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ABSTRACT

The modified Wiener number on trees has been defined recently as a sum of modified
edge contributions, which are simply the number of shortest paths traversing the edge to
the power of «. We study digraphs with minimal value for one possible modification of
the Wiener number for directed graphs. For this generalization. For digraphs with unique
shortest paths we provide minimal digraphs for a < 0 and a > 1, and give some partial
results for a € (0,1).

1 Introduction

The modified Wiener number on trees has been defined recently as a sum of modified

edge contributions, which are simply the number of shortest paths traversing the edge
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to the power of « [7]. It is known that the extremal graphs for the modified Wiener
number are the star graph and the path. More precisely, for positive «, the star graph is
maximal and the path is minimal, and for negative «a, the star graph is minimal and the
path is maximal. Wiener number [16] is probably the most popular topological invariant
in chemical graph theory [11, 12]. For our discussion it is relevant to mention that the
Wiener number of a tree can be computed as a sum of edge contributions. On trees,
the edge contribution is simply the number of shortest paths traversing it. On general
graphs, the edge contribution is equivalent to the sum of shortest paths contributions.
If there are more than one shortest path between two vertices, then the contribution
is usually assumed to be split evenly among all shortest paths, see for example [10].
While there are several studies on the Wiener number of weighted graphs, there seems
to be no generalization(s) to directed graphs (or, digraphs). In the undirected case, the
Wiener number is usually defined as the sum of all distances, hence analogous natural
definition for directed graphs is again the sum of all distances. Of course, each ordered
pair of vertices has to be taken into account. In analogy to the undirected case we
propose some possible modifications of the Wiener number for directed graphs. One of
the generalizations appears to be equivalent to the cost of certain optical network and the
directed graphs with extremal Wiener number appear to be optimal networks [1].

The rest of this paper is organized as follows. In the first section we define the problem,
then we present some properties of extremal cases and finally give some results for directed

graphs with cycles.

2 Modifications of the Wiener number of undirected
graphs

A large number of modifications and extensions of the Wiener number was considered
in the chemical literature; an extensive bibliography on this matter can be found in the
reviews [4, 5]. One of the newest such modifications was put forward by Nikoli¢, Trinajsti¢
and Randi¢ [9]. This idea was generalized in [7] where a class of modified Wiener indices
was defined, with the original Wiener number and the Nikoli¢-Trinajsti¢-Randi¢ index as

special cases.
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Usually, the Wiener number of a graph is defined as the sum of all distances in a

graph.

W(G) = > da(uv).

uweV(G)

In the paper [6] by Gutman et al., the following modification is proposed:

Wa(G) = > da(uv)", a0
)

u,veV (G
It was already known to Wiener that on a tree, the invariant can also be computed by
summing up the edge contributions, where the contribution of each edge e = wwv is the
number of vertices closer to the vertex u times the number of vertices closer to the vertex

v. Formally,

W (G) = Z ne (u,v) ng (v,u).

wveE(G)

where ng (u,v) is the number of vertices closer to vertex u than to vertex v and ng (v, u)
is the number of vertices closer to vertex v than to vertex u.

The modified Wiener indices [14, 8, 15, 13, 3] are defined as

Wy (G) = Z ne (u,v)* ng (v,u)”.

weE(G)
On trees, the last expression is equivalent to 3, ) w(e)®, where w(e) is the edge weight

that equals the number of shortest paths in G that traverse e.

Here we propose a generalization of this concept to directed graphs and give some pre-
liminary results on digraphs with minimal value of the invariant which we call Cost,, due
to analogy with an optimization problem in design of communication networks on optical
fibres [1]. One of the most popular applications of graph theory in computer science is the
design of interconnection networks. A desirable network is usually optimal with respect
to the value of one (or more) graph invariants, for example it has small diameter, small
average distance, small routing costs, or allows uniform distribution of traffic, etc. As the

Wiener number can be seen as the total communication load of a graph it is natural that
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it has already been considered in this context [2, 18]. Here we mention close relationship
to the Oriented network design problem that arises in the design of optical networks. In
such networks, the traffic requests are routed along a set of containers of fixed capacity,
where each container connects two nodes of the network. The cost of the network is de-
fined as the sum of arc contributions where the arc contribution is a certain power (w(e)®,
0 < a < 1) of the number of paths (of the routing) traversing the arc. While the problem
given in [1] asks simply for optimal networks, it may also be of interest to find extremal

cases for given number of nodes and given number of arcs.

3 Basic definitions

A directed graph or shortly digraph G is given by a set of vertices V = V(@) and a set of
ordered pairs of vertices E = E(G) called directed edges or arcs. The number of nodes of
G is denoted by n = n(G) and the number of arcs is denoted by m = m(G). A (directed)
path in G is a sequence of vertices vy, v1, ..., v;, ..., v, such that v;_jv; is an arc of
G for all i. G is strongly connected if there is a directed path from u to v for any pair
of vertices u, v. The distance d(u,v) is the length of a shortest path from u to v. In
digraphs, in general d(u,v) = d(v,u) does not hold. We will assume that the graphs are

strongly connected, i.e. d(u,v) < oo and d(v,u) < oo for all pairs u, v.

Furthermore, we will also assume that the graphs have the USP property (USP stands
for unique shortest paths), i.e. each two vertices are connected by a unique shortest path.
In other words, in all graphs studied here there will be exactly one shortest path between
any pair of vertices. We assume that the reader is familiar with basic notions of graph

theory, see for example [17].

If we approach the problem as an optimization problem, we need to define the cost of a
graph:

Costo (G) = > wae),
where the sum runs over all edges of G, w,(e) = [w(e)]” and w(e) stands for the number

of shortest paths that use e.



-731-

4 Extremal cases

In this section we will examine extremal cases when o < 0 and « > 1. Let us define T,

as graph depicted on Figure 1.

Figure 1: Graph T,
4.1 Cases when o — oo

Lemma 1. Let G, # K,, be any USP-graph with n vertices. Then,

lim Cost, (G,) = oo.

a—00

Proof. Note that there are n (n — 1) shortest paths and less then n (n — 1) edges. Hence,

there is at least one edge e such that w (e) > 2. O

Therefore, in other words:

Proposition 2. K, is the cheapest USP-graph with n vertices according to the function

Cost, when o tends to infinity.

Lemma 3. Let G, # T, be any USP-graph with n > 3 vertices. Then, there is no edge
such that w(e) > (n—1)-(n—2)+ 1.

Proof. Suppose to the contrary that there is such edge ujus. Denote remaining vertices
by v, ..., —2. Note that the shortest paths from wuy to uy; from v; to uy, i =1,....n — 2;
and from us to vy, i = 1,...,n—2 can not contain edge ujus. Hence, all other shortest paths
contain this edge. It follows that no two vertices v; and v; are adjacent, 4,j = 1,...,n — 2.
Also, it follows that there are no arcs ujv; and vjus, @ = 1,...,m — 2. Since each v;
has in-degree and out-degree at least one, it follows that v;u; and usv; are arcs for each
i =1,..,n — 2. Finally, usu; has to be arc of Gy, because n is USP-graph, but then

G, =T, which is a contradiction. O
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It directly follows:

Proposition 4. T, is the most expensive USP-graph with n wvertices according to the

function Cost, when a tends to infinity. More formally,

lim Costy (Gy)
a—oo Cost, (T,)

for each USP-graph G,, with n vertices.

=0

4.2 Cases when oo =1

Note that Cost; is the number of edges covered by shortest paths. It can be easily seen
that:

Proposition 5. For each USP-graph G,, # K, C,, withn vertices, we have: Cost; (K,) <
Costy (Gy,) < Costy (Cy).

Proof. Denote by [ (u,v) length of the shortest path from u to v. We have:

Costy (G,) = Z [ (u,v) > Z 1=_Cost; (K,).

uweV (Gn) uweV (Gn)

Costy (G,) = Z I (u,v) = % Z (1 (u,v) +1(v,u))

u,veV (Gr) uweV(Gyp)
1 1
<3 Z nzin-n-(nfl):Costl(Cn).
u,weV (Gr)
This proves the proposition. O

4.3 Cases when o <0

Proposition 6. K, is the most expensive USP-graph with n vertices according to the

function Cost,, for each o < 0.

Proof. Let G,, # K,, be any USP-graph with n vertices. Then,

Cost, (Gp) = Z w, () < Z 1=

e€E(Gr) e€E(Gr)

=|E(G,)| <n-(n—1)=Cost, (K,).
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Proposition 7. C, is the cheapest USP-graph with n vertices according to the function
Cost, for each o < 0.

Proof. For a =0, w(e)® =1, therefore Cost,(C,) = n and Cost,(G,) > |[V(G)| = n.

Let us consider the case when o < 0. Denote edges of digraph G,, with ey, ..., ex and the

number of times edge e; is part of the shortest path with zq, ..., z;. Denote z = z1+...+xy.

It holds ¢ + ... +- 2} > k- (%)a , because of the concavity. Note that & is minimized when
x

G, is cycle and z is maximized in the same case. Hence, 7 is also maximized for the

cycles and and then £k - (i)(1 is minimized for the cycle. O
5 Results for digraphs with 0 < a <1

For a later reference let us define

folz)=(x+1)- (%x(?n —-1- x))
Furthermore, let
Costy (R, 1, k)

denote the cost of communication in graph R where each pair of vertices of R has a path

and a distinguished vertex r € R has additional k& paths to each of other vertices in R.

Lemma 8. Let G be a graph depicted on Figure 2 with n vertices, a segment R with n—k
vertices and a loop of length k + 1 rooted at the vertex r of R. Then the cost of the graph
G is

Cost,, (G) Costo (R, 1, k) + (k+1) (%k(Zn — k- 1))0 =

Costo (R, 1, k) + fo (k).

Proof. Let e be an arbitrary arc on the cycle. There are k + 1 paths of length 1, &+ 1

paths of length 2, ... and k + 1 paths of length & around the cycle that connect nodes of

the cycle. The edge e appears on exactly one path of length one, two paths of length 2
k(k+1)

...and k paths of length k. In total, the edge is used by === paths.

Each vertex in the segment R has to communicate with each of the vertices on the cycle

and similarly each vertex on the cycle has to communicate with segment R; we can split
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Figure 2: Graph with the cycle of length k& + 1

this communication in two parts. First part is the path between vertex r and vertices on
the cycle, each such pair gives another shortest path that uses e. So the number of paths
on the edge equals to (k(n —k-1)+ @)a = ($k(2n -k — 1))a, and the cost of the
cycle of length k + 1is fo(k) = (k+1) (3k(2n — k — 1))a.

Second part is cost from all vertices in the segment R to vertex r. Since we have to
communicate in both directions with vertices on the cycle, we need k paths from r to any
other vertex of R. Finally, the paths between pairs of vertices of R have to be taken into
account, and a set of shortest paths between each pair of vertices is needed to realize this.

Clearly, the paths inside R contribute to weights of edges of G exactly Cost, (R, 7, k). O

Lemma 9. Let G and G’ be graphs depicted on Figure 3 with n vertices, and two segments

Ry and Ry. Let the two segments together have n — k vertices. Then

Costy (G) > Cost, (G').

Figure 3: Two segments attached to a cycle
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Proof. The cost of the network G’ is given by Cost,(G') = Costo(R) + folk) =
Costo(R1) + Costo(R2) + fo(k), where the Cost,(R) can be seen as a sum of arc con-
tributions of the two segments, Cost,(R1) + Costo(Rs). Clearly, all the paths between

vertices of the two segments avoid the loop in G’, hence their cost is included in Cost,(R).

On the other hand, in G' any pair of vertices from different segments needs, in addition,
one turn around the loop for the two shortest paths in both directions, C(Ry, Ry) =

[n(Ry)||n(R2)| > 0. Hence the arcs on the loop have additional weight C(R;, R»), and as
() <wle)” = (W'(e) + C(Ry, Ry))”,
the cost of the loop L in the graph G is larger than the cost of the loop in G'. Consequently,

Costo(G) = Costy(R1)+ Costy(Rs) 4+ Costo(L)
> Costy(G') = Costo(Ry) + Costo(Ra) + fu(k).
|

Lemma 10. Let G = G(ky, ko) be a graph depicted on Figure 4 with n vertices, a segment
R with n — k vertices and two loops rooted at the vertex r of R of lengths ky + 1, ko + 1
and k = ki + ko. Then

Costo(G) = Costo(R, 1, k) + fulky) + falks).

Proof. Goes along the same lines as the proof of Lemma 8. We omit the details. O

Let G(R, z,k) be the graph with a segment R on n — k vertices, and with two cycles of
lengths = + 1 and k — x + 1 attached to a fixed vertex r of R (see Figure 4). We will

assume that x + 1 is the length of the shorter cycle, i.e x < k — x.
Lemma 11. Let R be any digraph, let k>4 and let 1 <oy <k—x21 <k—-1< % Then
Costy (G (R,z1,k)) > Cost,, (G (R, z1 + 1,k)),

for every a € (0, 1].

Proof. Denote edges as on the Figure 4 and the number of shortest paths passing through

the edge e on the shorter cycle by ¢ (R, k,z,e) and let ¢ (R, k,z, f) be the number of
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shortest paths passing through the edge f on the longer cycle. Denote by s = n — k the

number of vertices in R and let o = 21 + 1.

Note that the contribution of each edge in E (R) is the same in both cases, hence:

Costo (G (R,z1,k)) — Cost, (G (R, 2, k)) =

r1+1 k—z14+1
=Y (c@Bkze)”+ Y (c(Rk o f)
=1 i=1
z2+1 k—zo+1
- Z (C (RvkwTZ*,ci))a_ Z (C(R,k,l‘27fi))a, (1)
=1 i=1
Further, note that:
c(Rkyxy,e) = (s+k—x1) 21+ W’

where the first summand corresponds to the paths that have

1. one end-vertex in the cycle of length x; + 1

2. other end-vertex in the cycle of length &k — 21 + 1 or in R\ {r}

and the second summand corresponds to the number of paths that have both end-vertices
on the cycle of length 1 + 1 with the exception of 7.

Analogously:

w1
C(R’k7$27ei):(5+k—x2)-x2+w.

2 b
c(Rkyay, fi) = (s+a1) - (k—x1)+ (k= 21)- (;C_'Tl — 1);
c(R,k,xo, fi) = (s +a2) - (b —xq) + (k= 22)- (g — T 1).

Substituting this in (1), one gets:
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Costy (G (R, 21, k)) — Costy (G (R, 9, k)) =

:_(s+k—x1)~xl+W} (x4 1)

+ (s+x1)-(k7:c1)+(kﬂ“)'(f*xl71)r-(k7x1+1)
- :((9+]<7*5E2)‘5E2+7:E2 : (L; — 1)r~(1’2+1)

ot g o = D gy

= fa(xl) + foz(k; - '7"1) - fa(x2) - fo(k - -(]JZ)
We have to prove that

fa(xl) + fa(k - 5’/‘1) > fa(-r?) + fo(k - 12)

It is sufficient to show that f,(x) is increasing convex function for all z € (1, %).

To prove that we have to calculate first and second derivative of f,(z) :

falw) =27 (z (2n — 2z — 1)) (1+ a@n-20-1)1 +x))

z(2n—x—1)
4n*(x — 1) +n (4 — 82?)
22 (1—2n+2)°

i) = atozn—a - (

+oz(:r +1)(1—2n+22)* + (14 2)(222 — 1)
22 (1 —2n+1z)° ’

Both derivatives are positive for « € (1, %), hence lemma is proved. g

Remark: the statement of Lemma 11 does not hold for some examples with & > % (n=T1,
k=6, 2, =2 2o =4, a = 0.01). It seems obvious that the bound for & depends on «,

but we were not able to find an explicit relationship.

Lemma 12. Let G(z,a) = (3z (2n — 2 — 1))*. Then for 0 < oy < a and 1 < z1 < x5 <

G(z1,02) G(z1,00)

n-— ]" G(z2,02) G(zg,a1) "

Proof. Note that for 1 <z < xy <n—1wehave 21 (2n — 21 — 1) < 25 (2n — 22 — 1),

S0
1 (2n—x; —1
o vy (2n — 2 — 1)

= <1
Zo (2n —xy — 1)
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Figure 5: Dividing the cycle

and for 0 < a1 < ao,
C < C.

As ggﬁz;; = (C° and ggz;g; = C°, the claim follows. O

Proposition 13. Let the function F(a) be defined as
F(a) = Cost, (G') — Cost, (G), (2)

where the graphs G and G’ are depicted on Figure 2 and on Figure 5. Then F(a) = 0 has

ezactly one root on [0,1].

Proof. Recall from Lemma 8 that Cost,(G) = Cost, (R, 7, k) + fo (k) and from Lemma
10 that Costo(G") = Costy (R, 7, k) + fo (k1) + fa(k2). Hence using k = ki + ko we can
write

F(a) = fa(kl) + f(z(kQ) - fa(k) . (3)
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Observe

FO) =k +1+k—k+1-k-1=1>0

and, because (k — k) and k; are positive and (4 + 3k — 4n) is negative as n > k + 1,

) = %(k: — k) ky(4 + 3k — dn) < 0,

Function F(«) is continuous and its values at the ends of interval have different sign,
therefore there must exist at least one «, for which F'(a) = 0. Let us denote it as ag. So

we know that for aq it holds

fﬂa(k) = fﬂo(k1)+fﬂo(k2)‘ (4)

We will show that f,(k) < fo(k1) + fa(ke) for a < ag and fo(k) > fa(k1) + fal(ke) for

a > Q.

Let us rewrite f,(k) as

fo(k) = (k+1)G(k, @), (5)
where G(z,a) = (3z (2n — z — 1))*.

Substituting (5) in (4) we have
(k‘ -+ 1)G(k/‘7 Oé[]) = (kl + ].)G(kl, &0) + (kz + 1)G(k27 Oé()).

Dividing the last equation by G(k, ap) one gets

G(k‘l.ao) G(k’Z,ag)
k+1=(Fk+1)——"7F ko +1)————=.
1=kt Gan TR VG )
Let a > ag. Then from Lemma 12 we know (é((k,jf)) < (g&lfg’; and (é((';jf)) < (g{“’ifu")),
therefore
Gk, @) G(ka, )
k+1>(k +1 ko +1
+ (k1 + )G(ha) + (ko + )G(kﬂ)

and, multiplying by G(k, «),
fa(k) > falkr) + falks).

Hence F(a) # 0 for all o > ay.
Analogously, fa(k) < fa(k1) 4+ fa(k2), and therefore F(«) # 0 for all o < a. O
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Theorem 14. Let G be a graph depicted on Figure 2 with n vertices, a segment R with
n — k wvertices and a loop of length k + 1 rooted at the vertex r of R. Let G' be a graph
depicted on Figure 5 which is obtained from G by replacing the arc opposite to the vertex

r with two arcs meeting at r. There is a constant 0 < ag < 1 such that

Cost,, (G) < Cost, (G') forall a,0 < a < ay and

Cost, (G) > Cost, (G') forall a,ay < a < 1.

Proof. By Proposition 13 F'(a) = Costo(G") — Cost,(G) has exactly one root on interval
[0,1], F(aw) = 0. Furthermore, for 0 < a < a, F(a) > 0 and for ap < o < 1,
F(a) <0. O

6 Conclusion

For @ < 0 we have provided a complete answer about digraphs with minimal value of
the proposed invariant by showing that the cycle C,, is minimal among USP-graphs, i.e

graphs with unique shortest paths.

For positive a, the question is more involved. While it was proven that K, is the minimal
USP-graph for a > 1, our results for o € (0,1) only give some intuition about possible
extremal digraphs. It remains an open problem to find the minimal digraphs for these

values of a.

Furthermore, it would be of interest to study the extremal general digraphs without

somewhat artificial assumption that the shortest paths must be unique.
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