Vi={weX:2<y p<q, y=max{z,y,p,q}}; Yo={weY,:z<p}.

From X, C X, for the images of X, and X under the function *¢, we conclude that
2p(X,) € Aé(X), and by assertion b, for any point w € X, there is a point w, € X,
(just a rearrangement of the values , y, p, ¢), such that *¢(w) = *¢(w,), which means
ro(X,) D 2¢(X). Further, from X, C X,, for the images of X, and X, under the
function 2@, we have *¢(X,) C *¢(X,). It is easy to see that an analogous inclusion

is valid for the sets Y,,, Y;,, X, and for their images *¢(Y,,), *¢(Y;), *¢(X). We obtain:
M(Xo) ©A(X) =16(X)5 Mo(Ye) € P0(1r) = 26(X). (10)

From this point, we consider the restrictions of the function *¢ on the sets X, X,

and Yy, Y,, and according to (10), it is enough to show that for every A € I,

Yolx,(w) 20, or *¢

y,.(w) >0 (11)
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holds for all w. The definitions of the sets allow three possible situations for each of

the cases w € X, w € Y;, in terms of the relationship between z, y, p, ¢. Those are:

w=@yp)eX,: || w=(xypqgeY:
z<y<p<yq 1"p<qg<az<y
2 x<p<y<gq 2'p<a<q<y
3r<p<g<y 3"r<p<qg<y

Note that the set of all points w from X, which coordinates z, y, p, ¢ satisfy 1" or 2,
and do not satisfy 3, is the set X,\X,. Analogously, the sct of all points w from Y,
which coordinates x, y, p, ¢ satisfy 1" or 2", and do not satisfy 3", is the set Y;\Y,, (to
see this, it is enough to recall the definitions of these sets). Furthermore, there is an
equivalence between the points from X,\ X, and those from Y;\Y,, in the next sense:
The point w, = (x,y,p, q) € X,\X,, if and only if the point w, = (p,¢,z,y) € ¥V;\Y,.
Even more, the coordinates of w, satisfy 1" if and only if the coordinates of w, satisfy
1" and, the coordinates of w, satisfy 2" if and only if the coordinates of wy satisfy 2"
For the points w, and wy, the property b implies that *¢(w,) = *¢(w,) and, hence,

the following two claims are equivalent. Here, we set them out in form of lemmas:

Lemma 1. Let w = (2,9,p,q) € X,\X., (x, y, p, q satisfy 1" or 2') and X € [0,1].
Then *¢(w) > 0 holds.

Lemma 2. Let w = (2,y,p,q) € Y,\Y, (x, y, p, q satisfy 1" or 2") and X € [0,1].
Then *¢(w) > 0 holds.

A proof of Lemma1 will be given at the end of this paper. So, for now, we assume
that in cases 1" and 2' (1”7 and 2"), the inequality *¢ > 0 is valid for A € [0, 1].
Starting with case 3', or with case 3", we have the next two choices respectively:
To consider *¢|y,,, or to consider A@\YM, which is the same in sense of our problem.
If we take the first of these two possibilities, the points which coordinates satisfy
x =p < q <y are covered by 2", and by Lemma 2, we have *¢ > 0 at these points.
Otherwise, if we decide to take the second possibility, the points which coordinates
satisfy z < p < ¢ = y are covered by 2, and by Lemma 1, we have *¢ > 0. Ignoring
these two sets of points, cases 3" and 3" become identical. In this way, we also avoid

some further undefined expressions. Therefore, without loss of generality, we assume

r<p<qg<y. (12)
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Case 3. Letw = (v,y,p,q) € X, and A € R\{0}. Let’s fix \, and make change of the
coordinates of w by introducing a continuous bijective map gy : X,, — R* such that
w — ', which is given by g\ (w) = (g2(w), gy(w), gp(w), g4(w)), where the components
Gz, Gy, Gps gq are real functions on X, defined as g,(w) = Alnz, g,(w) = Any,
gp(w) = Anp, go(w) = Ang, and for simpler further writing let denote 2’ = g,(w),
Y = gy(w), ' = gp(w), ¢ = gq(w). Remember that in this moment A does not vary.

Now, with an analogous notation as above, we define a function *¢ : g5(X,) — R as

s Y Iy s
/\w(w’):e”” 4P TX et X p et Y X —

*621/7% — ezq”q?l — ezp”%/ K (13)
The Jacobian of the map gy is positive at every point (Jg, (w) = ﬁ;g > 0 for all

w € X, and A # 0), which means that we can turn back to the original coordinates

at any moment and, hence, by elementary transformation of (13) we may check that
Yo(w) = (W), Ywe X, (14)

The last equality suggests to pay attention to the sign of the function *¢, which
would lead us to the same goal. Before we start, allow A to vary over the whole range
of values. Then, for each separate A, in the above presented manner, we are able to
construct the corresponding map gy, after what (14) still applies for all (w, A, ga(w)).
Further, simplify the writing in (13), (14) by introducing the following substitutions:

/ A / A
alzp,+q,_£:1n(pq) : aZ:p,+q,_g:1n(pQ) :
A x A y
/ A / A
a3:x’+y’—X:1n(1y) ; a4:x'+y'—%:ln(xy) ;
p q
Y y L 2
=2y ->=In>—; by=2¢ -+ =In"—;
A y A q
/ 21 / 2
b;;:2p’—g:1np—; b4:2x’—£:lnx ;
A P A x

Ap(w) = Mh(ga(w)) = eM et et et —eht —eh2 —ebr b W e X, A#£0. (15)

Since ordering (12) holds for the points w, due to the monotonicity of the logarithm

function, 2’ < p’ < ¢ < y' remains to hold for the points w’. Now, let’s split our
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consideration on three cases by setting the following conditions:

°pg>ay; A€}, +00)

epg<wy; A€}, +00)

epg=uxy; A€ [} +o0)
o Let pg > zy; A € [%, +00).

First, make several direct estimates referring to exponents a;, b; (i = 1,2,3,4), which

will be valid whenever is pg > xy and A > % Since (12) holds, we easily observe that
ay = max{ay, as, as, as}; ag > ag; by > by > by > by
Under these conditions, the next three orderings are possible:

1°a; > a3y > a3 > ay
2°a) > a3 > ax > ay

3° ay Z as Z a4 Z as

For ordering 1° to be true, an additional constraint is needed on A, under which
ay > a3 will hold. Similarly, for ordering 2°, the missing constraints are those under
which ag > ay and as > a4 will hold, and for ordering 3° that refers to ay > as. All

these restrictions on A are given by

nZ lng

Siia32 a3 A2 s S >a2<:>,\§1 w5 (=1);
zy xy
y lnﬂ

Sg (12>(L4<=>)\>1 pq7 Sy :ay > 7111 (:}74)7
Ty

where Fy, Fy (and Fy, F3, F5 below) are labels for simpler and shorter notation in
the sequel. Obviously, the values Fy and Fj are always positive. Further, looking to
provide the necessary conditions i, ii and iii of Definition 2.1, we are going to compare

the corresponding partial sums for each of the sequences 1°, 2° and 3° (which elements
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appear in the above-specified order), with the partial sums of the sequence b = (b;)%_,.

21 2\ A1
Pi:a;, >0 @ln(pQ) >lny—@E2(yf) ,
Y ry 2

thus, we can see for certain that this applies when A < 1;

22 22 22 11n &
PQ:a1+az>b1+b2<:>ln(pQ) >1n%®p—2y—<:>)\ ——L (=F);
Ty qy x q 2In4

SRGPAPY 2X A
P3:a1+a32b1+bg<:>lnw21nﬂ<:>%2(2> @)\Sl,
zp @ ap

Pyiai+artas>b+by+b5 <

A 2X 2) A A 1 q
e @™ ) 2y e g
zpy T pqy T g T In?
Ps:a1+as+ag >0 +by+b3&
o)A o) 2A 22X o)A In¥
o 1 @9 (pa) S P e et I (= ).
xpg Pqy ¥ Y In 24

Values Fy, F3, Fy are also positive. Since ay + as + az + a4 = by + by + bz + by is
valid without any restriction on A, it is not a limiting factor in sense of Definition 2.1.
Now, combining the conditions Sy, ...,S; and Py, ..., P5, we can cover all three pos-
sibilities 1°, 2° and 3° in a way that assumptions i, ii and iii of Definition 2.1 always
remain satisfied. Namely, if we assume that the conditions S;P;PyP,4 are simulta-
neously satisfied, then ordering 1° becomes true, and also the majorization we want
(a1, a9, a3,a4) = (b1,bo, b, by) is achieved. Similarly, if the conditions SyS3P1 P3P,
(S4PP3P;) are simultancously satisfied, then ordering 2° (ordering 3°) and the same
majorization a = (ay)i, = b = (b;){, are to be valid. The function e” (r € R) is
strictly convex. Thus, under the previous assumptions, we infer that Theorem 2.1 can

be applied in (15), so by (5) it follows

4
81P1P2P4 V SQSgP1P3P4 V S4P1P3P5 = Z(e"l - ebi) 2 0. (16)

i=1

The conditions from the left side of the previous implication can be overwritten as:
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Q,:S,P,P,P, — A€ AN [%7 1] where A= [F,min{F, F3}];
QQ : 8283P1P3P4 <~ M€ BN [%, 1] where B = [F4,IHiIl{F1, F;}] ]

Qs : S,P, P3P — Meln [%, 1] where C = [%,IIIiIl{F47F5H.
The proof of this case shall be successfully accomplished if we can show the following:
1 V2 1
S 34).
55 ) € N ((AUBUC)m 51 (17)
pa>ay
weXy
It means that whenever A € I, at least one of the assumptions Q, Qz, Q3 becomes
true, which implies (16) also to be true. Since in (17) the interval [%, 1] has no other

impact except discarding the numbers greater than 1, we have only to show the next:
ICAUBUC, {weX,:pg>uzy}. (18)

Now, we analyze the set (AU BUC) N [3,1]. Suppose that F> < F3. Then it follows

1ln? Int )
2Int 1n£:>p <Y
P x

hence, combining with (12) we have

111% ln% ln%
< — = < =F.

In?  InB " In2

P P ay

On the other hand, F3 < 1 always holds, thus under the previous assumption we get
Fy < F3 < Fy, which means A = &, i.e., BUA = [F}, F3]U@. Conversely, if 3 < Fy,
then the upper endpoint of A is F3. The assumption p < ¢ implies that we always
have Fy < F, so if we assume Fy < Fy, then BU A = [Fy, Fi| U [Fy, F3] = [Fy, F3).
Otherwise, if we now assume F3 < F; to hold, then again BU A = [Fy, F3) U@. In
this way, we show that B U A = [Fy, F3] in all cases. Next, it will be proved that
neither F5 < Fy < Fy (F5 < Fy < F3) nor F3 < Fy < F5 (Fy < F, < F5) is possible.
In that order, let’s take the case F5 < F; < F3. Then we have

F; §F4¢>lngln@§1nglnp—g;
T ay q

g
y

Fy<F;<hn I? <In I P Now, sum the left and the right sides:
q = x
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which is impossible. In the same manner we disprove the other cases, so it remains

to have only the next two conjunctions to be true:

Fy < FsNFy < Fy;
F4>F3/\F4>F5.

Remark. From the preceding contradiction, we observe Fy = Fy if and only if Fy = F5.
Further, from the definitions of F3 and F5, we note that both are always less than 1.
Thus, when the first of these two cases occurs, i.e., when we have the situation F; < Fj
and Fy < Fj, it follows that (CUBUA)N([3, 1] = ([3, FyU[Fy, F3)N[3. 1] = [}, F]. In
this case, the important value is 3. When the second case occurs, i.e., when Fy > Fj
and Fy > Fj, it turns out that (CUBUA) N[5, 1] = (3, F5]U@)N[3,1] = 3, F.
Up to this point, it is still possible that the result is the empty set, but it does not
affect our conclusions. What is important here is that the set (C'U B U A) N [3,1]
depends solely on the values F3 and F5. Thus, we will end up this case by proving

the following two implications:

S

a*F4§F3/\F4§F5:>F32

S

b*F4>F3/\F4>F5:>F5Z

2
a* Let [y < Fy AN Fy < F.
As we showed, in this case (AU BUC)N[3,1] = [4, F3]. Suppose that there exist a
point (x,y,p,q) € X, and a € (0, g} such that o > Fy.

1 1 1
a>F3<i>lng>flng; lng—&-lng>fln€; lny><f—l)lng.
r o q r o q fe! x

P 1 P P 1 P P 1 P
(1>F4@1n&>flng; ln£+lng>fln£; ln£>(7+1)lng.
Yy o q x y o q x e} q

Hence, o > Fj together with a > Fjy imply the following:

1ng>(171>1n€2(171)1n3>(171) (3+1)1n2
q [0 X (0% X o « l]

1 2
Since InZ > 0, finally we obtain: 1 > — —1; a> £ .
q « 2
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This contradicts the above assumption and, therefore, we conclude that whenever

Fy < F3 holds, then g < F3 must also be valid. Hence, the inclusion which we want
1
ICAUBUC =[5, R (19)

is obtained, and that is what we intended to show. As it can be noted, the condition
F, < F5 is not used anywhere above, so the same proof can be applied for the next
case when Fy > F3, to bound Fj from below. Therefore, we infer that the following

two implications must always be correct:

F32F4:>F32g, and F42F3:>F42g. (20)
b* Let Fy > F3 A Iy > F5.
Then, we have (AU BUC) N [3,1] = [3, F5], and we now need to show that under
these conditions, F5 > g is valid. Suppose in contrary that there exist a point
(z,y,p,q) € X, and « € (0, ?], such that o > F5. Since Fy > F3, from (20) it is
Fy, > ? and, therefore, we have Fy > «.

1
F42a©1ny z(ylnﬂ:u (111£+1112) ; (7+1> hlg zlng.
q Ty T y « q T

1 1
OL>E5<:>111£+111€ > flng:f (lng-i-lng) . Now, replace lnB:
x r a T o« q x T

1 1 1 1
<7+1) lng-i-lng > — (lng-i-lng) ;
o q Y q x

1 InZ
lng>71ng; o> =F3.
r o

xT
In £

It turns out that the condition Fjy > « > Fj implies a > F3. If we assume F3 > [y,
then there must be § such that F3 > 8 > F5, and from Fy > 8 > F5, as we showed, it

follows that S > Fj, which is impossible. Hence, it has to be true that F5 > F3, and
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together with the assumption o > Fj, again we arrive at the following contradiction:

£>Fr@£1 —>1
2 22

2
% > F3; < In y >+2In a . If we rewrite the same in one raw, we get
x x

V2In Y= > ln >2 ln —, which is clearly impossible, since p < q.
x’

Thus, under the above conditions, we infer that our starting assumption was wrong
and, therefore, Fy > g must be valid. From this, we see that the inclusion we want
1
ICAUBUC = [§,F5]

holds, and together with (19), implies that we also have (18), (17) and (16) as valid.
Before we move to the next case which will be proved in a quite analogous way, let’s

mention (to avoid confusion), we will keep a part of the previous labeling unchanged.

e Let pg < zy; A € [3, +00).
Again, make several direct estimates referring to exponents a;, b; (i = 1,2, 3,4), which

will be valid whenever is pg < 2y and A > 3. Since (12) holds, we easily observe that
ay = min{ay, as, as,as}; az > ag; by >by > by >by.
Under these conditions, the next three orderings are possible:
1°a3> a4 > a1 > ay
2% a3 > a; > ag > ap
3% a1 >a3>as>as
For ordering 1° to be true, an additional constraint is needed on A, under which

ay > ay will hold. Similarly, for ordering 2°, the missing constraints are those under

which ag > a; and a; > a4 will hold, and for ordering 3° that refers to a; > a3. All

these restrictions on A are given by

In? In?
S tay > a1 S N> xy? Sotar >ays e A< Ty (:Gl),
In In 2¢
rq rq
InZ InZ
Sz:a3>a; < N> lzy; Sy a1>a3(:>)\71ﬂ (—G4)
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where Gy, G4 (and G3, G5, G2, Gg below) are labels for simpler and shorter notation
in the sequel. Clearly, the values Gy and G4 are always positive. Further, looking to
provide the necessary conditions i, ii and iii of Definition 2.1, we are going to compare
the corresponding partial sums for each of the sequences 1°, 2° and 3° (which elements

appear in the above-specified order), with the partial sums of the sequence b = (b;)%_;.

RSN 2) N A In¥
Plza;;Zbl@lanlny—@yZ(g) SA< L (=Gy);
p Y p

A 21 2\ A In¥
Pzzalzblﬁlnwzlny—@g>(y) S A< Iﬂ (=G5);
T Y T

)22 2 2 1Int
P;;:a3+a42b1+b2<:>1nM21n(qy7)<:>g2<g) SA< -2 (=Gy);

Pq qy p - \x 2Ind

T

A 2\ A
P4I(L1+ll32b1+b2<:>h’1wzhlwﬁg>(@) <:>)\<1.
ap

qy rp T \xp

Ps:a1+az+ag >by+by+b3&

(A 2 22 A In¥
o 1 @9 (0a) > (pay)™ =~ > e < Do —qy).
xpq pqy x y In 23

Here, G5, G5, Go, Gg are also positive. Since ay + as + az + ay = by + by + b3 + by
holds without any restriction on A, it is not a limiting factor in sense of Definition 2.1.
Now, combining the conditions Sy, ..., Sy and Py, ..., P5, we can cover all three pos-
sibilities 1°, 2° and 3° in a way that assumptions i, ii and iii of Definition 2.1 always
remain satisfied. Namely, if we assume that the conditions S;P;P3P5 are simulta-
neously satisfied, then ordering 1° becomes true, and also the majorization we want
(a3, as,ay,as) = (by,be, b3, by) is achieved. Similarly, if the conditions SoS;PP,Ps
(S4P2P,P;) are simultaneously satisfied, then ordering 2° (ordering 3°) and the same
majorization a = (ay)i, = b = (b;).; are to be valid. The function ¢” (r € R) is
strictly convex. Thus, under the previous assumptions, we infer that Theorem 2.1 can
be applied in (15), so by (5) it follows

4
81P1P3P5 \Y S2S3P1P4P5 \ S4P2P4P5 = Z(e”’l — ebi) >0. (21)

i=1
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Directly, we can observe that whenever Py is true or Py is true, then P5 must also

be true. Namely, since pg < xy, we have

2
ln@<lng7 1n@<lny—7
x? x x? pq

which means that it is always G3 < G¢ and G5 < Gg. Therefore, Py does not have
meaning when it is in conjunction with P; or Py, and will not be taken into account.

The conditions from the left side of the implication (21) can be overwritten as follows:

Q; : S1P,P; <~ M€ An[:, 1] where A=[G;,min{Gs,G5}];
Qs :S,S3P Py, <— XeBn [%, 1] where B =[G4, min{G,G3}];

Qs : S,P.P, <~ AeCn[31] where C =[} min{Gy,G5}.
The proof of this case shall be successfully accomplished if we can show the following:
1 V2 1
SECE 34).
55 € N ((AuBuC)m 51 (22)
pg<zy
weXy,
It means that whenever A € I, at least one of the assumptions Qi, Qa, Q3 becomes
true, which implies (21) also to be true. Since in (22) the interval [3, 1] has no other

impact except discarding the numbers greater than 1, we have only to show the next:
ICAUBUC, {weX,:pq<uzy}. (23)

Let’s consider the set (AU BUC) N [%, 1]. First, suppose G5 < G3. Then it follows

1In%  In¥%
P __P

2
—— = ay < s
2In? " In¥ gy=a

hence, combining with (12) we have

In? In? In? a
<%= <L = (.
ln% In% lnﬁ
Pq

On the other hand, G5 < 1 always holds, thus under the previous assumption we get
Gy < G3 < Gy, which means A = &, i.e., BUA = [G4, G3]U@. Conversely, if G3 < Go,
then the upper endpoint of A is G3. The assumption p < ¢ implies that we always
have G4 < Gy, so if we assume G; < G, then BUA =[Gy, G1|U[G1, G3] = [G4, G3).
Otherwise, if we now assume G3 < Gy to hold, then again BU A = [G4,G3] U @. In
this way, we show that B U A = [Gy, G| in all cases. Next, it will be proved that
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neither G5 < Gy < G3 (G5 < Gy < Gfg) nor G3 < G4 < Gj (Gf; < Gy < Gg) is
possible. In that order, let’s take the case G5 < G4 < G3. Then we have

2
G5§G4<:>lnglnﬁ Slnglny—;
r  pq r  pq

Gy < G3<1n P In ¥ <In ¥ In ry . Now, sum the left and the right sides:
x P pg

lnﬂ (lngflny) <1n£ (hlyjtlnyflny) @lrlglng <ln£hlg:>0<07
rq T p T p q T g T Tz pq

which is impossible. In the same manner we disprove the other cases, so it remains

to have only the next two conjunctions to be true:

Gy <Gy NGy < Gs;
Gy > Gy NGy > Gy

Remark. From the preceding contradiction, we see Gy = G if and only if G4 = Gs.
Further, from the definitions of F3 and Fj, we note that both are always less than 1.
Thus, when the first of these two cases occurs, i.e., when we have the situation Fy < Fj
and Fy < F, it follows that (CUBUA)N[3,1] = ([, Fy)U[Fy, F5))N[3,1] = [§, F3]. In
this case, the important value is F3. When the second case occurs, i.e., when Fy > Fj
and Fy > F5, it turns out that (CUBUA) N[5, 1] = ([3, F5]U@) N [3,1] =[5, F].
Up to this point, it is still possible that the result is the empty set, but it does not
affect our conclusions. What is important here is that the set (C'U B U A) N [5,1]
depends solely on the values F3 and F5. Thus, we will end up this case by proving

the following two implications:

C*G4§G3/\G4§G5:>G32

(1*G4>G3/\G4>G5=>G52

SR

c¢* Let G4 S G3 /\G4 S G5.
As we showed, in this case (AU BUC) N [5,1] = [3, G3]. Suppose that there exist a
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point (z,y,p,q) € X, and a € (0, ?] such that a > Gj.

1 1 1 ] 1
(1>G3©1ng>7lny; 111y+1ng>flny; ln£>(771)lng.
z  a p D x  a p x « D

1 ; 1 1
a>G4©1nﬁ>fln£; lnz+lng>flng; lny>(7+1)ln£.
pg o x P g a =z q « x

Hence, a > G5 together with a@ > G4 imply the following:

lnB> (1—1) lngz (l—l) lng> (1—1) (l+1)lng.
x «@ P «@ q « « x

1 2
Since In b > 0, finally we obtain: 1 > -1 a> £
x « 2

This contradicts the above assumption and, therefore, we conclude that whenever

G4 < G5 holds, then ? < (G3 must also be valid. Hence, the inclusion which we want
1
IgAUBUC:b,Gg] (24)

is obtained, and that is what we intended to show. As it can be noted, the condition
G4 < G5 is not used anywhere above, so the same proof can be applied for the next
case when Gy > (3, to bound G4 from below. Therefore, we infer that the following

two implications must always be correct:

S

2
GgZG;;@Gg,Z%, and G42G3§G427 (25)

d* Let G4 > G3/\G4 > G5.

Then, we have (AU BUC) N [3,1] = [, G5], and we now need to show that under

these conditions, G5 > % is valid. Suppose in contrary that there exist a point

(z,y,p,q) € X, and a € (0, ?], such that a > G5. Since G4 > G3, from (25) it is
Gy > ? and, therefore, we have G4 > «a.

1
G4204(:>1n£ zalnﬂ:a (lanrlng) ; <7+1) lngzhly.
€T rq p q « x q
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1 1
a>G5©lng+lng>flng:f(lnnglnB).Now,rcplacelng:
g a T « P x q
1 1
lny—&-<*+1)ln£>7(lny+lne);
P « e P x
1 In £
lng>flng; a>—2 =Gy,
o« p InZ

It turns out that the condition G4y > o > G5 implies a > G3. If we assume G5 > G,
then there must be 8 such that G3 > 8 > G5, and from G4 > > G5, as we showed, it
follows that 3 > G3, which is impossible. Hence, it has to be true that G5 > G5, and

together with the assumption a > G5, again we arrive at the following contradiction:
2 2 2
£ > Gy & £111y— > lng;

2 2 pq x

V2

1 1
- > Gy < In LS V2In Y 1f we rewrite the same in one raw, we get
z P

V2In Y > In Yy >+2In g , which is clearly impossible, since p < q.
\VPa T p

Thus, under the above conditions, we infer that our starting assumption was wrong

and, therefore, G5 > g must be valid. From this, we see that the inclusion we want
1
ICAUBUC = [5,05]

holds, and together with (24), implies that we also have (23), (22) and (21) as valid.

e Let pg = zy; A € [3, +00).
This case is much simpler. According to (12), the following orderings hold for all A:
ay; > az > ag > as; by > by > b3 > by.
Again, looking for the necessary conditions i, ii and iii of Definition 2.1, we may use

the known relations from the previous two cases, and having pq = zy, simplify them:
ai > by holds for A < 1;
a1 + az > by + by holds for all \;
a1 + az + ag > by + by + by holds for A < 1;

a1+a3+a4+a2:b1+b2+b3+b4holdsforall/\.
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Therefore, the majorization (ay,as, a4, ag) > (b1, b, bz, by) is achieved when \ € [%, 1].
Since the function e’ (r € R) is strictly convex, the conditions under which it is
possible Theorem 2.1 to be applied in (15) are obtained for this interval.

From the last and the previous two cases, we conclude that *¢|x, (w) > 0 is valid
for all A € I. This conclusion together with Lemma 1 give us also the validity of (11),
which was to be proved. l

Since in [13], the proof of Lemma 1 is short, we include it for the sake of completeness.

e Proof of Lemma 1. [13] Let w = (x,y,p,q) € X, \X..
Thus, either ordering 1" or ordering 2" appears as valid. It is easy to verify that the

function *¢ defined by (8), can be represented in the following form:

Ap(w) = (@ =M =2 + (M = AN - +

+ o [ap(g — ) + yalp — 2)|(P ¢ — 22y).

zypq

Obviously, when A € [0, 1], all differences on the right side in the above equality are

nonnegative, which proves the lemma. W

After all, we are in position to answer the question from which we started: There
is no value of A within the interval I, such that *¢ would be negative at some point

(2,9,p,q) € (R*)%. Since *f is given by (9), we now establish the following theorem:
Theorem 19. For all graphs G and X € (3, ?], Inequality (1) holds.

Acknowledgement. 1 thank Dr. R. Skrekovski who introduced me to the problem,
and I also want to express my gratitude to Dr. D. Vukicevi¢ for reviewing the results.
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