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Abstract

Counting the number of RNA structures is an important combinatorial problem in
computational biology. In this paper, we enumerate the number of RNA structures for a
special case, in which any arbitrary number of base pairs are allowed in the given RNA
sequence. The only criteria considered in our model, is the minimum length condition
for hairpin loops, assumed to be 1. The asymptotic behavior and its relation with the

number of involutions are presented from the analytical and combinatorial points of view.

1. Introduction

The most important problem and the greatest challenge in bioinformatics deals with
deciphering the code transforming sequences of biopolymers (such as RNAs, Proteins, etc.)

into special molecular structures. A sequence can be visualized as a string of symbols,
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together with the environment, encodes the molecular structure of the biopolymer. Several
methods are available to predict the RNA secondary structure without pseudoknots [11,
14, 16, 21] or with some types of pseudoknots [1, 9, 13, 17]. Some of these models
are statistical models with roots in combinatorial problems. Although these models are
much simpler than the energy based models [5, 16] (dealing with the thermodynamical
parameters), they often provide exact analytical solutions about the structure and entropy.
For these reasons, the combinatorics of the biopolymers’ structures has been considered
extensively during the past 30 years [4].

Extensive theoretical analysis for the number of RNA secondary structures, their com-
plexity, and their composition, has been studied previously [4, 10, 15, 19, 20]. Based
on graph-theoritical properties of RNA structures, some enumeration and classification
methods have been presented [2, 3.

Also, the combinatorial aspects of RNA secondary structures have been studied in
detail by Waterman [20]. A recursive formula for the number of distinct RNA secondary
structures is obtained and the analytical results, as well as the asymptotic behavior about
this recursive formula are presented. For pseudoknotted RNA structure, the combinatorial
properties have been studied by Hofacker et al. [4]. Also a recursive formula for the number
of pseudoknotted RNA structures is presented.

Jin et al. developed a general framework based on generating functions for the asymp-
totic expansion of the number of k-noncrossing RNA structures [6, 7]. They have proved
that for an arbitrary & the expansions exist, and via transfer theorem of analytic combina-
torics, it is possible to obtain the asymptotic expression for coefficients of the generating
function. Asymptotic expansions for £ = 2 and k = 3 were also presented.

In [12], the relation between the RNA secondary structures and the Feynman dia-
grams is made more explicit by formulating a matrix field theory model, whose Feynman
diagrams give exactly all the pseudoknotted RNA structures. By using this matrix model
formulation, Vernizzi et al. [18] enumerated the number of RNA contact structures for
the simple case of an RNA molecule with a flexible backbone, in which any arbitrary base
pairs are allowed.

In this paper, we present some analytical results about the number of RNA structures

for a sequence of length n. Then by using the combinatorial methods, we introduce a new
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way to enumerate the number of RNA structures and provide its asymptotic behavior.
The rest of this paper is organized as follows: In Section 2, we review the basic defini-
tions of RNA structures. Section 3 presents the methodology of counting the number of
different RNA structures and its recursive formula. The analytical results of the recursive
formula are presented in Section 4. In Section 5, the problem of counting the number of
RNA structures is studied from the combinatorial point of view and a new asymptotic

behavior is presented. Finally, the conclusions are presented in Section 6.

2. RNA Structure: Basic Definitions

An RNA molecule is a sequence of nucleotides of four possible types, denoted by the
letters A, C, G, and U (stand for Adenine, Cytosine, Guanine, and Uracil, respectively),
connected by a backbone which is called RNA Primary Structure. For an RNA molecule
of length n, we index the nucleotides from 1 to n, starting from left (5— end). Two
nucleotides that are connected via hydrogen bonds are called a base pair. There are two
kinds of base pairing, Watson-Crick and Wobble. In the Watson-Crick base pairing, A
always forms a base pair with U, as does G with C', and vice versa. In the Wobble base
pairing, G can form a base pair with U as well as U with G. We write 4.7 if the nucleotide
with index ¢ is paired with the nucleotide with index j (i < j). For an RNA sequence of
length n, its structure is a set S of base pairs i.j with 1 <1 < j < n, such that for all
i1.J1,12.J2 € S we have i; = iy if and only if j; = ja (each base can take part in at most
one base pairing). The set S is called pseudoknot-free structure if for all iy.j1,i9.52 € S
they are either nested (i1 < iz < jo < j1) or disjoint (i; < j; < 42 < j2). In many
situations these conditions allow us to first handle one base pair and then the other one
(if they are nested) or handle them independently (if they are disjoint). Two base pairs
i1.J1,12.72 € S form a pseudoknot if i; < ip < j; < jo and S is called pseudoknotted
structure if it contains at least two base pairs which form pseudoknot. The difficulty
behind the pseudoknotted structures is that in many situations we can not handle its
base pairs separately and we should consider them all together. Therefore, dealing with
pseudoknotted structures is much more difficult than the pseudoknot-free structures.

In the rest of this paper, an RNA sequence of length n is assumed to be a sequence of

n points (1 —2 — -+ —n), where each point ¢ is connected to the points ¢ — 1 and 7 + 1
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(I <i<mn). Apoint 7 is called unpaired if it is not connected to any points other than
i —1and i+ 1. A point 7 is paired if there exists just one point j, other than ¢ — 1 and

i+ 1, in which ¢ and j make a base pair.

3. A Recursion Formula for the Number of RNA
Structures

Suppose that P(n) denotes the number of RNA structures for a given RNA sequence of
length n. In order to formulate the P(n), two different situations should be considered.
First, suppose that the last point (n'* point) does not make any base pair. In this
situation, there are exactly P(n — 1) different structures. In second situation, suppose
that the last point makes a base pair with another point k, where 1 < k < n — 2. By
removing the points labeled n and & from the sequence, there are P(n — 2) different
structures for the remaining n — 2 points. In this situation the points & — 1 and k + 1
become neighbors and in our formalism, they can not make a base pair. Therefore, some
extra structures corresponding to the case where the point k£ —1 make a base pair with the
point k + 1 should be considered separately. By extending this formalism, again for the
situation when the point k£ —2 and k+2 make a base pair should be considered separately,
and so on. The schematic representation of our formalism is shown in figure 1. The solid
arcs in the figure show the base pairings between two end points and the dashed arcs

show the situation in which we do not know whether or not there is any base paring.

Figure 1: Schematic computation of P(n) .
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By summarizing the above discussion, the following formula is obtained:

0 ifn <0,
1 f0<n<?2,
2 ifn=3,
P(’VZ) - n—2 [min(k—1,n—k—1) (1)
Pn—1)+ Z P(n —2t —2) otherwise.
k=1 =0

By using the elementary calculus, this formula is simplified and for n > 4 a nice recursive

formula is obtained as follows:

n—2 [min(k—1,n—k—1)

P(n) = Pn—1)+(n—2)P(n—2)+Y_ >, Pm-2-2)

k=2 t=1
n—3 [min(kn—k—2)
= Pn—1)+(n-2Pn—-2)+) P(n—2t —2)
k=1 =1
n—3 [min(k—1n—k-3)
= Pln—1)+(n—-2)P(n—2)+ Z P(n—2t —4)
k=1 t=0
n—4 [ min(k—1n—k-3)
= P(n—1)+(n—2)P(n—2)+P(n—4)+Z Z P(n —2t —4)
k=1 t=0

= Pn—-1)+(n—-2)P(n—2)+Pn—4)+Pn—2)—Pn-3)
= Pln—1)+(n—-1)P(n—2)— P(n—3)+ P(n—4). (2)
In the next section, the analytical results of formula (2) are discussed. In table 1, the

number of different RNA structures for sequences of length n (1 < n < 20) are presented.

Table 1: The number of different RNA structures.
[n]Pm) [ n [Pe)[n] P) [[n] PH ]

1 1 6 37 | 11| 16526 | 16 | 20732609
2 1 7| 112 | 12| 64351 | 17| 94607409
3 2 8 | 363 | 13| 259471 | 18 | 443476993
4 5 9 | 1235 || 14 | 1083935 || 19 | 2130346450
51 13 10 | 4427 || 15 | 4668704 | 20 | 10482534517

4. Analytical Results

In this section, we first present some properties of the recursive formula (2) and then we

show that I(n)/P(n) remains bounded for sufficiently large n, where I(n) is the number
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of involutions on a set of size n. An involution on a set S is a permutation 7 : S +— S such
that for each s € S, 7%(s) = s. From [8], it is well known that the asymptotic behavior

of I(n) is approximated by the following formula:

A &b,

First of all, we present two lemmas without proof to indicate that P(n) is a positive and

strictly increasing function.
Lemma 1. P(n) > 0, for each n > 0.
Lemma 2. P(n) > P(n —1), for each n > 3.

Moreover, the following stronger statement indicates that the increasing rate of P(n)

is at least exponential.

n—1
Lemma 3. P(n) > Z P(i), for each n > 4.

i=1
Proof. (The proof is based on induction) It is easy to verify that P(4) > P(1) + P(2) +
P(3), so the statement is true for n = 4. Now, suppose that the statement is true for
each number k, where 4 < k < n. We show that the statement is also true for n. From
the formula (2) and previous lemmas, the term P(n —2) — P(n — 3) + P(n — 4) is always

positive and we have the following inequality:

P(n)

Pn—1)+(n—-1)P(n—2)—P(n—3)+ P(n—4)

(Y

Pn—=1)+ (n—2)P(n —2). (3)
Since (n —2)P(n —2) > 2P(n — 2) (for each n > 4), we can write (3) as follows:
P(n) > P(n—1)+2P(n—2) (4)

Now, from the induction hypothesis, the inequality (4) becomes as follows:

P(n) > P(n—1)+P(n—2)+niP(i)

Z P(i).

(A%
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The number of involutions on a set S of size n is given by the recursive formula
I(n)=1I(n—1)+ (n—1)I(n—2) [8]. The term —P(n — 3) + P(n —4) is always negative
(see Lemma 2), which implies that I(n) > P(n) and so I(n)/P(n) > 1. Now, we show

that I(n)/P(n) has an upper bound. To do this, we need the following lemmas.

Lemma 4. For n > 1 we have

1
A= =) < o
Proof. From the elementary calculus, we can write the following equivalencies:
1
O e I Ve
=
anMin -V < dn -3
—
43 —4'n < 64730 —43'n + 3"
=
13056n° + 1480 +81 > 0
, where the last inequality is always correct for n > 1. O

Lemma 5. For n > 1 we have

1
2 2 £
Proof. Using the same calculation performed in the proof of Lemma 4, we can do as
follows:
1
21— (-2 < o
—
oM —2)Y* < 2n -3
—
2030 —2'n < 2%3%n% - 23%'n + 3
—
24n? —34n+81 > 0.

Again, the last inequality is always correct for n > 1. (|
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Lemma 6. P(n) > 2n'/*P(n — 1), for each n > 10.

Proof. (The proof is based on induction) For n = 10 the statement is true (it is easy to
check). Now, suppose that the statement is true for n — 1 and n — 2. We show that
the statement is true for n. By removing the positive term P(n — 4) from the recursive

formula (2), the following inequality is obtained:
Pn)>Pn—1)+(n—1)P(n—2)— P(n—23) (5)
By replacing n by n — 1 in the recursive formula of P(n), the following recursive formula
is obtained for P(n — 1):
Pn—1)=Pn—2)+(n—2)P(n—3)— P(n—4)+ P(n—5)
Now by removing the negative term —P(n — 4) 4+ P(n — 5) from the recursive formula
of P(n — 1) and multiplying the obtained inequality by 2n'/4, the following inequality is

produced:
24P (n — 2) 4 204 (n — 2)P(n — 3) > 2n'/*P(n — 1) (6)

By combining (5) and (6), it is sufficient to prove:
Pn—1)+(n—1)P(n—2)— P(n—3)>2n"*P(n —2) + 204 (n —2)P(n - 3) (7)
Now, from the induction hypothesis we have:
P(n—1)>2(n—1)Y"P(n -2) (8)
and
(n—2)P(n—2)>2(n—2)(n—2)"Y*Pn - 3) (9)
(where the term n — 2 is multiplied in both sides of the last inequality). By adding
inequalities (8), (9) and the following inequality
P(n—2)—P(n—3)>P(n—2)— P(n—3)
we obtain the following inequality:
Pn—1)+(n—-1)Pn—-2)—Pn—-3) > 2n—-1)"YPn-2)+ P —2)
+2(n —2)(n — 2)Y*P(n — 3)
—P(n—3). (10)
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Now, in order to prove (7), it is sufficient to prove that the right side of (10) is greater
than or equal to the right side of (7), where the simplified inequality can be written as
follows:

Pn—2) > 2 [nl/‘l —(n— 1)1/4] P(n —2)

+2[(n—2n* — (n—2)(n — 2)"*] P(n — 3) + P(n —3).  (11)

Instead, by using the Lemmas 4 and 5, the inequality (11) becomes correct if the following
inequality holds:

P(n—2) P(n —3)
P(n—2) > CEPEL

,W+(n72)

+ P(n—3). (12)

The inequality (12) is equivalence with the following series of inequalities:

1 1/4
—
1 1/4 1/4
2 {1 - W} (n—2)"*P(n-3) > (n—2)""P(n—3)+P(n-3)
<~
1 1/4 1/4
2[1 2(n—1)3/4} (n—2) > (n—=2)""+1
—
1 1/4
el (O
where the last one is satisfied for any n > 7 and this completes the proof. |

Previously, we proved that I(n)/P(n) > 1, for any n > 3. Now, we present the main
theorem for the upper bound of I(n)/P(n).

Theorem 1. There exists a constant number M > 1 and a positive integer N, such that

I(n)/P(n) < M, for eachn > N.

Proof. Recall from [8] that the number of involutions on a set of size n is expressed by
I(n) = I(n—1)+ (n — 1)I(n — 2). Suppose that R(n) denotes the fraction I(n)/P(n).

We can write R(n) as follows:

R(n) = I(n) . I(n) B I(n)
Pn) Pn—-1)4(n—-1)Pn—-2) Pn-1)+(n—-1)Pn-2)
_ In—=1)+(n-1I(n-2) JrI(n) ( P(n—3)— P(n—4) )
Pn—1)+n—-1)Pn-2) Ph)\Phn-1)+n-1)Pn-2))"
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Now, suppose that S(n) denotes the following fraction:

In—1)4+(n—1)I(n—2)
Pn—1)+(n—-1)Pn—2)

Since R(n — 1) = I(n —1)/P(n — 1) and R(n —2) = I(n — 2)/P(n — 2), therefore from
the elementary calculus we can drive that S(n) is placed between R(n — 1) and R(n —2),

ie. S(n) <max{R(n—1),R(n —2)}. So we have:

B I(n) P(n—3)—P(n—4)
R(n) = S(n)+ (P(n )+ (m=1)P(n— 2))

P(n—3) — P(n—4)
= S(n)+ R(n) (P(n—1)+(n_1)P(n_2))
< S(n)+ R(n) (%)

IN

S(n) + R(n) (m)

5(n) (1 - ﬁ)

< maz{R(n—1),R(n—2)} <1 — m)_ . (13)

IN

From the elementary calculus, we know that there exists a positive integer N such that

for each i > N the following inequality is correct:

() < () w

From this inequality we have:

M(-im) <O maim) o

The right side of (15) converges to a number, say My. So we can write:

R(w) < mas{ROV = 1), ROV -2} ][ (1 ~ m),
< My x maz{R(N — 1), R(Nt 2)}. (16)

Therefore the theorem is correct if we let M = My x max{R(N — 1), R(N — 2)}, where

M is a constant number. 0
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5. Combinatorics

Another way for counting the number of RNA structures is by using the combinatorial
properties of this problem and the principle if inclusion-exclusion. To do this, let I.(n)
denotes the number of involutions on a set of n points in which at least r points among
n are mapped to their immediate next point (see Figure 5.). To compute I,.(n), we can
choose r points among n — r and then insert r extra points right after the selected points
without taking care about the other ones. By this formalism, we have the following
formula for I,(n):

I(n) = (" - T) I(n —2r), (17)
where I(n) denotes the number of involutions. In the RNA structure, no point is allowed
to make a base pair with its immediate next point, i. e. the number of RNA structures
is exactly the number of involutions in which no point is mapped to its immediate next
point. By using the inclusion-exclusion principle, the following formula is obtained for

the number of RNA structures:

P(n) = Io(n) = Li(n) + Io(n) -+ (=)= 115 (n)
)

[NIE]

—1)'1;(n)

I
= 1]
i

ISEI|

= S (-1 (nZ__ZA)I(ani)‘ (18)

=0
The following theorem indicates that the leading term of the serie (18), i.e. Iy(n), can be

considered as an asymptotic behavior for P(n) (It should be noted that Iy(n) = I(n)).

1 11 19 iy n—r
N N A)
1 21 ig Uy n

Figure 2: Schematic representation of I,(n), where the circular points are inserted right
after the selected points.
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Theorem 2. For any large value of n, Iy(n)/3 < P(n) < Iy(n)/2.

Proof. By using the induction, it is easy to show that I,11(n) < Li(n) (0 < i < |n/2]).
To show that Ip(n)/3 < P(n) we do as follows:

Lin) _ (I It e(F+va-1)
I(n) (n;2)](n —4) (n—2)(n —3)(n — 4)%8(7n2—4+m7%
92\ ("FH) p2e(vi—vn—i-2) 90222
_ 2 =Nt Lo (19)
(n—2)(n—3) (n—2)(n—3)

By performing the same computation, it is easy to show that Iy(n)/l(n) ~ 1 and

Ir(n)/I3(n) ~ 3. Therefore we have:

(NE)

Pn) = Y (~1)L(n)

i=0
> Iy(n) — Ii(n) + Iy(n) — I3(n)
2 1
> glz(n) = glo(n). (20)
On the other hand, we have:
L)
P(n) = (=1)"Ii(n)
i=0
1
< Iy(n) — Ii(n) + L(n) ~ §Io(n). (21)
The proof is completed by combining the inequalities (20) and (21). O

Since the number of RNA structures grows exponentially, the logarithmic behavior
of its growing rate with respect to the boundaries given in the theorem 2 is represented
in Figure 3. By looking to this figure, we then conjectured that P(n) = I(n)/e as it is

proved in the following theorem.
Theorem 3. For any large value of n, P(n) ~ I(n)/e.

Proof. By using the induction, it is easy to show that I, 1(n) < Li(n) (0 < i < |n/2]).

To prove the theorem, we have:

15 _
P(n) = (=1)'I;(n)
i=0
L) i(n
~ L) (—1)72)(@)) (22)
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0 50 100 150 200 250

300 350 400 450 500

number of points

Figure 3: Logarithmic behavior of P(n) with respect to its boundary functions.

Suppose that S, =

lim,, o0

S (1) (Ti(n)  Io(n).

Since I;11(n)/Io(n) < I(n)/Iy(n) and

I;(n)/Io(n) = 0, so S, is a convergence serie. Now it is sufficient to show that

lim,, 0 Sn, = 1/e. By using the asymptotic formula of 7(n) we have:

I " I(n -2
lim () = lim 7( L ) (n )
n—oo Iy(n n—00 Iy(n)
n-z 2, gl
= D =) e
= S L334V D)
7 nze 2 4
_ 5—1,(1+vn—-2)
~ lim (n—1)(n - - 2): e
n—00 nE vn
n_9)%
~ lim (n B) e
n—0o0 n2
~ 1 (23)
By performing the similar calculations, we can show that:
I n—2 ] —4
lim 2(n) = lim 7( 2 ) (n—4)
n—oo Iy(n n—o0 Ig(n)
~ 1 1 (n—2)(n —3)(n — 4)2 2eC+vr-4
1(n—4)ze?
~ lim —(n n) ¢
n—00 2‘ n2
1
= g (24)

And in general, we have lim,,

I;(n)/Ip(n) = 1/i!. By using these results, the proof is
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completed as follows:

lim S, = i(fl)ib(n)

n—00

1
i

(25)

6. Conclusions

In this paper we have discussed about enumerating the number of RNA structures for
a sequence of length n. Some properties of the presented recursive formula (2) are in-
troduced and proved. Also the relation between the number of RNA structures for a
sequence of length n and the number of involutions for a set of size n is discussed. The
only criteria considered for the RNA structures was that the loops should contain at least
one base. Perhaps one of the interesting problems in this area is how to determine the
number of RNA structures for a sequence of length n such that each loop has at least [

bases and each stem has at least h base pairs.
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