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Abstract

In this paper, we give a new proof that among all trees with n vertices, the star
Sy, and the path P, have the maximal and the minimal Balaban index, respectively.
This corrects some errors of proofs in [H. Dong, X. Guo, Character of graphs with
extremal Balaban index, MATCH Commun. Math. Comput. Chem. 63 (2010)
799-812] and [L. Sun, Bounds on the Balaban index of trees, MATCH Commun.
Math. Comput. Chem. 63 (2010) 813-818]. We also characterize the trees with the
second minimal and maximal Balaban index, respectively.

For a simple and connected graph G with vertex—set V(G) and edge-set E(G), da(u, v)
denotes the distance between vertices v and v in G, and Dg(u) = > de(u,v) is the
distance sum of vertex w in G, i. e., the row sum of distance matri): eovf((é) corresponding
to u. The Balaban index of G is defined as

m 1
J(G) = ﬁ u,UeZE(G) D¢ (u)De(v)
where m is the number of edges and p is the cyclomatic number of G, respectively.

The Balaban index was proposed by A. T. Balaban [1,2], which also called the average
distance-sum connectivity or J index. It appears to be a very useful molecular descriptor
with attractive properties.

Recently, it was showed in [3] that

Theorem 12 ([3]). If T is a tree with n > 2 vertices, then J(P,) < J(T') < J(S,)
with left (or right) equality if and only if 7= P, (or T' = S,,), where P, and S, are the
path and the star on n vertices.

The proof of theorem above is dependent on Lemma 6 in [3]. But, the following

example 1 shows that Lemma 6 is incorrect.
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and Technology Innovative Research Team in Higher Educational Institutions of Hunan Province.
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Example 1. (see Figure 1) Let P = pipops be a path in a graph Gy, where Gy = P
is the path itself, and G;(1 < j < 3) are the component of Gy — E(P) containing p;.
Hy, = wusuz, Hy = vjvgus, H] = wup and H) = vjvpugus are also paths. We have
[V (H)| + [V(Ho)| = [V(H)| + [V(Hy)| and [V(H])| < [V(Hy)| < [V(Hy)| < [V (H)]-
Construct the graph G by identifying p; to up in Hy and p3 to vy in Hy, and the graph G’
by identifying ps to us in Hj and p; to vy in Hj. Clearly, |[V(G;)| < |V(Giy1-4)| since G; is

an isolated vertex, I = 3 and 1 < i < [£] — 1. However, we have J(P) > Jg(P), where

Jo(P) = : = 2 _+ L and Jo(P) = S S—
G( ) u“gzp‘:(P) \/DG(U)DG(U) e ViTxaz ¢ ( ) quZE:(P) D (u)Dgr (v)
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Also, it was showed in [4] that

Theorem 2.2 ([4]). If T is a tree with n > 2 vertices, then J(T) > J(P,) with
equality if and only if 7" = P,.

But the following example 2 shows that its proof in [4, lines 1-3 on page 818] is
incorrect.

Example 2. (see Figure 2) Let P = vyvv3v4 be a longest path in 7', and vy the root
of T. Then the other vertices of T can be divided into levels by the distance on vy. Let L;
be the set of vertices in level i (1 < i < 3), where Ly = {va}, Ly = {vs, 2} and Ly = {v4}.
However, for € Ly, D, = Dr(x) = 8, and D3 = 6 since D; = w%w + % and
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n =25. We have D, > Dj.

Now, we will give a new proof of the results above.

The path-sliding transformation. Let Gy be a graph with ny > 2 vertices, and
P = vyvg---v, a path of length » — 1 > 2. If G (resp. G') is the graph obtained by
identifying a vertex vy in Go to vy (resp. vp_1) in P, 2 < k < %, then G’ is called the

path-sliding transformation of G (see Figure 3).

U1 Vg . Uk Ulc+1 U U1 V2 . Vg1V Uy
G el
Figure 3. The path-sliding transformation.

For any u € V(Gy),

De(u) = z de(u,v) + z de(u,v;) — de(u,vo)

veV(Go) i
T 1)
Dey(w) + Y [da(u,v0) + da(vi, v:)] — de(u, vo) (
i=1
= DGO(’LL) -+ DP(’Uk) -+ (7’ — 1)dGo (U, ’Uo)
and .
Da(w) = Y da(v,v) + Y da(v,vi) — da(vr, vo)
VeV (Go) i=1
= Z [de(ve, vo) + dg(vo, v)] + Dp(vy) — da(vt, vo)
VeV (Go) (2)
= Dg,(vo) + Dp(vi) + ([V(Go)| — 1)dg(ve, vo)
= Dg,(vo) + Dp(vi) + (no — )|k — ¢ .
Similarly,
Degi(u) = Dgy(w) + Dp(vi—1) + (r — 1)dg, (u, vo) (3)
and
DG'('UL) :DGO(UU)+DP(I’L)+ (nof 1)|k‘* 1 *t‘. (4)

where Dp(v;) = % + Lzl)tﬂ t=1,2,---,7.
Note that D,(v1), Dp(v — 2), -+, Dp(v,) is symmetric and Dp(v1) > Dp(vg) > -+ >
DP(UL%J) = DP(U(%“) < Dp(v(%H_l) <0< DP(UT)A
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Lemma 1. If G’ is the path-sliding transformation of G, then J(G) > J(G).
Proof. From (1) and (3), Ve = uwv € E(Gy), Dg(u) < Der(u) and Dg(v) < Dei(v)
since Dp(vg) < Dp(vp—1) for 2 <k < 5. Thus

1 1
v/ Da(u)De \/D(*/ )Der (v

From (2) and (4),

(ng—1), 1<t<k-1
DG(vt) — DG’(vt) =

—(ng—1), k<t<r.

(i) For t = 1,2,---, k — 1, because k < %, Dp(vy) > Dp(vap——1) and Dp(v;—1) >
Dp(l)gk,t). By (2), D(*(ng,t) < D(*(’Ut,l) — (’ﬂo— 1) and D(;(’UQk,t,l) < DG(Ut) — (n() — 1)
Note that f(z,y) =

of af
%<0and37<0

is a decreasing function of z and y since
VY \/ ;r+(no+1 (y+(no+1))

! 1
VDa(v) Do) v/Dalvas) + (o = D) (Doloai1) + (10— D)
! 1
> V(De(ve1) = (no — 1)) (D (vr) — (no — 1)) a VDo) D)
ie., 1 ) 1
/D (o) De(vor—i—1) /D (va—t) Der (vag—-1)
1 1
v/ Der(vi—1)Der(vr) a V/De(vr_1)Da(vr)
and
1 3 1
\/DG(vt—l)DG(Ut) \/DG/ (v;—1)Dgr(vs) "
! 1
+[\/DG(U2k—t) Dolom)  v/Dolono)De (vzk,t,l)] >0.
(ii) For t = 2k — 1,2k, ---,r, we have Dg(v;) < Der(v,) and
1 1
\/D(‘ Ut+1 \/D(v D(" Ut+1) (7)

fort=2k—1,---,r—1.
(iii) By (2) and (4), Dg(vk—1) + Da(vi) = Der(vk—1) + Der(vy), and

D(;(T}k) < DG’(”k—l) < DG('Uk—l)y DG(/Uk) < D(;/(’l}k) < DG(?)kfl)
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since Dp(vg) < Dp(vk—1). We have Dg(vj—1)De(vr) < Dgr(vk—1)Der(vg). So,
1 1
/De(vi—1) D (vy,) \/DG/ (vk—1)Der (vi)

From (5)-(8), we can obtain

J(G) - J(@)
L 1
= (n—1 - - _ e
(L ) UUGZE(G) DG(U)DG(U) M)E;(G’) Dg/(u)DG/(U)
1 1
= (n—1
( ) u@g(:Gn) {\/DG )De(v) \/DG’(U)DG/(U)]
1 1
Jr

VDe(ve1)Da(vr)  v/Der(vk—1) Do (k)

k-1 1

" zZ [\/DG (1) Da(n) /D (1) Der(vr)

1 1
" /De(var—1) D (vag—i—1) - \/DG'(Uzkt)DG/(’Uzktl)}

r—1

1 1
’ t:;—Q {\/DG(’W)DG(’WH) - \/DG’(Ut)DG’(”Hl):|> -0

Using the path-sliding transformation repeatedly, we can easily obtain the following

result by Lemma 1.

Theorem 1. If T"is a tree with n > 2 vertices, then

n—1

J(T) = J(P) = (n—1) > (D;Di1) "2
i=1
with equality if and only if 7' = P, is the path with n vertices, where D; = % +

(i=1)i
=

For a tree T with n > 4 vertices, if T' is not a path, then 7" can be changed into a
tree of diameter n — 2 by a series of path-sliding transformations. Moreover, using the
path-sliding transformation, any tree with n vertices and diameter n — 2 can be changed
into the tree Ty, which is obtained by attaching a pendant vertex v, to vy of the path
v1vg -+ - U,—1 (see Figure 5). So, we can characterize the tree with the second minimal

Balaban index by Lemma 1.
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Theorem 2. Let T be a tree with n > 4 vertices. If ' is not a path, then J(T') > J(Tp)

with equality if and only if T = T.

Wo
@ a @
Figure 4. The edge-lifting transformation.

The edge-lifting transformation. Let GG; and G5 be two graphs with n; > 2 and
ny > 2 vertices, respectively. If G is the graph obtained from G; and G5 by adding
an edge between a vertex wuy of G and a vertex vy of Ga, G’ is the graph obtained by
identifying ug of Gy to vy of Gy and adding a pendent edge to ug(vp), then G’ is called
the edge-lifting transformation of G (see Figure 4).

In the graph G, if u € V(G,), then

Daw)= > da(u,v)+ Y da(u,v)

veV(Gy) veV(G2)
= Dg,(u)+ Y ldo(u,up) + 1+ dg(vo, )] (9)
veV(Ga)
= DGI (U) + DGQ(UO) + [dG1 (u7 UO) + 1]712

Similarly, if u € V(G3), then
De(u) = D, (u) + De, (u) + [da, (u, vo) + 1na (10)
In the graph G, if u € V(G}), then

Der(u) = Z der(u,v) + Z der(u,v) — der(u, ug) + der (u, wo)

veV(Gr) veV(Gz)
= Day(uw)+ Y [der(u,uo) + der(uo, v)]
veV (Ga) (11)
= der(u, u9) + der (u, uo) + der (uo, wo)
= DG1 (u) + DG2 (’U()) + nzd(;l (u, U()) +1
Similarly, if u € V(G3), then

D(;/(u) = D(;l(u()) + DGZ(u) + ’ﬂld(;z (u, U()) +1 (12)
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And
DG/(U}U) = DG1 (UQ) + DG2 (UU) + ny + Ng — 1 (13)
Lemma 2. If ¢/ is the edge-lifting transformation of G, then J(G) < J(G').

Proof. From (9)-(13), we have

ne — 1, uweV(G);
Dg(u) = Dgf(u) +
ny — ].7 u e V(Gz)

and Yuv € E(Gy) U E(Gy),
D¢ (u)Dg(v) > Der(u)Der (v).
De(uo)De(vo) = Der(uo) Der(wo) + (1 — 1)(n2 — 1) > Der(uo) Der (wo).
By the definitions of J(G), we have J(G) < J(G").
Using Lemma 2 and the edge-lifting transformation repeatedly on a tree T', we can
obtain
Theorem 3. If T is a tree with n > 2 vertices, then

J(T) < J(S,) = (n—1)>*@2n — 3)7V/2

with equality if and only if 7= S, is the star with n vertices.

v U2 U3 Up—1 , s
Un, To
Figure 5.

Finally, we characterize the tree with the second maximal Balaban index.

If a tree T with n > 4 vertices is not a star, then 7' can be changed into a tree of
diameter 3 by a series of edge-lifting transformations. Moreover, any tree of diameter 3
with n vertices is a double-star S, with » > 1, s > 1 and 7 + s = n — 2 (see Figure 5).
By Lemma 2, we only need to find the tree with the maximal Balaban index among all
double-star with n > 4 vertices.

It can be computed that the Balaban index of 5, is
r 1

V@ +2r +3s)(1+7 +2s) - VA +r+2s)(1+s+2r)
s

VI +s+2r)(1+2s +3r)

J(Ss) =
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Leta=n—2. Thens=a—rand1<r<a-—1.
flr)= J(ST,S)

r a—r
+
V1+45a+6a2—2r —5ar +1r2 1+ 3a+2a2+ 2r + 3ar + 12
1
V1+3a+2a?+ ar — 2

It can be easily computed that

afr(ry = SHp 200

where
A(r) = (1 + 5a + 6a® — 2r — 5ar + r?)"/2
B(r) = (1 + 3a + 2a® + 2r 4 3ar + r?)%/?
C(r) = (1 + 3a+ 2a> + ar — r?)%/?,

Ay(r) = 8+ 60a + 148a* + 120a® — 16r — 80ar — 97a’r + 8r2 + 20ar?,
By(r) = 8 4 44a + 764> + 43a® + 161 + 64ar + 57a*r + 8r% + 20ar?,
Cy(r) =4+ 12a + 11a*> — 8ar + 8r% .

Note that 1 <r < a — 1, we have f”(r) > 0, i.e., f(r) is concave for 1 <r < a— 1.
So, f(r) <max{f(1), fla—1)} = f(1) = f(a—1), ie., J(S,s) < J(S14-1) With equality

ifandonlyifr=1,s=a—lorr=a—-1s=1.

Theorem 4. Let T be a tree with n > 4 vertices. If T is not a star, then J(T') <

J(Sp—1,1) with equality if and only if T' = Sy ,,_3.
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