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Abstract

The Wiener index of a graph G, denoted by W (G), is the sum of distances between
all pairs of vertices in G. In this paper, we consider the relation between the Wiener
index of a graph G and its line graph L(G). We show that if G is of minimum degree
at least two, then W(G) < W(L(G)). We prove that for every non-negative integer
go, there exists g > go, such that there are infinitely many graphs G of girth g,
satisfying W(G) = W(L(G)). This partially answers a question raised by Dobrynin
and Mel'nikov [10] and encourages us to conjecture that the answer to a stronger
form of their question is affirmative.

ICorresponding author
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1 Introduction

In this paper all graphs are finite, simple and undirected. For a graph G, we
denote by V(G) and E(G) its vertex and edge sets, respectively. All paths and cycles
are simple, i.e., they contain no repeated vertices. A path P, = x5+ -z, is given
by the sequence of its consecutive vertices. A path whose endvertices are v and v is
called an uv-path. The length of a path P, denoted |P|, is the number of its edges.
A cycle of length k is denoted by Cj.

Given a graph G, its line graph L(G) is a graph such that

e The vertices of L(G) are the edges of G; and

e Two vertices of L(G) are adjacent if and only if their corresponding edges in G

share a common endvertex.

For a vertex v € V(G), we denote by de(v) the degree of v in G. For the sake of
simplicity we write d(v) if the graph G is clear from the context. For v,u € V(G),
we denote by dg(u,v) (or simply d(u,v)), the length of a shortest path in G between
w and v. For e, ey € E(G), we define dg(eq, e2) = diy(eq, €2).

The Wiener index of a graph G, denoted by W(G), is the sum of distances between
all (unordered) pairs of vertices of G, i.e.,

W(G) = > duw).
u,weV(G)
The Wiener index is a graph invariant that belongs to the molecules structure-
descriptors called topological indices, which are used for the design of molecules
with desired properties [23]. For details and results on the Wiener index see in
(3, 8,9, 18, 19, 22, 24, 25, 26] and the references cited therein.

The edge-Wiener index, W,, was defined by Iranmanesh et al. [20] as the sum
of distances between all pairs of edges of the underlying (connected) graph. Since
the “distance between edges” can be defined in several non-equivalent ways, they
proposed several edge-Wiener indices, and presented some combinatorial relations
between them. Further results on edge-Wiener indices can be found in [21].

In this paper we consider a version of the edge-Wiener index, where the distance

between two edges of a graph G is defined as the distance of their corresponding
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vertices in L(G), and will be denote by W(L(G)). We emphasize that this index
coincides with the index W from [20].

The concept of line graph has various applications in physical chemistry [14, 17].
Recently there has been an interest in understanding the connection between W (G)
and W(L(G)) for a graph G. In particular, it is important to understand when a
graph G satisfies W(G) = W(L(G)). In sequel, we state some results related to those

presented in this paper. For more results on the topic see [6, 7, 11, 12, 14, 16].

Theorem 1.1 (Buckley [4]). For every tree T, W (L(T)) = W(T) — (}).

Theorem 1.2 (Gutman [13)). If G is a connected graph with n vertices and q edges,
then

W(L(G)) > W(G) — nln — 1) + Jalq + 1)

Theorem 1.3 (Gutman, Pavlovi¢ [16]). If G is a connected unicyclic graph with n

vertices, then W(L(G)) < W(G), with equality if and only if G is a cycle of length n.

In Section 2 it will be shown that, if G is of minimum degree at least two, then,
W(G) < W(L(Q)), with a strict inequality as soon as G is not a cycle.

For a graph G, it seems difficult to characterize when W(G) = W(L(G)). More-
over, it is not clear on which graph parameters or structural properties the difference
W(G) — W(L(G)) depends.

A connected graph G is isomorphic to L(G) if and only if G is a cycle. Thus, cycles
provide a trivial infinite family of graphs for which W(G) = W(L(G)). That is, for ev-
ery positive number g there exists a graph G with girth g for which W(G) = W(L(G)).
In connected bicyclic graphs all the three cases W(L(G)) < W(G), W(L(G)) =
W(G), and W(L(G)) > W(G) occur [16]. It is known that, the smallest bicyclic
graph with the property W (L(G)) = W(G) has 9 vertices and is unique. There are
already 26 ten-vertex bicyclic graphs with the same property [15]. In [10], Dobrynin
and Mel’nikov have constructed infinite family of graphs of girth three and four with

the property W(G) = W(L(G)), and asked the following:

Problem 1.1 (Dobrynin and Mel'nikov [10]). Is it true that for every integer g > 5,
there exists a graph G # Cy of girth g, for which W(G) = W(L(G))?
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The following is the main result of this paper, and provides a partial answer to

Problem 1.

Theorem 1.4. For every positive integer gq, there exists g > go such that there are

infinitely many graphs G of girth g satisfying W(G) = W(L(G)).

Our result encourages us to state the following conjecture. The answer to it for

graphs of girth three and four is affirmative [10].

Conjecture 1.1. For every integer g > 3, there exist infinitely many graphs G of
girth g satisfying W(G) = W(L(G)).

2 Graphs with minimum degree at least two

The following folk lemma is needed for the proof of Theorem 2.1, and states that
the distance between two edges can be bounded by the mean of the distances between
their endvertices. For the sake of completeness we include its proof.

Lemma 2.1. Let G be a graph and e = uv, ¢ = u'v' be two edges of G. Then the
following inequality holds:

d(e,e') > = |d(u,u) + d(u,v") + d(v,u') + d(v,0")|.

N

Proof. Without loss of generality, we can assume that d(v, v’) = min{d(u, '), d(u,v"),

d(v,u'),d(v,v")}. We observe that the following holds:

d(v, ') <d(v,0")+1, d(u,u') <d(v,0')+2, and d(u,v") <d(v,v") +1.

Therefore,

1 / ! / / 1 / ! !
Z(d(“’ ')+ d(u,v") + d(v,u") + d(v,v )) < 1(4 d(v,v") +4) =d(v,v") + 1 =d(e, ).
The last equality in the above expression holds by minimality of d(v,v’). (|

The following is the main result of this section.
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Theorem 2.1. Let G be a connected graph with 6(G) > 2. Then,
W(G) < W(L(G)).
Moreover, equality holds only for cycles.

Proof. If G is a cycle, then L(G) is isomorphic to G, and so, equality holds. Hence,
we may assume that G has at least one vertex of degree at least three. By Lemma 2.1,

we obtain a lower bound on W(L(G)):

W(LG) = > dlee)

e,e/ €E(G)
ete!
1 ! ! ! !
ZZ E (d(u,u)-‘rd(u,v)+d(v,u)+d(v,v))
e=uvEE(G)
e/ =u'v! €E(G)
este!
1
=- E d(u)d(v)d(u,v) + E (d(u)d(v) - 1) d(u,v) } .
4 |: w,veV(G) u,vEV(G) :’1
uwwgE(G) w€E(G) =

Thus, for the difference W(L(G)) — W(G), we obtain the following lower bound:

W(L(G))—W(G)zi{ Y dwdw)dw,) + Y <d(u)d(v)—l)} Y

u,veV(G) u,veV(G)

wwgE(G) weE(G)
Z d(u,v)
uweV(G)
1

P . K

4[ 3 (d(u)d(v) 4)d(u,v)+ 3 (d(u)d(v) o)]
u,weV(G) wweV(G)
wugE(G) weB(G)

(2)

Let G5 be the graph induced by the vertices of degree two in GG. Then,

3 (dg(u)dg(v) —4)dG(u, v)=0,and Y (d(;(u)d(;(v) —5> = | B(Gy).

w,weV (Gy) u,vEV(Ga)
wgB(Gg) wweB(Gy)

(3)

From (1) and (3), we obtain
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1
W(L(G)) — W(G) > 4{ Zm (dc;(u)dg(v) 74)dg(u7 V) +

{u,w}ZV(Ga) >1
w@ B(G) =

3 (dG(u)dG(v) - 5) —E(GY)||.
(o N————
AT 21
weE(G)

As G has at least one vertex x of degree at least 3, the above sums are not empty.
Besides, we can ensure that [V(Gs)| — 1 > |E(G)|: indeed, we know that |V (H)| >
|E(H)| for any graph H of maximum degree 2 with the equality holds only if H is
2-regular. However, there is in the present situation at least one vertex of degree two
adjacent to a vertex whose degree is strictly larger, as the graph G is connected and
G5 is a proper subgraph of it. So, Gs is not 2-regular, and so, |V(G2)| > |E(Gs)|.

Consequently,

W(L(G)) — W(G) > > delwv) = [V(Go)| +1] >

1
1
veV(G2)

I

This establishes the theorem.

3 Graphs whose Wiener index is equal to the
Wiener index of their line graphs

As the equality W(L(T)) = W(T) — (3) holds for trees [4], and the equality
W(L(C)) = W(C) holds for cycles, one can expect that there are some graphs G,
comprised of cycles and trees, with property W (L(G)) = W(G). In what follows, we
present one such class of graphs.

For positive integers k, p, ¢, we define the graph ®(k, p, q) as follows (see Figure 1
for an illustration). The graph ®(k,p,q) is simple and comprised of two cycles,



-689-

C1 = Uy -+ Ugpy1 and Cy = vy - - - Vg1, and two paths P, = 21 -+ - xpand Py =y -+ -y,
such that all introduced vertices are distinct except for vertices v; = u; = x1 and
Y1 = V241 = U2k+41-

9 ak,p.q) 170 L(@(k, p, q))

‘xz

u v
up WV,

,"/./"F‘\\\\

U Uk

Uk
Uk+1 Vkt1 U2k+1
Uk+1
Up+2 Vk+2

N Y
A
U2k+1] Voft+1

Y2

L Yq l Yg—1

Figure 1: Graphs ®(k,p,q) and L(®(k, p, q))

We are now interested in computing the difference W (L(®(k, p, q)))—W (2 (k,p, q)),
which is determined by the following technical result, and it will be used in the proof
of Theorem 3.2. As the proof is straightforward and rather technical, we present it

in the next section.

Theorem 3.1. For integers, k,p,q > 1, let G = ®(k,p,q) with girth g = 2k + 1.
Then,

1
W(L(G) =W(G) = 5(¢° + (p—a)* +5(p+q—3) = 29(p+q = 3)).
We now turn to prove the main theorem of this paper.

Theorem 3.2. For every non-negative integer h, there exist infinitely many graphs

G of girth g = h* + h + 9 with W(L(G)) = W(G).
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Proof. Our candidates are ® graphs defined above. First we prove the following claim:
Claim 1. Let ag,ay,k, such that W(L(®(k,ap,a1)) = W(P(k,ap,a1)) and ag < a;.
Then, from ag and ay, we can build an infinite strictly increasing sequence agy, ay, as, . . .

of integers such that for every n > 0, W(L(®(k, an, ani1))) = W(P(k, an, ani1)).

By Theorem 3.1, such a sequence can only exist if the following equation is verified
for all n:

D,, = W(L(®(k, ay, ay11))) — W(P(k, ay, ay11))

1 1 1 5 15
= 592 — gap — Japi1 + 5@% — Aplny1 + iaiﬂ + 39+ 5(% + pg1) — 7= 0,

where g = 2k + 1. Then,

1

. 5
Dn - Dn+1 = g(an+2 - an) - 5((172-”,2 - ai) + an+1(an+2 — (Zn) — 5(a7L+2 — CL")

1
= (an+2 - an)(g - §(a"+2 + an) + Anp1 — 5)
=0.
As we want the sequence to be strictly increasing, it is enough to solve the following

recursive equation:

=

1
9 — §(Gn+2 + an) + Apy1 — 5 = 0. (4)

It is well known that a solution to (4) is of the form a,, = ¢, +p,, where ¢, = nz+vy,
for z,y € R, is the homogenecous solution, and p, = cn?, for ¢ € R, is the particular
solution. An easy calculation gives y = ag, v = (g +a—g—ap) and ¢ = g — g

Hence,

5 45 5 .
an:(gfi)n +(§+Gl*g*ag)n+a0. (5)
Observe that for every n > 0, a,, is an integer and a, < a,4+1. As by assumption

ap and ay satisfy the equation Dy = 0, the claim follows. O

Let k, p, ¢ be positive integers (with g = 2k+1). By Theorem 3.1, W (L(®(k, p,q)) =
W(e(k,p,q)) if

g=—-3+p+q+ /24— 11p—11q + 4pqg. (6)



Setting p = 3 and ¢ = h? + 9 for some integer h, one obtains the equation
g=h?>+h+9. Then, gis an odd positive integer. Consequently, for every h € N
the parameters ¢ = h* + h+9, k = (g — 1), p = 3, and ¢ = h? + 9 satisfy
W(L(G)) = W(G).
family of graphs G satisfying the same equation by setting ag = 3 and a; = h? + 9.

Thus, the theorem is proved.

Clearly, the set of integer solutions of (6) is not complete (see Fig.2 for other
infinite families). However, the equation (5) does not have integer solutions for ev-

ery g, thus preventing us from producing an infinite family of graphs G satisfying
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W(L(G)) = W(G) for all girths with the ® family.

By Claim 1, for every such girth, we can compute an infinite

‘p q ‘ g ‘24711p711q+4pq‘

3 h*+9 h*+h+9 h?

4 20n% 4+ 4 20h* + 10h + 5 (10h)*

6 | 13h2+12h+6 13h2 + 25k + 15 (13h + 6)?
6 | 13h2+14h+7 13h2 +2Th + 17 (13h +7)?
7| 17h*+ 14h+6 17h? + 31h + 17 (1Th 4+ 7)?
7 | 17h*+20h+9 17h? + 37h + 23 (17h +10)?
9 h*+3 h*+5h+9 (5h)?
10| 20h4+2h+3 | 29h%+31h+11 (20h + 1)2
10 | 20h2 +56h+30 | 29h% + 85h + 65 (29 + 28)2
12| 37h* +30h+9 37h* + 67h + 31 (37h +15)?
12 | 37h? +44h +16 | 37h® +81h +45 (37h 4 22)?
13| 41h*+4h+3 41h% 4 45h + 12 (41h 4 2)*
13| 41h% +78h+40 | 41h%+ 119k + 86 (41h + 39)2
16 | 53h2 +44h+12 | 53h%* +97h + 41 (53h + 22)2
16 | 53h% 4+ 62h+21 | 53h% + 115h + 59 (53h + 31)2
18 | 61h% + 116h + 58 | 61h% + 177h + 123 (617 + 58)2
18 | 61h% 4 128h + 70 | 61h% + 189k + 141 (617 + 64)2

Theorem 1.4 is an immediate corollary of Theorem 3.2. For every positive in-
teger gg, we can choose a non-negative integer h such that ¢ = h?> +h +9 > go.

By Theorem 3.2, it follows that there are infinitely many graphs G of girth g with

Figure 2:

W(L(G)) = W(G).

Families of integer solutions
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4 Proof of Theorem 3.1

The proof of Theorem 3.1 follows from the following two lemmas. Their purpose is
to compute the exact value of W(G) and W (L(G)) for the ® graphs.
Lemma 4.1. Let G be a graph ®(k,p,q) where k,p,q > 1. Then,

W(G) =W (Ppiq) + AW (Pysr) + AW (Ppii) + 2W (Coigr) + 2W (Pakrr) + 2W (Par)
— 16W(Py_1) — AW (P)) —4W(P,) —p(p+1) — q(g +1) — 2(8k* + k — 2).

Proof. We consider several paths and cycles in GG such that each pair of vertices of
G belongs to at least one of these subgraphs. See Figure 1 for the notation. In order
to make our proof more readable, we denote a shortest path between vertices a and

b with P(a,b). The subgraphs we consider are the following:
e The path P(x,,y,) = TpTp_1-- - T1y1Y2 - - - Y of length p +¢ — 1.

e The paths P(z,, k1) = TpTp_1- - ToU1V2 - - Vg1, P(Tp, Uns1) = TpTp1 -+~
ToUUp -+~ U1, P(Tp, Vpy2) = TpTp_1 -+ L1021V - - - U and P(2p, Upta) =

TpTp_1 *+ T1lUgkyq Uk - - - Uppo Of length p+k — 1.

e The paths P(yqﬂ’kﬂ) = Yq¥q—1 """ Y2U2k41V2k =« Uk41, P(yqvuk+1) = YqYq-1 -
YaUk+1 Uk * * * Uk+1, P(qu'k) = Yg¥q—1 - Y101V - - - vy and P(yrpuk) = YqYq—1

cee yrugug - - uy of length g + & — 1.

o The paths Py (i1, Uk+1) = Upp1Up - - UV Vg - - - Vpqp and P2(Uk+17 Vk1) = Upt1Upt2
C e UggUokt1 Vak - - - Uk+1 Of length 2k have the same endvertices. Similarly, the
paths P(ug, Vpsa) = Uplp—1 - UnV2pi1Vok - - - Uz ANd P(Upgo, Ug) = Upto Upss

© Ugk1V Vs - - - Uy are of length 2k — 1.
e The cycles C, = ujug - - - ugp 11y and C, = vy - - - Vo101 on 2k + 1 vertices.

The following pairs of vertices were considered more than once:

e Pairs of vertices on the paths P(xz1, xp), P(y1,yq), P(va, Vi), P(ua, ug), P(Via, vay)

and P(uy.2, ugy) are considered five times.
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e Pair (x1,y1) is on distance 1 and is considered nine times. Similarly pair

(g1, ve41) is on distance 2k and is considered twice.

e Pairs (u1, ug+1), (v1,Vks1), (Ugs1,Uzks1) and (Vgg1,vor+1) are on distance k.
Similarly pairs of vertices {(ugt1, a)|a € P(ug, w)UP(ugi2, usg) } and {(vg11,a)|a €
P(vg,v;) U P(vp42,v9)} are on distances 1,2,...,k — 1. All of them are con-

sidered three times.

e Pairs of vertices {(x1,a)|a € P(vg, vy)UP(ug, ux)} and {(y1,a)|a € P(vag, vgi2)U

P(ugk, ugto)} are on distances 1,2,..., k — 1 and are considered five times.

e Pairs of vertices {(z1,a)la € P(upi2,uor) U P(Ukio,v9r)} and {(y1,a)la €

P(ug, ur)UP(vg,vy)} are on distances 2,3, ..., k and are considered three times.

e Pairs of vertices {(x1,a)|a € P(y2,y,)} are on distances 2,3, ..., ¢ and {(y1,a)|

a € P(xy,1,)} are on distances 2,3, ...,p. They are considered three times.

As the Wiener index of a graph G is the sum of the distances between all pairs of
the vertices, we compute it as a sum of Wiener indices of all observed subgraphs and
subtract the distances between pairs of vertices which were observed more than once.
The distances are multiplied the appropriate number of times. The Wiener index of

the graph ®(k,p, q) is

W((k,p,q)) = W(Fpiq) + 2W (Pysr) + 2W (Pysr) + 2W (Pprr) + 2W (Ppir)
+ 2W (Copyr) + 2W (Pogy1) + 2W (Poy,) — 16W (Py_y) — AW (P,)
—AW(P) —8-1—-2k—4-2-k—4-201+24 - +k—1)
— 441424tk —1)—4-22 434+ k)
2243449 —22+3+---+p)

= W(Ppiy) +4W (Pyy1) +4W (Bpr) + 2W (Coprr) + 2W (Pagy1)

+ 2W (Pyy,) — 16W (Py_y) — AW (P,) — AW (P,) —p* —p—¢* — ¢
— 16k* — 2k + 4.



-694-

Lemma 4.2. Let G = ®(k,p, q) where k,p,q > 1. Then,

W(L(G)) = W(Pprq—1) + 2W (Pygr—r) + 2W (Pyak) + 2W (Bpii—) + 2W (o)
+ 2W (Copsr) + 2W (Pay) + 2W (Pay1) — 16W (Py) — AW (Py_q)
—AW(Bpt) —p(p— 1) —qlg — 1) — 4k(k + 1).

Proof. As done in the proof of the previous lemma, we consider paths and cycles in
L(®(k,p,q)) such that each pair of vertices L(¢(k,p,q)) belongs to at least one of

these subgraphs. The subgraphs we consider are the following:
e The path P(z,_1,Yg—1) = Tp_1Zp—2 - T1V2k11Y1Y2 - - - Yq—1 Of length p + ¢ — 2.

e The paths P(z,_1,0;) = Tp_1Zp_2- - L1010 - - - Vg, P(Xp_1,up) = Tp_12p_o -+
Uy ug -+ - uy of length p + k — 2 and the paths P(x,_1, Up+1) = Tp_1Zp_2 - -
T V21 V2k * * Vet P(Tpo1,Ups1) = Tp_1 Tp_g -~ T1UnpyrUok - - - Upsr Of length

p+k—1

e The paths P(yq—h V1) = Yq—1Yq—2 - " Y1V2kV2k—1 " = * Vk+1, P(yq—h Upy1) = Yq-1Yq—2
C Y UggUog—1 - Uy Of length ¢ + k — 2 and the paths P(y,—1, vg) = Yg—1Yq—2
© Y1k V1V Uk P(Ygo1,Uk) = Yg1Yg2- Y1 Uakgruatiy -y of length

q+k—1

e The paths P(ug,vr) = ugtg_1 - uv1vg - Vg, P(Upi1, Vke1) = Ups1Upsa -
UgkUok Vog—1 -~ Vg1 Of length 2k — 1 and the paths P(ug, vgi1) = ugtip—y -

U241V = Upgl, PUps1, Uk) = Upp1Upro - - Usp1 V102 - - - Vg Of length 2k.
e The cycles C, = ujus - - - uggy1u; and Oy = v1vg -+ - Vo101 on 2k + 1 vertices.
The pairs of vertices which were observed more than once are the following:

e Pairs of vertices on the paths P(z1,2,-1), P(y1,yg-1), P(vi,ve), P(ur,ur),

P(vgs1,v2) and P(uyyq, ugg) are considered five times.

e Pairs of vertices {(vag11,a)|a € P(uy, ug)UP(v1, vk )UP (g1, o) UP(Vy1, vax) }

are on distances 1,2, ...,k and are considered three times.
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e Pairs of vertices {(vori1.a)la € P(y1,y,-1)} are on distances 1,2,...,¢ — 1
and are considered three times. Similarly pairs of vertices {(vogi1,a)la €

P(zy,2,-1)} are on distances 1,2,...,p — 1 and are considered three times.

The Wiener index is calculated as a difference between a sum of Wiener indices of all
observed subgraphs and corresponding multiplication of distances between different

pairs of vertices which were observed more than once:

W(L(G)) = W(Fprg-1) + 2W (Pyig1) + 2W (Fyir) + 2W (Fprp—1) + 2W (Bpir)
+ 2W (Caesr) + 2W (Pay) + 2W (Pags) — 16V (Py) — 4IW (P, 1)
CAW(Pyy) — 4214 24+ K)

S 424 g—1)—20142+-+p—1))

= W(Bpq-1) + 2W(Fpip1) + 2W (Pys) + 2W (Bpip—r) + 2W (Ppik)
F2W (Copsr) + 2W (Poy) + 2W (Paern) — 16W (Py) — AW (P,_1)
—AW(P,)) —p* +p — ¢+ q — 4k* — 4k.

Proof of Theorem 3.1. By Lemmas 4.1 and 4.2, it follows that

W(L(G)) = W(G) = W(Bpig1) = W(Pprg) + 2(W(FPyrn1) = W(Pyir))
+2W (Bpih1) = W(Ppk)) + 4(W(F) = W(Fy))
+4(W(E) = W(B,1)) + 16(W(Fp1) — W(F))

+p+q— 4k —4k+p+q+ 16k% + 2k — 4.
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The Wiener index of a path with n vertices being W (P,) = (";1) [2], we have

R CU N GHU R (CORGHD)
(59 C)((3)-0)
A((5)-6))+(6)- ()
+2(p+q) + 12k — 2k — 4

S (W;q) 72(q42rk) 72(p;k) *4(3) +4(§>
—16(];) +2(p+q) + 12k — 2k — 4
= %(—8+4k2+3p+(p—q)2+3q—4k(—4+p+f1)).

If we set k = (g — 1)/2, we obtain the claimed formula

W(L(G) ~ W(G) = 36+ (0 +5(p-+ 4 — ) ~ 290+ - 3)).

4.1 Wiener index and Combinatorial Nullstellensatz

We bring to the reader’s attention the fact that the polynomials given in Theo-
rem 3.2 can be easily obtained through polynomial interpolation with the help of a
computer. Indeed, the above proofs can be massively shortened and simplified if one
only needs to show that both W (G) and W (L(G)) are low-degree polynomials on the
variables k,p and q.

Once bounds on the degree of each variable in the polynomials W (L(®(k,p,q)))
and W(®(k, p, ¢)) have been derived, it is easy to define a (small) set of representatives
of the ® family which are sufficient to define exactly the corresponding polynomials
using the Combinatorial Nullstellensatz [1] (less than 30 different graphs in the present
case).

This way, a computer can be made to answer very quickly the following question:
“given a graph family G depending on several parameters p,...,p;, what is the

general formula of W(G(p1,...,p)) — W(L(G(p1,...,m)))?”. This is of great help
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when looking for graphs G satisfying the equation W (G) = W(L(G)), as it reduces
the problem to finding the integral zeros of a multivariate polynomial (which is not
by itself an easy question).

This approach has to be considered when trying to find more classes of graphs
satisfying the above constraint, especially when the ® family used here can be modi-
fied in so many ways: one could like to attach paths to the cycles at different points,
set two different sizes for the cycles, or to attach trees instead of paths, etc.
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