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Abstract 

The generalized Schultz indices were introduced by Schultz and Gutman according to 
distances between vertices and vertex degrees. In this paper, we introduce the edge 
versions of these indices. We state the relations between the new indices with vertex 
Wiener index and distances between vertices. At last, these new indices are computed 
for some graphs. 

 
 
1. Introduction 
The ordinary (vertex) version of Wiener index is oldest index that is defined in terms of 

distances between vertices of a connected graph [1]. This index is the oldest and perhaps most 

important topological index in chemistry. A lot of interesting research on the vertex Wiener 

index has been performed in both chemistry and mathematics [2-8,13,14,16,17]. The Wiener 

index is defined as follow: 
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where ),( yxd  is the distance between vertices yandx . 

We use a variety of distance functions throughout this paper. Such a distance is a metric if it 

satisfies: 
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Let S  be any set, the distance in S  is a mapping RSSd ��: , where Scba �,, , 

a- 0),( �bad  

b- babad ��� 0),(  

c- ),(),( abdbad �  

d- ),(),(),( cadcbdbad ��  

In 2008, the edge versions of Wiener index were introduced by Ali Iranmanesh et. al. as 

follows [9]: 

The first edge-Wiener index is: 
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0  and � �),(),,(),,(),,(min),(1 vyduydvxduxdfed �  

where xye �  and uvf � . In fact we have )))(()(0 GLWGW ve � . 

 

Here, the line graph )(GL  is the intersection graph of the edges of G, where vertices 

correspond to edges of G and vertices in L(G) are adjacent if the corresponding edges share a 

vertex. With regard to the Wiener index of )(GL see [2,3,16,17]. The second edge-Wiener 

index is: 
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4 and  

 � �),(),,(),,(),,(max),(2 vyduydvxduxdfed �  where xye �  and uvf � . 

 

In [11], we found relations between different versions of Wiener index by definition of two 

new distances between edges that are based on distances between endpoints of edges. 

Definition 1-1. [11] Let xyfuve �� ,  be edges of connected graphG . Then, we define: 
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where � �{ , } ( ) ; ( , ) ( , ) ( , ) ( , )C e f E G if e uv and f xy d u x d u y d v x d v x� � � � � � �  and 

�
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fed
0

),(''
),(3 . We suppose that 

4
1),(' �eed . 

Also, ''' dandd  are not distances because they do not satisfy the condition (b) and we 

proved in [11] that 03 dd � . 

In addition, if )(, GEfe � , we defined in [11]: 
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Where 1A  is defined in following. 

And, the mathematical quantity '''d  is not distance because it not satisfy the condition (b) and 

we proved in [11], 54 dd � . 

In [11], several sets were defined in terms of the distance 3d , several sets have been defined. 
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The relation between the edge and vertex versions of Wiener index is: 

Theorem 1-2. [11] Suppose G  is a graph with m  edges and CandAAAA 4321 ,,,  are the sets 

that have been defined above. Then, the edge-Wiener indices corresponding to the distances 

0d  and 4d  are: 
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In [10-12], edge-Wiener indices of some graphs have been computed. 

An index proposed by Schultz is shown to be related to the Wiener index for trees. This index 

is [13]:  

# $�
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GVyx

yxdyxGW  

 

where )deg(x  is the degree of x  in graph G . 

Ivan Gutman introduced a modification of the Schultz index with similar properties [14]: 

# $�
�
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)(},{

* ),()deg()deg(:)(
GVyx

yxdyxGW  

The two above indices, )(GW�  and )(* GW , were named the generalized Schultz indices. 

 

The generalized Schultz indices were introduced similarly to the Wiener index by Schultz and 

Gutman. A finding explicit relation between different versions of an index leads to parsimony 

in time and computing its edge versions. This is because parts of the computations for the 

edge versions are then included in the computations for the vertex versions. 

In [9 and 11], we introduced the notations 0d , 3d , 4d  and 5d  explained above. We will need 

these notations here again for the generalized Schultz indices. 

 

Therefore, in this paper, we introduce the edge versions of generalized Schultz indices, and 

obtain explicit relations between different versions of them and compute them for some 

graphs.  

 

2. Some definitions and results 
In this section, we try to state our explanations with mathematical equations. For this, we do 

not simplify our computations. Therefore, each mathematician can get the result only find the 

clear computations by equations. 

Before stating the edge versions of generalized Schultz indices, we mention upper and lower 

bounds of their vertex versions. 

Let )(G%  and )(G& be the maximum and minimum degrees of vertices of connected graph G, 

respectively.  

According to the definition of generalized Schultz indices, we have: 
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In particular, if G is a r -regular graph, then: )(2)( GrWGW �� and )()( 2
* GWrGW � . 

One of the applications of these indices is their computation for molecular graphs of chemical 

structures such as nanotubes that are a hollow cylindrical or toroidal molecule made of one 

element, usually carbon, and are being investigated as semiconductors and for uses in 

nanotechnology. In the following, we write generalized Schultz indices. 

 

Definition 2-1. Let G be a connected graph with vertex set V(G) and edge set E(G). We 

define:  
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Theorem 2-2. Let G be a molecular graph of a nanotube with vertex set V(G) and edge set 

E(G). The generalized Schultz indices according to Wiener index are: 
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Proof. Since the vertex degree of vertices in the molecular graph of a nanotube is 2 or 3, we 

have according to the definitions of )(GW� and )(* GW : 
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Simplifying; up equation, we can restate the last line of up equation as follows: 
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According to the definition of Wiener index and Definition (2-1), we have: 
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We use a similar procedure for next result. Then,  
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Now we introduce new versions of these indices and continue the procedure that is mentioned 

in the proof of Theorem (2-2) for getting more results. 

Definition 2-3. The edge versions of generalized Schultz indices are: 

# $
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iie fedfeGW , 4,0�i  

# $
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iie fedfeGW , 4,0�i  

where )deg(e  is the degree of e  in the line graph )(GL .  

 

Let ))(( GL%  and ))(( GL& be the maximum and minimum degrees of edges of a connected 

graph G, respectively. Therefore, we find bounds for the new indices as follows: 

)())(()()()())((

)())((2)()()())((2
2

*
2 GWGLGWGWGL

GWGLGWGWGL

eieiei

eieiei

%��

%�� �

&

&
, .4,0�i          (2) 

If we write the inequalities (2) in terms of the degree of vertices, then we must replace 

))(( GL%  and ))(( GL& with 2)(2 �% G  and 2)(2 �G& . In particular, if G is r -regular graph, 

then: )()44()()( GWrGW eiei ��� and )()22()()( 2
* GWrGW eiei �� . 

 

Now, we write edge generalized Schultz indices according to the edge Wiener index. Before 

this, some notations are defined to simplify our computations. 

 

Definition 2-4. Let G be a connected graph with vertex set V(G) and edge set E(G). We 

define:  
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Theorem 2-5. Let G be a molecular graph of a nanotube with vertex set V(G) and edge set 

E(G). The edge generalized Schultz indices are: 
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Proof. Since the degree of vertices in a molecular graph of a nanotube is 2 or 3, the degree of 

edges in the molecular graph of a nanotube is 2, 3 or 4. Therefore, we have according to the 

Definition (2-3): 
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� 

Now, we state relations between edge-generalized Schultz indices with vertex-Wiener index 

for molecular graphs of nanotubes. Before stating these relations, we call some notations for 

simplifying our computations.  

 

Definition 2-6. Let G be a molecular graph of nanotube. Then, 

 � �ieGEeiMim ���� )deg()()()(  where 4,3,2�i , 

� �jvandiuGEeuviMim jj ������ )deg()deg()()()(  where 3,2,13,2,1 �� jandi , 

� �� �ieGAfeia jj ��� )deg()(,)(  where 4,3,2,14,3,2 �� jandi , 

� �� �kfandieGAfekia jj ���� )deg()deg()(,),(  where 4,3,2,14,3,2, �� jandki , 

� �� �ieGCfeic ��� )deg()(,)(  where 4,3,2�i ,  

� �� �kfandieGCfekic ���� )deg()deg()(,),(  where 4,3,2, �ki , 

� �exandieGEexi ���� )deg()()(deg  where 4,3,2�i  and 

))(deg))(deg((deg)deg()(deg),( xxyyxyxN iiii ���  where 4,3,2�i . 
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Lemma 2-7. )(0 GWe of nanotubes according to the vertex-Wiener index is: 
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Proof.  The desired results follow from Theorem (1-2).           � 

 

Lemma 2- 8. Let G  be a molecular graph of a nanotube. Then, we have: 
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Proof. The proofs of the two formulas are similar. Therefore, we only prove the first one. 

Let G  be a molecular graph of a nanotube, abpandexu ��  be elements of )3(M  and 

)3(Mfyv �� . 

Consider the summation
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The number of times ),( axd  is counted in the above summation is 

# $))(deg))(deg((deg)deg()(deg2 333 xxyyx ��  i.e., the number of times ),( axd  is 
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))(deg))(deg((deg)deg()(deg 333 xxyyx ��  and the number of times ),( xad  

))(deg))(deg((deg)deg()(deg 333 xxyyx �� . Therefore, the summation 
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Lemma 2-9. )3,(0 vGWe and )2,(0 vGWe of nanotubes according to the vertex distances are: 
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Proof. We only prove the first formula, because the proof of the second one is similar. 

By Definition (1-1), we have 
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And using Lemma (2-8), we have 
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Lemma 2-10. )3,(4 vGWe and )2,(4 vGWe of nanotubes according to the vertex distances are: 

)3()3()3,()3,( 104 cavGWvGW ee ���  

)2()2()2,()2,( 104 cavGWvGW ee ���  
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Proof. By Definition (1-1), we conclude the results as follows:  
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Now, the second result follows easily.                                                                             ��

 

Lemma 2-12. We have: 
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Proof. By Definition (1-1), we conclude the results as follows:  
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Now, the second result follows easily.                                                                            ��

 

 

Lemma 2-13. We have: 
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Proof. By Definition (1-1), we conclude the results as follows:  
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If ))2((MVx�  and ))3((MVy � , then the number of times ),( yxd  is counted in the above 

summation is )(deg)(deg 32 yx . Therefore, 
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Now, the second result follows easily.                                                                            ��

 

3. Main result 
We can now provide formulas for the edge generalized Schultz indices by means of Lemmas 

(2-8, 2-9, 2-10, 2-11, 2-12 and 2-13) and Theorem (2-5). We only state formulas for 

)()( 0 GW e� , other edge generalized Schultz indices can be computed in a similar way. 
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In following, we simplify the formula of )()( 0 GW e�  for nanotube )(84 RCTUC . 
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Conclusion 3-1. Let G  be the molecular graph of )(84 RCTUC  nanotube. Then, the 

simplified formula of )()( 0 GW e�  for G  is: 
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Proof. Let G  be the molecular graph of )(84 RCTUC  nanotube. Therefore, we have 
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Finally, the edge generalized Schultz indices for some familiar graphs have been computed in 

Table 1. 

 The examples which are in Table 1, are well-known graphs and one can get the results only 

by using the Definition (2-3). However, by using the results that are mentioned in section 2, 

we can compute the generalized edge-Schultz indices for familiar graphs that are the sub 

graphs of the molecular graph of a nanotube.  These results easily computed for them which 

have desire condition because some of sets iA , ( 41 �� i ), and C are empty for these graphs. 

For example, we compute the generalized edge-Schultz indices of nS  by using the Definition 

(2-3). The notations nS , nC  and nK  denote the star, cycle and complete graph respectively. 
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Table 1. Some examples for edge generalized Wiener indices. 
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