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Abstract

The Wiener polarity index Wp(G) of a graph G = (V, E) is the number of
unordered pairs of vertices {u,v} of G such that the distance dg(u,v) between
w and v is 3. In this paper, the extremal Wiener polarity indices of all chemical
trees on n vertices are given.

1 Introduction

Let G = (V, E) be a connected (molecular) graph. The distance between two vertices
uw and v in G, denoted by dg(u,v), is the length of a shortest path between w and v
in G. The Wiener polarity index of G, denoted by Wp(G), is defined by

Wp(G) = {{u, v}|de(u,v) = 3,u,v € V}|

which is the number of unordered pairs of vertices {u, v} of G such that dg(u,v) = 3.
The Wiener polarity index for the quantity defined in the equation above is intro-
duced by Harold Wiener [1] for acyclic molecules in a slightly different manner. After
this, it seems that less attention has been paid for the Wiener polarity index Wp(G).
Using the Wiener polarity index, Lukovits and Linert [2] demonstrated quantitative
structure-property relationships in a series of acyclic and cycle-containing hydrocar-
bons. Hosoya [3] found a physico-chemical interpretation of Wp(G). Very recently,

Du, Li and Shi [4] described a linear time algorithm APT for computing the index
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of trees, and characterized the trees maximizing the index among all trees of given
order; Deng, Xiao and Tang [5] characterized the extremal trees with respect to this
index among all trees of order n and diameter k.

In this paper, we will give the extremal Wiener polarity indices of all chemical

trees with order n.

2 Some transformations does not decrease the
Wiener polarity index

Let T be a tree with its vertex set V(T') and edge set E(T). We denote by dr(v) the
degree of a vertex v € V(T).
We first give a formula for computing the Wiener polarity index of trees.
Lemma 1([4,5]). Let T'= (V, E) be a tree. Then

Wp(T) = > (dr(u) — 1)(dr(v) — 1).

uwek

Figure 1. The (k,)-transformation.

Then, we introduce a graph transformation which has been used to study other
topological indices.

Let T be a tree and ab an edge of T. After removing ab from T" we obtain two
trees A and B such that a € V(A) and b € V(B). For x € V(B) — {b}, let 7" be the
tree obtained by adding the edge ax to the union of A and B. We will say that 7" is
obtained from T by a (k,l)-transformation if d(b) = k and dr(z) = L.

This transformation is illustrated in Figure 1.

Let C,, be the set of chemical trees (i.e., trees for which every vertex has degree at

most 4) with n vertices. We associate to T' € C,, the vertex sequence

(nh N2, N3, n4)
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where n; denotes the number of vertices of 7' with degree i (1 <4 < 4). Recall the
relations

ni+ng+ng+ng=mn, ng+2ny+3n3+4ng=2n—2

which implies ng + 2n4 + 2 = ny, and
n =2+ ng + 2n3 + 3ny.

In the following, using transformations, we will show that for every tree 7" € C,
there is a tree 7" € C,, with the vertex sequence (ni,0,n3,n4) or (nq1,1,0,n4) such
that Wp(T") > Wp(T).

Lemma 2. Let T € C, (n > 5) with vertex sequence (n1,ng,ng,ny) and ny >
2. Then there exists 7" € C, obtained by a (2, 2)-transformation on T, such that
Wp(T") > Wp(T).

Proof. We can choose z,y € V(T) such that dr(xz) = dr(y) = 2. We distinguish
two cases.

(i) If zy € E(T), see Figure 2(i), then dy(a) + dr(b) > 3 because n > 5, and by

Lemma 1,
Wp(T") — Wp(T) = (dr(a) — 1) + (dp(b) — 1) — 1 = dy(a) + dp(b) — 3 > 0.

(ii) Otherwise, we may choose z,y as in Figure 2(ii). Notice that z; = y; is

possible. Without loss of generality, we assume that dr(y;) > dr(z1). By Lemma 1,

Wp(T") — Wp(T)
= [2(dr(a) — 1) +2(dr(b) — 1) + 2(dr(y1) — 1)]

= [(dr(a) = 1) + (dr(b) = 1) + (dr(z1) — 1) + (dr(y1) — 1)]

(dr(a) = 1) + (dr(b) — 1) + (dr(y1) — 1) — (dr(z1) — 1)

= (dr(a) +dr(b) = 2) + (dr(y1) — dr(z1)) > 0. O
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Figure 2. The transformations in Lemma 2.

Lemma 3. Let T € C, (n > 6) with vertex sequence (ny,1,n3,ng). If ng >
1, then there exists 7" € C,, obtained by a (2,3)-transformation on T, such that
Wp(T") > Wp(T).

Proof. We can choose x,y € V(T) such that dp(z) = 2, dr(y) = 3 and the
distance dr(x,y) is as small as possible.

(i) If 2y € E(T), see Figure 3(i). Without loss of generality, we assume that
dr(b) < dr(c). By Lemma 1,

Wi(T") = Wp(T)
= [B(dr(a) ~ 1)+ 3(dr(t) 1) + 3(dr(c) — 1]

~ [(dr(a) = 1) + 2+ 2(dr(b) 1) +2(dr(c) ~ 1]
= 2dr(e) = 1) = 2+ (dr (D) = 1) + (d2(c) — 1)

If dr(a) > 1, then Wp(T") > Wp(T); If dr(a) = 1 and dr(b) > 1, then dr(c) > 1
since dr(b) < dr(c), so Wp(T') > Wp(T); If dr(a) = 1 and dr(b) = 1, then dr(c) > 3
since n > 6 and ny = 1, so, Wp(T") > Wp(T).

(ii) Otherwise, we may choose z,y as in Figure 3(ii). Notice that z; = y; is

possible. By Lemma 1,
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Wp(T') = Wp(T)

= [3(dr(a) = 1) +3(dr(b) = 1) +3(dr(c) — 1) +3(dr(yn) — 1)

= [(dr(a) = 1) +2(dr(b) = 1) +2(dr(c) = 1) + (dr(z1) — 1) + 2(dr(y1) — 1)]
= 2(dr(a) = 1)+ (dr(b) = 1) + (dr(c) = 1) + (dr(yr) = 1) = (dr(21) = 1)

= (2dr(a) + dr(b) + dr(c) — 4) + (dr(y1) - dr(a1))

a

y y
i B

7 A
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Figure 3. The transformations in Lemma 3.

By Lemma 2 and an inductive argument, we can show that if 7" € C,, with vertex
sequence (ny, ng,n3,ny) and ny = 21 or ny = 21 + 1, where [ is a positive integer, we
can construct a tree 7" € C,, such that Wp(T") > Wp(T') and the vertex sequence of
T is

(n1+l,0,n3+l,n4) if n2:2[
(71,1+l,17n3+l7n4) if Uy =20+1
Now, by Lemma 3, if 7" has vertex sequence (n; + 1, 1,n3 + I, ny4) with ng +1 > 1,
then, using a (2, 3)-transformation on 7", we can construct a tree 7" € C,, such that
Wp(T") > Wp(T") and T" has the vertex sequence (ny +1+1,0,n3 +1—1,n4 + 1).

In this way, we have shown the following result.
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Theorem 1. Let 7' € C,, (n > 6) with vertex sequence (ny, na, nz,ny). Then there

exists 7" € C,, such that Wp(T") > Wp(T) and T” has the vertex sequence

up) N9 . .
(nl + 2 0,n3 + 3,7z4> , if ny is even;

[ 1 19 — 3
(nl + n22+ ,0,m3 + 7122 Jng + 1) or (ny,1,0,n4), if nyis odd.

Therefore, we have reduced the problem to the chemical trees with no vertices of
degree 2, or with one vertex of degree 2 and no vertices of degree 3.

Lemma 4. Let T € C, (n > 7) with vertex sequence (ny,0,n3,n4). If ng >
2, then there exists 7" € C,, obtained by a (3,3)-transformation on 7', such that
Wp(T") =2 Wp(T).

Proof. We can choose x,y € V(T') such that dr(x) = dr(y) = 3 and the distance

dr(z,y) is as small as possible.

c
d

, Y Y YI
T/
Figure 4. The transformations in Lemma 4.

(i) If 2y € E(T), see Figure 4(i). Without loss of generality, we assume that
dr(a) > dp(b) and dr(a) + dp(b) < dp(c) + dr(d). By Lemma 1,

Wp(T') — Wp(T)
= [3(dp(a) = 1) + (dr(b) — 1) + 3 + 3(dr(c) — 1) + 3(dp(d) — 1)]

— [2(dr(a) — 1)+ 2(dp(b) — 1) + 4 + 2(dr(c) — 1) + 2(dr(d) — 1)]
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= (dr(a) = 1) = (dp(b) = 1) = 14 (dr(c) = 1) + (dr(d) — 1)
= (dr(a) — dr(b)) + (dr(c) + dr(d) — 3).

If dr(a) > 1, then dp(c) + dr(d) > dp(a) + dr(b) > 3, so Wp(T") > Wp(T); If
dr(a) = 1, then dr(b) = 1 since dr(a) > dr(b), and dr(c) + dr(d) > 3 since n > 7.
So, Wp(T") > Wp(T).

(ii) Otherwise, we may choose z,y as in Figure 4(ii). Notice that z; = y; is

possible. Without loss of generality, we assume that dr(a) > d(b). By Lemma 1,

We(T') = Wi(T)

= [B(dr(a) — 1) + (dr(d) — 1) + 3+ 9+ 3(dr(c) — 1) + 3(dr(d) — 1))
— [2(dr(a) = 1)+ 2(dr(b) — 1) + 6 + 6 + 2(dr(c) — 1) + 2(dr(d) — 1)]
= (dr(a) —1) = (dr(b) = 1) + (dr(c) — 1) + (dr(d) — 1)

= (dr(a) — dr(b)) + (dr(c) + dp(d) — 2) > 0.

O

Let T € C,, with vertex sequence (ny,0,n3,n4) and nz > 2. By Lemma 4, there is

a tree T' € C, with vertex sequence (ny,1,n3 —2,ny + 1) and Wp(T') > Wp(T). If

nz—2 > 0, then we can apply Lemma 3 to obtain a tree T"” € C,, with vertex sequence

(n1 +1,0,n3 — 3,n4 + 2) and Wp(T") > Wp(T"). If ng — 3 > 2, then we again apply
Lemma 4 to 7”. Continuing this (finite) process, we can obtain the next result.

Theorem 2. Let T € C, (n > 7) with vertex sequence (nq,0,n3,n4). Then there

exists T" € C,, such that Wp(T") > Wp(T) and T" has the vertex sequence

2
<n1 + %, 0,0,n4 + %) , if ng = 0(mod3);

2ng — 2

3—1
(n1+rL33 0, 1,m4 + )7 if ng = 1(mod3);

3—2 2ng — 1
<n1+n33 ,1,0,n4 + 7133 ), if ng = 2(mod3).
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From Theorems 1, 2 and the relation n = 2 + ngy + 2n3 + 3ny4, we have
Theorem 3. Let T € C, (n > 7). Then there exists 7" € C,, such that Wp(T") >
Wp(T) and T” has the vertex sequence

(n1,1,0,n4), if n = 0(mod3);
(n1,0,1,n4), if n = 1(mod3);

(n1,0,0,ny), if n = 2(mod3).

3 The extremal Wiener polarity index of chemical
trees

In [5], we showed that Wp(T') > n — 3 for any tree T of order n and diameter k > 3,
and Wp(P,) =n — 3 for n > 3. So, the minimum Wiener polarity index of chemical
trees with order n > 6 is n — 3.

In the following, we will give the maximum Wiener polarity index of chemical
trees.

Let m;; be the number of edges in T between vertices of degrees ¢ and j. By
Lemma 1, we have

Wp(T) = > (dr(u) = )(dr(v) =)= > (i—1)(F = )my.
weB(T) 1<i<j<n—1

Specially, if 7" is a chemical tree, then
Wp(T) = mag + 2maz + 3may + 4mgz + 6mag + Imnay.

Now, we compute the maximal Wiener polarity indices of chemical trees with
order n > 7 by Theorem 3 and the formula above.
Case I. n = 2(mod3) and T € C, with vertex sequence (ny,0,0,n4). Then

Moy = Moz = Myy = Mzz = mzy = 0, and
WP(T) = 97Tl44.

Because mqiy +myy =n — 1 and myy = ny, myy =n — 1 —nyq. Also, ny +ny =n and

-
and myy = 222, So,

ny +4ny = 2n — 2, we have n; = 3

2n+2
3

Wp(T) = 3n — 15.
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Case II. n = 1(mod3) and T € C, with vertex sequence (n1,0,1,n4). Then
Moy = Mo3z = Moy = mgz = 0. We distinguish three cases according to mi3 = 2, 1,0.

(i) my3 = 2. Then mgyy = 1, and
Wp(T) = 6may + Imag = 6 + Imnyy.

Because my3 + miy +mazy +myy = n—1 and myz +myy = ny, myy =n—2—n;. Also,

n=ny+ng+ng =n;+1+ng and 2n — 2 = ny + 3nz + 4ny = ny + 3 + 4ny, we have

_ 2n+41
- 3

and myy = ”TJ So,

ny
Wp(T) = 3n — 15.
(i) my3 = 1. Then ma4 = 2, and
Wp(T) = 6mgzg + 9mag = 12+ Imyy.

Because mq3 +my +msq +myy = n—1 and mqz+myy = nq, myg = n—3 —nq. Also,

n=ny+ng+ng =n;+1+ny and 2n — 2 = ny + 3nz + 4ny = ny + 3 + 4ny, we have

n, = 2”—;'1 and myy = “_310. So,

WP(T) =3n — 18.
(iii) my3 = 0. Then mgy = 3, and
WP(T) = 677234 + 9m44 =18+ 9m44.

Because myy + m3y +myg = n — 1 and myy = ny, myy = n —4 —nq. Also, n =
ny+n3+ng =ny+1+ng and 2n — 2 = ny + 3ns + 4ny = ny + 3 + 4ny, we have

_ 2n41
ny = 3

and myy = % So,

Case III. n = 0(mod3) and T € C,, with vertex sequence (n,1,0,n4). Then
My = Mgy = Moz = Mgz = mgs = 0. We distinguish two cases according to
mig = 1, 0.

(i) mia = 1. Then my, = 1, and

WP(T) = 3may + 9myy = 3+ 9nyy.
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Because myg 4+ mqy + mog +myy = n—1 and mqg +myy = ny, myy = n—2—nq. Also,
n=ny+ny+ng =n;+1+n4 and 2n — 2 = ny + 2ny + 4ny = ny + 2 + 4ny, we have
ng = %" and myy = ”T’G So,

Wp(T) = 3n — 15.
(ii) mip = 0. Then myy = 2, and
Wp(T) = 3m24 + 9m44 =6+ 971144.

Because myy + moy +myy = n — 1 and myy = ny, myy = n —3 —ng. Also, n =

ny+no+ng =ny+14+ng and 2n — 2 = ny + 2ny + 4ny = nq + 2 4 4ny, we have

ng = % and myy = ”59. So,

Wp(T) = 3n — 21.
By Theorem 3 and the cases I-111 above, we have
Theorem 4. The maximum Wiener polarity index of chemical trees with order
n > T7is 3n — 15.
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