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Abstract
The Zagreb indices and the modified Zagreb indices are important topological
indices in mathematical chemistry. In this paper we study the relations between the

Zagreb indices and the modified Zagreb indices, and we present some bounds for

the modified Zagreb indices.

Introduction

The Zagreb indices were introduced by Gutman and Trinajsti¢. The first Zagreb

6253

index

M, (G)and the second Zagreb index M,(G) were defined as follows [1-4]: for a simple

connected graph G, M,(G)= D (d(v))’*, M,(G)= Y. d(u)d(v), where d(u) and

vel (G) weE(G)

d(v) are the degrees of vertices u and v respectively. For recent work on Zagreb indices see

the papers [5-10] and references cited therein.

However, both the first Zagreb index and the second Zagreb index give greater weights to

the inner vertices and edges, and smaller weights to outer vertices and edges which opposes

intuitive reasoning. Hence, they were amended as follows [11]: for a simple connected graph
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G let "M, (G)= |

%, which was called the first modified Zagreb index,
vel (G) (d(V))

which was called the second modified Zagreb index, where

1
"M,(G) = _—
(@) l,v;:md(u)d(v)

d(u)and d(v)are the degrees of vertices u and v respectively.

Preliminaries
Lemma 2.1 is well-known.
Lemma 2.1. Let a,>0, i=1,2,..,n, we have
a+a,+..+a,
Yaa,..a, < +—————2"
n

a+a,+..+a . .

and iaa,..a, =——2—"""" ifandonly if a,=a,=..=a,.

n

Lemma 2.2[12]. Let G be a graph with n vertices and m edges. Also, let A(G), 6(G) be,

respectively,  the — maximum  degree  and the  minimum  degree of G

T:m{27m+w+(A(G)—§(G))(l—@ﬂ.
n—1 n—1 n—1

Then M,(G)<T, with equality if and only if G is a star or a regular graph or a complete
graph K, with n—A(G)~1 isolated vertices.
Lemma 2.3[13]. Let G be a graph with n vertices and m edges, A(G), A,(G), o6(G) be,

respectively, the maximum degree, the second maximum degree and the minimum degree of G,

(=1

MG +—(8,(G) —6(G))2}.

S =2m’ —(n—l)m5(G)+;(6(G)—1){(2’”‘A(1G))2
n—

Then M,(G)<S,where n=3.

Definition 2.4[14, 15 , 16]. The zeroth-order general Randic index °R.(G)= Z d)) for

vel(G)

general real number t, where d(v) is the degree of v. When t=-0.5, "R (G)is the famous

zeroth-order Randic index R°(G).
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Relations between Zagreb indices and modified Zagreb indices
Theorem 3.1. Let G be a simple connected graph, |V (G)|=nz22.

When n is even, we have
2 2
A
<M, (G) ”‘M](G)Sn2+( (G)—(s(c;)] FJ :
When n is odd, we have

< M,(G)"M,(G)<n’ +[§Eg;iggnz [BJZ +BD

n* =M(G)"M,(G) ifandonlyif G isaregular graph, where S(G) is the minimum

degree of G, A(G) is the maximum degree of G .

Proof. When #n=2,3, Theorem 3.1 holds clearly. In the following let V(G) = {v,,v,,...,v,},

n>4. By Lemma 2.1 we have

M,(G) 2 nyl(d(v)d(v,)..d(v,))",

"M,(G) > n/%
(d()d(v,)..d(v,))

n* < M,(G)"M,(G),

Hence, we have

and n° = M,(G)"M,(G) if and only if G is a regular graph.
Claim1: Let 0<p<qg,<q, i=12,.,n, y= (Za[)(zi).
i=1 -1 4;

When n is even we have

When n is odd we have
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n-1
In fact, when p =g, Claim 1 holds obviously. In the following let p <g¢q. Let u= Zai,

i=1

i=1 n

n=l 1
V= Z—, y=W+ aﬂ)[v+ aJ’ we regard a,,a,,...,a, , as constants and y as a function of

a,. Clearly, we have

(n-DYp<u<(n-1lyg,

y—(uv+1)+[u+vanj.
a

n

u I . . .
Let y,=—+va,,thus, y=(uv+1)+y,. Hence,y attains its maximum value if and only if

n

n’

v, attains its maximum value.

2
Since y, :( Xz —\va, J +2uv, let V= ﬁ—x\/;, where x = \/Z. The derivative
\j a, x

of y, equals

X

—[«/;+\/2;J<0.

Thus, y, is a decreasing function. Hence, y, obtains its maximum value if and only if

a,=p or a,=q. Bysymmetry y obtains its maximum value if and only if a ,=p or

When y attains its maximum value, let there be t a;s which equal p, we have

t n—t

y:[pt+(n—t)q]{—+—}
p q

:(2—3—1}2—[2—3—1}11%2,
q p qa p
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which is a parabola. Thus, y obtains its maximum value if and only if 7= %n.

Case 1. Whenn is even, let n=2m, thus, t=m, we have

2
Y=n2+[£+1—2jtﬁJ .
q9 p 2

Case 2. When nis odd, let n=2m+1. By the symmetry of parabola we have #=m or

t=m+1.When ¢t=m we have

< |
[
|
S}
N~
VY
f—
[N
| I
©
+
—
NN
| I
N——

y=n’ +[—+

Similarly, when #=m+1 we have
2
y=n+| Z+L 2 || 2]+ 2]
q p 2 2
For graph G, we have p =(5(G))*, ¢ =(A(G))*. By Claim 1 we have

M, (G) "M, (G)<n* +{A(G) —5((;)]2 Hz,

hS]

Claim 1 follows.

where n is even.

2
A(G) &(G :
1,(G) ", (G) < | 21G)_0LC) H +H ,

5(G) a(6)) 2] T2
where n is odd. The theorem follows.
Remark: When A(G)=06(G) in Theorem 3.1, the upper bounds equal the lower bounds
respectively. That is, for a regular graph with |V (G)|=n> 2, our bounds are sharp.

Similarly we have

Theorem 3.2. Let G be a simple connected graph, p =min{d(u)d(v)|uve E(G)},
g=max{du)d(v)|uve E(G)}, |EG)l=m=>1.

When m is even we have
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2
m® < Mz(G)mMz(G)sz +[£+1—2)LﬂJ ;
q P 2

When m is odd we have

coworniose(3:3)(3] 2]
q p 2 2

Remark: When G is a regular graph or a star with | £(G)[>1 in Theorem 3.2, we have p=gq.

Hence, for a regular graph or a star with | E(G) 21, both the upper bounds and the lower

bounds in Theorem 3.2 are sharp. Thus, all bounds in Theorem 3.1 and Theorem 3.2 are

attainable.

Some bounds for modified Zagreb indices

Theorem 4.1. Let G be a simple connected graph with n vertices and m edges, n=2. Let

A(G), O6(G) be, respectively, the maximum degree and the minimum degree of G T be

defined in Lemma 2.2. We have

max{’fz’nz’ - }SWMI(G)S”—H'lz’
4m* T (4fd(v)d (v,)..d(v,)) (n=1)

ot n
and max{—;,—, ="M (G) if and only if G is a regular graph,
{4m2 T (dd<vl)d(vz)...d(v,,))z} (@ and ony s

'"M,(G):n—l-#ﬁ ifandonly if G=K,, .
e :

Proof. Let V(G)={v,v,,...,v,}, by Lemma 2.1 we have

"M,(G) = n{%
(d()d(v,)..d(v,))

n

<
(/d)d(,)..d(v,))’

Hence, we have

"M,(G).
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n

="M,(G) ifand only if G is a regular graph.
@d)d(v,)..d(v,))’

By Lemma 2.1

Similarly, by Lemma 2.2 we have
T> M(G) > n(x/d(v)d(v,)..d(v,)) .
Hence, we have
(01 0,) () <
Thus, we have

2
n

< M(G)

2

By Lemma 2.1 and Lemma 2.2 we know that n?: "M,(G) if and only if G is a regular

graph.

By Lemma 2.1 we have

d)+dv,) +...+d(v,) = nild(v)d(,)..d,),

! >+ ! 7t ! 2Zl’ln ! 7
@) @@y @),

d)+dv,) +...+d(v,) = nild(v)d(,)..d,),

1 1 1 2 3
[(d(vl))z + oy +ot @y J(d(vl)+d(v2)+...+d(vn)) >

Hence, we have

Since d(v,)+d(v,)+...+d(v,) =2m, we have

3
n m
< "M(G).

3
_m

> =

By Lemma 2.1, M,(G) ifand only if G is a regular graph.

Claim 1: When G contains a cycle C, let e€ E(C), G =G—e. We have
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"M,(G) < "M, (G).
In fact, G is connected. Otherwise, let the two components of G be G, and G,. Since
G, and G, are connected by e, e cannot be contained in any cycle, which is a contradiction.
Let V(G)={w,v,,...,v,}, without loss of generality, let e=vv,. We have

! 5+ ! >t ! 7t Tt ! 7
@)= (@d)=D" @) ()

"M\(G)=
Thus, "M,(G)< "M,(G"). Claim 1 follows.
Claim 2: Let G be a tree with d(u)=A(G)<n-2, ve N(u), d(v)=1, vwe E(G). Define
G =G—vw+uv. We have

"M,(G) < "M,(G").

1 .
In fact, let y=—— 5. The derivate of y equals

_1
x (x+)
1 1

where x > 0. Thus, y is a decreasing function. Hence, we have

1 1 1 1
@) (@da)+1y @dw-1¢ @dw)

That is,

1 N 1 - 1 N 1 .
d@)’  (dw)’ (d)+D*  (dw)-1)’

Hence, we have
"M, (G) < "M,(G).
Claim 2 follows.
Using Claim 2 many times we have

Claim 3: Let G be a tree with A(G)<n—-2, we have
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"M\(G) <"M(K,, ).

Clearly, "M,(K,, )=n-1+

5. By Claim 1 and Claim 3 we have
(n=1)

" T
M,(G)<n 1+(n_1)2.

if and only if G =K

Ln—1"

From the proof above we know that that "M (G)=n—-1+ ﬁ
n—

The theorem follows.

Theorem 4.2. Let G be a simple connected graph with n vertices and m edges, n>3. S is

defined in Lemma 2.3, °R (G) is defined in Definition 2.4. We have

m _m’ n " (1, o1
max{Mz(G)’S’Z(nl)}S MZ(G)Smm{E R?,(G),z(n 1+n71)}’

and "M,(G)=min {% R, (G),%(n -1+ %)} if and only if G is a regular graph.
n—

Proof. Let V(G)={v,v,,...,v,}, by Theorem 3.2 we have

2
m

M,(G)

"M,(G)>
Since M,(G)< M,(K,)= %n(n —1)*, we have

n m
0D <"M,(G).

By Lemma 2.3 we have

2
m

="M (G).

Hence, we have

max{ m’ ,mz,n}SmMz(G).
M,(G)' S "2(n-1)

Since x*+y* >2xy, and x>+ > =2xy ifand only if x =y, where x, y > 0, we have



Thus, we have

. B 1
M) = Z() d(u)d(v)

1 1 1
S —_
2 [(d(u»z Tdmy }

Iy L
2 Vel (G) d(v)
1

= 5 0]{1 G).

From the proof above we know that V"MZ(G):%ORA(G) if and only if G is a regular
graph.
Claim 1: When G contains a cycle C, let ee E(C), G =G—e. We have
'R (G)< R (G).
In fact, G is connected. Otherwise, let the two components of G be G, and G,. Since
G, and G, are connected by e, e can not be contained in any cycle, which is a contradiction.
Without loss of generality, let e=v,v,. We have

1 1 1 1
+ + +...+ .
dv)=1 d(v,)-1 dv) aw,)

‘R(G)=

Thus, °R,(G)< "R (G). Claim 1 follows.
Claim 2: Let G be a tree with d(u)=A(G)<n-2, ve¢ N(u), d(v)=1, vwe E(G). Define
G =G—-vw+uv. We have
0 0 "
R (G)< "R (G).

In fact, let y= 1 Ll The derivate of y equals

X x+
BRI N
x° (x+1)
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where x > 0. Thus, y is a decreasing function. Hence, we have

1 1 1 1
<

d@w) d@)+1 dw)—1 d(w)

That is,

IR SRS R B
dw) dw) dw)+1 d(w)-1

Hence, we have
0 0 "
R (G)< "R (G).

Claim 2 follows.

Using Claim 2 many times we have
Claim 3: Let G be a tree with A(G) <n-2, we have

ORfl (G)< OR—I(KLnfl)'
Clearly, 'R (K, ,)=n—-1 +%. By Claim 1 and Claim 3 we have
: e
Claim4: R (G)<n —1+L1.
n—
From the proof above we know that that R (G)=n—1+ % ifandonly if G=K,, .
n—
. m 1 1
Claim 5; "M,(G)<—(n—1+—).
2 n—1

In fact, since "M, (G) < % 'R ,(G), and "M,(G)= % R ,(G) if and only if G is a regular
graph. By Claim 4 Claim 5 follows. The theorem follows.
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