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Abstract

The Wiener index of a connected graph is the sum of topological distances
between all pairs of vertices. Wang in [28] gave a mistaken result on the
maximum Wiener index of trees with given degree sequence. In this paper
we investigate the maximum Wiener index of trees with given degree

sequences and the extremal trees which attain the maximum value.

1 Introduction

The Wiener index of a molecular graph, introduced by Wiener [30] in 1947, is one
of the oldest and most widely used topological index in the quantitative structure
property relationships. In the mathematical literature, the Wiener index seems to

be first studied by Entringer et al. [6]. For more information and background, the
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readers may refer to a recent and very comprehensive survey [5] and a book [24],
which is dedicated to Harry Wiener, on the Wiener index and the references therein.
For some most recent research on the Wiener index see [1, 3, 15, 18, 27, 29, 31].

Through this paper, all graphs are finite, simple and undirected. Let G = (V, E)
be a simple connected graph with vertex set V(G) = {v1,...,v,} and edge set E(G).
Denote by dg(v;) (or for short d(v;)) the degree of vertex v;. The distance between
vertices v; and v; is the minimum number of edges between v; and v; and denoted by
de(vi,v;) (or for short d(v;,v;)). The Wiener index of a connected graph G is defined
as

WG = > dwv). (1)

{04.0,)CV(G)

A tree is a connected and acyclic graph. A caterpillar is a tree in which a single
path (called Spine) is incident to (or contains) every edge. For other terminology and
notions, we follow from [2].

Entringer et al. [6] proved that the path P, and the star K ,_; have the maximum
and minimum Wiener indices, respectively, in the set consisting of all trees of order
n. Dankelmann [4] obtained the all extremal graphs in the set of all connected
graphs with given the order and the matching number which attained the maximum
Wiener value. Moreover, Fischermann et al. [8] and Jelen et al. [16] independently
determined all trees which have the minimum Wiener indices among all trees of
order n and maximum degree A. A nonincreasing sequence of nonnegative integers
m = (dy,dy,...,d,) is called graphic if there exists a simple graph having 7 as its

vertex degree sequence. Hence it is natural to consider the following problem.
Problem 1.1 Let 7 = (d1,...,d,) be graphic degree sequence and
G. = {G : the degree sequence of G is 7} .

Find the upper (lower) bounds for the Wiener index of all graphs G in G, and char-

acterize all extremal graphs which attain the upper (lower) bounds.

Moreover, we call a graph mazimum (minimum) optimal if it maximizes (minimizes)

the Wiener index in G, . Recently, by the different techniques, Wang [28] and Zhang et
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al. [32] independently characterized the tree that minimizes the Wiener index among
trees of given degree sequences. Moreover, they proved that the minimum optimal
trees for a given tree degree sequence 7 are unique. On the other hand, Wang in
[28] also " proved” the only maximum optimal tree that maximizes the Wiener index

among trees of given degree sequences. The result can be stated as follows:

Theorem 1.2 [28] Given the degree sequence and the number of vertices, the greedy
caterpillar mazimizes the Wiener index, where the greedy caterpillar with degree se-
quence (dy,...,d,) (dy > dy > -+ > d, > 2 > dgyy = 1) is formed by altaching
pending edges to a path vy, v, ..., v of length k — 1 such that

d(vi) > d(vg) > d(ve) > d(vg—y) > -+ > d(v(%]) .
Unfortunately, this result is not correct. For example:

Example 1.3 Let m = (13,5,5,5,4,3,1,...,1) be a degree sequence of tree with 31

vertices. Let Ty and Ty be two trees with degree sequences w (see Fig.1).

12 2 3 3 4

U1 U2 U3 Uy Us Vg
T

12 3 2 3 4

U1 U2 U3 Uy Us 3

T,
Figure 1 7T} and Tb

Clearly, T is a greedy caterpillar and 77 is not a greedy caterpillar. Moreover, they

have the same degree sequences 7. By calculation, it is easy to see that

W (T) = 9870 < W (T;) = 9886 .
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Hence this example illustrates that Theorem 1.2 in [28] is not correct.

Motivated by Problem 1.1 and Example 1.3, we try to investigate the extremal
trees which attain the maximum Wiener index among all trees with given degree
sequences. The problem seems to be difficult. Because we find that the extremal
tree depends on the values of components of degree sequences. The rest of the paper
is organized as follows. In Section 2, we discuss some properties of the extremal
tree with the maximum Wiener index and give an upper bound in terms of degree
sequences. In Section 3, the extremal trees with the maximum Wiener index among
given degree sequences (dy,...,d,), where dy > -+ > d, > 2> dpyy =1l and k <6

are characterized. Moreover, the extremal maximal trees are not unique.

2 Properties of extremal trees with the maximum
Wiener index

Let T, be the set of all trees with degree sequences 7 = (dy,da, ..., d,) with d; >

dy > -+ > d, . Shiin [26] proved that a maximum optimal tree must be a caterpillar.
Lemma 2.1 [26] Let T* be a mazimum optimal tree in T . Then T* is a caterpillar.

From Lemma 2.1, we only need to consider all caterpillars with a degree sequence 7 .
In order to study the structure of the maximum optimal trees, we present a formula

for Wiener index of any caterpillar.

Lemma 2.2 Let T' be a caterpillar of order n with the degree sequence

m=(d(v),...,d(vg),d(Vgs1), ..., d(vy,)) (see Figure 2).

Yo — 1 Y —1 Y1 — 1

\VAVAVAVAV

v;
Figure 2 T
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Ifdv)=vyi+1>2fori=1,...,k and d(vg1) = --- = d(v,) =1, then

W(T) = (n= 1) + Flys,. ...50), (2)

k—1 i k
Flyi, - oye) =Y ( y;-) (Z 1/]) : (3)

i=1 j=it+1

where

Proof. It is well known [14] that the formula (1) is equal to

Z 711 TLQ

where e = (u,v) is an edge of T', and ny(e) (resp. nz(e)) is the number of vertices
of the component of T — e containing u (resp. v). For e¢; = (v;,v;11) € E(T), the
numbers of vertices of the two components of T' — ¢; are Z;Zl d(v;) — (1 — 1) and

Z;?:H_l d(v;) = (k—i—1)fori=1,...,k— 1, respectively. Hence

W(T) = Y. ni(e)nale)

ecE(T)
= 3 ni(e)na(e) + 3 ni(e)na(e)
e is pendent edge e is not pendent edge
— i k
= (n—1)(n— Zdvj (1—1) > d(vy) = (k—i—1)
i=1 J=i+1
k—1 k
= n—1)(n-k+ Z l+Zy] L+ >y
i=1 j=it+1

i k
= (n=1(n—k+(k (1+Z%>+Z(Zyj) (Z %)
=1 \j=1 j=it1
= (n71)2+F(y17,yk)'
where last equality is due to Z?zl y; = Zf 1dv;)—k =2(n—1)—(n—k)—k =n—2.
This completes the proof. B

Remark In this sequel, the caterpillar 7' in Lemma 2.2 is denoted by T'(y1, ..., yx) -
Then degree sequence of T'(yi,...,yx) is (y1 +1,...,yr +1,1,...,1). The following

theorem give a characterization of a maximum optimal tree.



-666-

Theorem 2.3 Let m = (dy,...,d,) withdy >+ > dpy > 2> dpyy = =d, =1.
Then T is a mazimum optimal tree in T, if and only if T is a caterpillar T(xy, ..., xy)
and (z1,...,xy) satisfies
k=1 [ i k
F(zy,... o) = maX{F(ylv"-ayk) = ; (leyj) (j%lyj) Cy > yk} . (4)

where (Y, ..., yx) is any permutation of (dy — 1,...,d —1).

Proof. Necessity. Since 7' is a maximum optimal tree in 7., by Lemmas 2.1, T'
must be a caterpillar and can be denoted by T'(z1,...,z2;) with (z1,...,2x) is the

permutation of (dy — 1,...,d; — 1). Moreover, by Lemma 2.2, we have
W(T (21,0, z)) = (n = 1)* + Flz1, ..., 2).

For any permutation (y1,...,yx) of (dy — 1,...,d, — 1) with y; > y;, there exists a

caterpillar T} with the degree sequence 7 such that
W(T) = (n =1+ F(y, ..., y)
Because T'(z1, ..., z;) is a maximum optimal tree in 7T, we have

Fly,..ooun) =W(T) —(n =12 <W(T(21,. ., %) — (n— 1) = F(zy, ..., %).

Sufficiency. If T is a caterpillar T'(xq, ..., zx) and (21, ..., x;) satisfies
k=1 [ i k
F(xy,... ;) = max F(:lll-,--»ayk)zz Zyj Z Yi |l v = Yk (5)
i=1 \j=1 Jj=i+1
where the maximum is taken over all permutations (y1,...,yx) of (dy — 1,...,dy —

1). Let Ty be any tree with the degree sequence 7. By Lemma 2.1, there exists a
caterpillar Ty with the degree sequence 7 such that W(T;) < W(T3). Then Ty must
be T(y1,...,yx), where (yi,...,yx) is the permutation of (d; —1,...,dy —1). Hence
W(T) < W) =n—-12+Fy,...,5) < (n— 12+ F(xy,...,21)
= W(T(21,...,21)) .
Therefore T(z1, ..., x;) is a maximum optimal tree. This completes the proof. H

Now we can present an upper bound for the Wiener index of any tree with given

degree sequence 7 in terms of degree sequences.
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Theorem 2.4 Let T be a tree with a given degree sequence m = (dy, ..., d,), where
dy > >dy>dg=---=d,=1. Then
k(k—1) &
W) < -2+ M, e ©)
i=1

with equality if and only if k =2 and dy = ds .

Proof. Let T(zy,...,x;) be a caterpillar and (zy, ..., xy) satisfy
k=1 [ i k
Flay, . .ay) =max{F(y,,..ou) = > (2w | | 2o v :m=>m)  (7)
i=1 \j=1 j=it1

where (y1,. .., yg) is any permutation of (d;—1,...,dr—1). By Theorem 2.3, W(T') <
W(T(z1,...,zy)). Clearly,

Flzy, ... o :Z Z% Z Tj :5(117~--:$k-)c(117~--:$k)T
=1 \j=1 j=it1

where

0 1 2 k—2 k-1

1 0 1 k—3 k—2

O =
k=1 k=2 k-3 --- 1 0
By Perron-Frobenius theorem (for example, see [13]), the largest eigenvalue A;(C) of
Ic(k 1)

C'is at most with equality if and only if £ = 2. Hence by Rayleigh quotient,

k

(z1,. .., 2p)C (21, . .. ,xk)T <\ (0) Z:L‘f

i=1

with equality if and only if (z1,...,z;)7 is an eigenvector of C' corresponding to the

eigenvalue A\;(C'). Therefore,

F(I17~~-71‘k)§TZx?

with equality if and only if £ = 2 and z; = x5 . Hence
k(k—1) & k(k—1) &
wr) < -1+ "D S < o2 M D 5
i=1 i=1
with equality if and only if & = 2 and d; = d», since (d(v1), ..., d(vy)) is a permutation
of (dy,...,dy). This completes the proof. l
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Lemma 2.5 Let wy > wqe > -+ > wy > 1 be the positive integers with k > 5. Let

F(Zh.u,zk)—maX{F(y17~--7yk)—Z(Z yj) (Z yj) 1Z/1>yk}

i j=itl
where (yi,...,yx) is any permutation of (wy,...,wg). Then there exists a 2 < t <

k — 2 such that the following holds:
Z]+"'+Zt,2§2t+1+"'+2k (8)

and

2t 1> st 2k 9)

Further, if equations (8) is strict, then
212 2 2 2 2, 2 <z <<z (10)

If equations (8) becomes equality, then
21222 2 2, 2 <zppn < <oz (11)

or

2> 2> 2 4, 1< <<z (12)

Proof. Let , .
- '
fo)=Y2z- > 2z, 2<p<k-2.
i=1

i=p+1

Clearly f(2) <0, f(k—1) >0 and
fQ)<f@ < <fk-1).

Hence there exists a 2 < ¢ < k — 2 such that f(¢t) < 0 and f(¢+ 1) > 0. In other
words, equations (8) and (9) hold. By the definition of F(zy,...,2), we have for
1<i<k-1,

0 < F(z1,- 5 2im1, 20 %ty - - 2) — F(205 5 2im1, 2, 26, - 2)

i—1 k
= (zip1 —2) (Z 25— Z z]-) :

J=1 j=i+2
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But for 1 <i <t —2, by (8), we have 2;11 z; < Z?:iJrZ z;. Hence 2y > -+ > 2.
On the other hand, for ¢t <i < k—1, by (9), we have Zj;ll z; > Z;‘f:i 12 %j - Therefore
2 < 2y < 2

If (8) is strict, then (214 - -+2,-2) — (2i41++ -+ 2;) < 0, which implies 2,1 > 2.
So (10) holds.

If (8) becomes equality, i.e., 21 + -+ 29 = 241 + - - - + 2, then it is easy to see

that (11) or (12) holds. This completes the proof. B

Corollary 2.6 Let wy > wy > --- > wg > 1 be the positive integers. Let

F(Zh--»,zﬁ)_HlaX{F(Z/17--»7y6)_Z(i:?/j) (Z yj) : y12yﬁ}

i=1 \j=1 j=it+1
where (y1,...,Ys) i any permutation of (wy,...,wg). Then (z1,...,2) s equal to
one of the following five (w1, we, ws, wy, ws, wa) , (w1, ws, we, Wy, w3, ws) ,

(w1, Wy, we, Wy, W3, W2) , (W1, Wy, Wy, We, W3, W) , and (wy, W3, We, Ws, Wy, Wa) .

Proof. By Lemma 2.5, there are just three cases:

Case 1t = 2. Then by Lemma 2.5, z; > 29 and 29 < 23 < 24 < 25 < 24. Hence
(21, ..., 2z6) must be (wy, we, ws, Wy, W3, Wa) .

Case 2t = 3. Then z; < 24 + 25 + 26 and z; + 29 > 25 + 2¢. Moreover,
21 >z > zzand 23 < 2y < 25 <oz or 21 > zpand 29 < o2y < ozy <oz <oz
Therefore (z1,. .., 2¢) must be one of (wq, ws, ws, Wwa, W3, Wa) , (W1, Ws, We, Wy, W3, W) ,
(w1, wy, we, Wy, w3, wz) and (wy, w3, We, Ws, Wy, W) .

Case 3t =4. Then 2y + 25 < z5 + z5. Moreover, z; > z5 > z3 and 23 < z4 <
25 < zg; OF 21 > 29 > 23 > 2z4 and z4 < z5 < zg. Therefore, (21,...,2¢) must be one
of (wy,wy, we, ws, w3, wa) , (W, Ws, We, Wy, W3, wo) and (wy, wy, ws, We, W3, wz) . This

completes the proof. l

Theorem 2.7 Let m = (di,...,d,) be a tree degree sequence with dy > dy > -+ >
Ay > 2, dpy1 = =d,=1and k> 5. If a caterpillar T(x1, ..., xy) is a mazimum

optimal tree in T, with F(x1, ..., xy) in equation (2). Then there exists a2 < t < k—2
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such that either

‘2 k -1 k
)IEED SRR SR 3
i=1 i=t+1 i=1 t+2

foray>we > >m >w, wp <@g <o Sy, o
t—2 k -1 k
in: Z Tj, 21’1>le
i=1 i=t+1 i=1 t+2

foroy >a0 > - > a0 2w, 1 <@g S-Sy, o1

2 k 1 k
>oa= T > 4>y
im1 i1 1 -1 e

forzy>x0 > o> a0, v <p <<y

Proof. It follows from Theorem 2.3 and Lemma 2.5 that the assertion holds. H

3 The maximum optimal tree with many leaves

In this section, for a given degree sequence m = (dy,...,d,) with at least n — 6
leaves, we give the maximum optimal trees with the maximum Wiener index in 7 .

Moreover, the maximum optimal tree may be not unique.

Theorem 3.1 Let m = (dy,...,d,...,d,) be tree degree sequence with n — k leaves
for 2 < k < 4. Then the maximum optimal tree in T, is the greedy caterpillar. In
other words,

if k=2, then W(T) = (n—1)>+ (dy — 1)(d2 — 1), for T € T,.

If k =3, then for any T € T,

W(T) < (n—1)2+ (dy — 1)(da + d3 — 2) + (dy + da — 2)(d3 — 1)

with equality if and only if T is the caterpillar T(dy — 1,d3 — 1,dy — 1).
If k =4, then for any T € T,

W(T) < (n—=1)"+(d —1)(dz + ds + ds — 3)
+ (dy+dy—2)(ds +dy —2) + (dy + dy + d3 — 3)(dy — 1)

with equality if and only if T is the caterpillar T(dy — 1,dy — 1,d3 — 1,dy — 1) .
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Proof. If k = 2, it is obvious. If & = 3, it is easy to see that F(d; —1,dy—1,d3—1) <
F(dy — 1,d3 — 1,dy — 1). By Theorem 2.3, the assertion holds.
If k =4, then by Theorem 2.3, let T be a caterpillar T'(x1, o, 23, 24) and

F(wy, 9,23, v4) = max{F(y1, Y2, Y3, Y1) : Y1 > Ya},
where (y1, Yo, Y3, ya) is any permutation of (dy — 1,dy — 1,d3 — 1,dy — 1). Because
F(x1, @, w3, 24) — F(22, 21, x3,24) = (1 — 2a) (x5 + 24) > 0

and

F($17$27I3,l’4) — F(Il,l’27$47I3) = (I4 — Ig)(l‘l -+ 1’2) > 0,

we have ¥ > 9 and x4 > 3. So (@1, @0, 23,24) = (dy — 1,dy — 1,d3 — 1,dy — 1).

This completes the proof. B

Theorem 3.2 Let 7 = (dy,...,dy,...,dy,) be tree degree sequence with n —5 leaves.

(1). If di > dy + ds, then the mazimum optimal tree in T is the only caterpillar
T(dy—1,ds —1,dy — 1,d3 — 1,dy — 1) .

(2). If dy = dy +ds, then there are the exactly two mazimum optimal trees in T:
one tree is the caterpillar T(dy — 1,ds — 1,dy — 1,d3 — 1,dy — 1); the other tree is the
caterpillar T(dy — 1,dg — 1,ds — 1,d3 — 1,dy — 1) .

(3). If di < dy + ds, then the mazimum optimal tree in T, is the only caterpillar
T(dy —1,dy— 1,ds — 1,ds — 1,dy — 1)

Proof. By Theorem?2.3, let T'(x1, g, 23, 24, x5) be a maximum optimal tree in 7, . If
dy > dy + dsz, then by Theorem 2.7, it is easy to see that t = 2, and 27 > x5 and
2o <3 < x4 < 5. Hence (21,22, 23, x4, 25) = (dy — 1,d5 — 1,dy — 1,d3 — 1,dy — 1).

If dy < dy + ds, then by Theorem 2.7, it is easy to see that x; > xo > x3 and
23 < x4 < x5. Hence (x1, 29, w3, 24, 05) = (dy — 1,dy — 1,d5 — 1,d3 — 1,dy — 1) or
(dy—1,d3—1,ds—1,dy—1,dy—1). But W(T'(dy —1,dy—1,d5—1,d3 —1,dy — 1)) —
W(T(dy — 1,d3 — 1,d5s — 1,dy — 1,dy — 1)) = 2(d; — do)(d3 — dy) > 0 with equality if
and only if d; = dy or d3 = dy. Hence the assertion (3) holds.
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If dy = dy + ds, then by Theorem 2.7, it is easy to see that either x; > x5 and
o < 1wy < wg < x5 00wy > X9 > a3 and 3 < x4 < x5. Hence (21, x2, 13, 14, 25) =
(dy—1,d5—1,dy—1,d3—1,dy—1) or (dy—1,dy—1,d5—1,d3 —1,d> — 1) . Moreover,
F(dy—1,ds—1,ds—1,ds—1,dy—1) = F(dy — 1,dy — 1,d5 — 1,d3 — 1,d — 1) . Hence
(2) holds. B

Lemma 3.3 Let wy > wy > -+ > wg > 1 be positive integers and
i k
vil | 2w -
j=1 j=it1

F(wy, we, ws, wy, w3, wy) — F(wy, ws, we, wy, ws, wa)

k
F(yhvyk)zz

—1
i=1

Then

= (wl — Wy — W3 — w4)(w5 - we) (13)

F(wy, ws, we, wa, w3, wa) — F(wy, wa, we, ws, ws, wa)

= 2(11)] — Wy — UJJ)(’LU4 - ’IU5) (14)

F Wi, Wy, We, W5, W3, Wa ) — F Wi, Wy, Wy, We, W3, Wo
? k) ’ 7 ’ ’ k) ’ 7 ’

= (w1 + wy — wy — wy)(ws — we) (15)

F(wy, wy, ws, we, wg, we) — F(wy, ws, we, ws, Wy, W)

= (31}.}3 — 371)4 — ws + wﬁ)(wl — U}Q) . (16)

Proof. By a simple calculation, it is easy to see that the assertion holds. l

Theorem 3.4 Let m = (dy,...,ds,...,d,) be tree degree sequence with n — 6 leaves,
i.e,dp>-->d¢>2andd;=---=d,=1.

(1). If dy > dy + ds + dy — 2, then there is only one mazimum optimal tree
T(dy —1,dg — 1,ds — 1,dy — 1,d3 — 1,d> — 1) in T

(2). If dy = dy +ds + dy — 2, then there are exactly two mazimum optimal trees
in Tr: one mazimum optimal tree is T'(dy — 1,dg — 1,d5 — 1,dy — 1,d5 — 1,dy — 1); the
other mazimum optimal tree is T(dy — 1,ds — 1,dg — 1,dy — 1,d3 — 1,dy — 1) .
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(3). dy+ds—1<dy <dy+ds+dy—2, then there is only one mazimum optimal
tree T(dy — 1,ds — 1,dg — 1,dy — 1,d3 — 1,dy — 1) in T .

(4). If dy+ds — 1 =dy, then there are exactly two mazimum optimal trees in T:
one mazimum optimal tree is T(dy —1,ds — 1,dg — 1,dy — 1,d3 — 1,dy — 1); the other
mazimum optimal tree is T'(dy — 1,dy — 1,dg — 1,d5 — 1,d3 — 1,dy — 1) .

(5). If max{ds+ds—dy, da+ %(d5 —dg)} < dy < dy+ds—1, then there is only
one mazimum optimal tree T(dy — 1,dy — 1,dg — 1,ds — 1,d3 — 1,dy — 1) in T, .

(6). If dy =dy+ds —wy > dy + %(d{, —dg), then there are exactly two mazimum
optimal trees in Tr: one mazimum optimal tree is T'(dy — 1,dy — 1,dg — 1,d5 — 1,d3 —
1,dy—1); the other mazimum optimal tree is T(d1—1,dy—1,ds—1,ds—1,d3—1,dy—1) .

(7). If dy = dy + %(d;) —dg) > dy + d3 — dy, then there are exactly two mazimum
optimal trees in Tr: one mazimum optimal tree is T(dy — 1,dy — 1,dg — 1,d5 — 1,d3 —
1,dy—1); the other mazimum optimal tree is T(dy—1,d3—1,dg—1,d5—1,dy—1,dy—1) .

(8). Ifdy =dy+ds—dy = da+ %(dg, —dg) , then there are exactly three mazimum
optimal trees in Tr: they are T(dy — 1,dy — 1,dg — 1,d5 — 1,d3 — 1,dy — 1); T(dy —
1,dy—1,ds—1,d¢—1,ds—1,ds—1) and T(dy — 1,d3 — 1, d¢ —1,ds — 1, dy —1,d>— 1) .

(9). If dy+3(ds —dg) < dy < dy+ds—dy, ordy < dp+5(ds —ds) < da+ds—dy,
then there is only one mazimum optimal tree T(dy—1,dy—1,d5—1,ds—1,ds—1,dy—1)
m Tr.

(10). If dy+ds—dy < dy < dy+5(ds —ds); ordy < dy+ds—dy < do+ 3(d5 —ds) ,
then there is only one mazimum optimal tree T'(dy—1,d3—1,dsg—1,ds—1,dy—1,dy—1)
mn Ty .

(11). If dy < dy+ %(d5 —dg) = dy+ds — dy , then there are exactly two mazimum
optimal trees in Tr: one mazimum optimal tree is T(dy —1,ds —1,dg — 1,ds — 1,dy —

1,dy—1); the other mazimum optimal tree is T(dy—1,dy—1,ds—1,dg—1,d3—1,dy—1) .

Proof. The proof is referred to appendix since it is technique. H

Remark. From Theorem 3.4, we can see that the maximum optimal trees depend
on the values of all components of the tree degree sequences and not unique, while

the minimum optimal tree is unique for a given tree degree sequence. Moreover,
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Theorem 3.4 explains that it seems to be difficult for characterize all the maximum

optimal trees for a given tree degree sequence.
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Appendix: Proof of Theorem 3.4
Lemma 3.5 Let wy > wy > -+ > wg > 1 be positive integers. If
F(z1,...,26) = max{F(y1,...,Ys) : Y1 > Y}

where (y1,...,ys) is any permutation of (wn,...,we), then the following statement
holds.
(1). If wy > wq + w3 + wy , then (z1, 29, 23, 24, Z5, 26) = (W1, We, W5, Wy, W3, W2) .
(2). If wy = wo + w3 + wy, then (21, 22, 23, 24, 25, 26) = (W1, W, W5, Wy, W3, Wa) OT
(w1, ws, we, Wy, W3, W3) .
(3). If wo + w3 < wy < wy + w3 + wy, then (21, 22, 23, 24, 25, 26) =
(w1, Wy, We, Wy, W3, Wa) .
(4). If wo + w3 = wy , then (21, 22, 23, 24, 25, 26) = (W1, Wy, We, Wy, W3, Wa) OT
(w1, wy, we, Wy, W3, W3) .
(5). If max{wsy + w3 — wy, was + %(w;, —we)} < wy < wy 4wy, then

(21, 22, 23, 24, 25, 26) = (W1, Wa, We, Wy, W3, W) .
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(6). If wy = wy + w3 — wyg > wy + %(ws, — wg), then (z1, 22, 23, 24, 25, 26) =
(w1, Wy, We, W5, W3, Wa) 0OF (W1, Wy, W5, W, W3, Wa) .

(7). If wy = wy + %(wg, — wg) > wy + ws — wy, then (21,22, 23, 24, 25, 26) =
(w1, wy, we, Wy, W3, Wwz) or (W1, W3, We, Ws, Wy, W) .

(8). If wy = wy + wz —wg = wy + %(ws — wg), then (21,22, 23, 24, 25, 26) =
(w1, Wy, We, Ws, w3, W), or (W1, Wa, W5, We, W3, Wa) 0T (W1, W3, We, W, Wy, W) -

(9). If wy + %(w5 —wg) < wy < wy + wy — wy, or wy < wy + %(w5 —wg) <
Wy + w3 — wy, then (z1, 29, 23, 24, 25, 26) = (W1, Wy, W5, We, W3, W2) .

(10). If wy + w3 — wy < wy < wy + %(wg) —wg); or wy < wy + wy —wy <
wq + %(ws —wg) , then (21, 22, 23, 24, 25, 26) = (W1, W3, We, W5, Wy, W2).

(11). If wy < wy + %(’LU5 — wg) = wy + w3 — wy, then (21, 22, 23, 24, 75, 26) =

(w1, Wy, w5, We, W3, W2) o1 (W1, W3, We, Ws, Wy, Wa).

Proof. (1). w; > wy + w3 + wy. By (8) and (9) in Lemma 2.5, we have ¢t = 2 and
(21,5 26) = (w1, we, W5, Wa, W3, Ws) .

(2). wy = wa+ws+wy. By (8) and (9) in Lemma 2.5, we have ¢t = 3. By (11) and
(12). we consider the following two cases. If z; > 2o > z3 and 23 < z4 < z5 < 25, then
by corollary 2.6 and w; = wy+wz+wy , we have (21, ..., z5) = (w1, w5, We, Wy, W3, W2) .
If 21 > 29 and 29 < 23 < 24 < z5 < zg, then (21,...,2) = (w1, we, W5, Wy, W3, W5) .
Hence (2) holds.

(3). we + w3z < wy < wy + w3 + wy. We consider the following four cases:

Case 1: wy + w3 +ws < wy < wy + wg + wy. By (8) and (9) in Lemma 2.5,
we have t = 3 and 23 > 29 > z3 and 23 < z4 < 25 < z4. Hence by Corollary 2.6,
(21, ., 25) = (w1, w5, We, Wy, W3, W) .

Case 2: wy + w3 + ws = wy < wy + w3 + wy . Similarly,
(21, -+, 26) = (w1, ws, we, Wy, W3, W) -

Case 3: wy + wy + w5 < wy < wy + wz + ws and w; > wy + wz. By (8) and
(9) in Lemma 2.5, we have t = 3. Further (z1,...,25) = (w1, ws, wg, Wy, w3, wy) Or

(215, 26) = (w1, wy, we, w5, w3, ws) . But by Lemma 3.3, we have

F(wy, ws, we, wa, wg, wy) — F(wy, ws, We, ws, ws, wy) = 2(wy — wy — ws)(wy — ws).
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Hence (z1, ..., 26) = (w1, ws, we, Wy, w3, Wa) .
Case 4: wy + ws < wy < wy +wy + ws. By (8) and (9) in Lemma 2.5, we have
t = 3. Further (z1,...,25) = (w1, ws, we, Wy, Wy, ws), or (w1, Wy, We, W5, W3, Wa) , O

(w1, ws, we, Wy, w3, wz) . But by Lemma 3.3, we have

F(wy, w3, we, ws, wy, wy) — F(wy, ws, we, ws, wy, ws)

= 2(wy — w3)(2w; — wy + we) > 0

F(wy,wy, we, w5, w3, wy) — F(wy, w3, we, ws, wy, w)

= (wg — wy)(Bw; — 3wy — w5 + wg) >0

F(wh Ws, We, Wy, w37w2) - F(wla Wy, We, W5, w37w2)

= 2(w; — wy — w3)(wy — ws) .

Hence (21, ..., 26) = (w1, ws, we, wy, w3, wa) .

(4). wy + w3z = wy. From the proof of (3), it is easy to see that (z1,...,25) =
(w1, ws, We, Wy, w3, wa) or (w1, Wy, We, W5, W3, Wa) , because F (w1, ws, we, Wy, Ws, wa) —
F (w1, wy, we, ws, w3, wy) = 0. Therefore (4) holds.

(5). max{ws + w3 — wy, wy + %(’LU{, —wg)} < wy < wp + ws. We consider the four
cases.

Case 1: w; > wy+ws+ws and wy > we+wz—ws . By (8) and (9) in Lemma 2.5, we
have z; > 2z > zz and 23 < 24 < z5 < 25. Then (z1,. .., 26) = (w1, ws, We, Wy, W3, W)

or (wy, wy, we, ws, w3, ws) . But

F(wh W5, We, Wy, w37w2) - F(wh Wy, We, W5, w37w2)

= 2(wg — ws)(wy —wy —ws3) <0

with equality if and only if wy, = ws . Therefore (2, ..., 25) = (w1, Wy, we, W5, W3, Wa) .
Case 2: w; > wetwystws and wy < we+wz—ws . By (8) and (9) in Lemma 2.5, we
have 21 > 29 > z3 and 23 < 24 < 25 < z5. Then (z1,...,2) = (w1, w5, We, Wy, W3, Wo)

or (wy, Wy, we, W, W, we) . But by Lemma 3.3, we have

F(wy,ws, we, wy, w3, wy) — F(wy, wy, we, ws, w3, w)

= 2(104 — w5)(w1 — Wy — ’UJ3) S 0
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with equality if and only if wy = ws. Therefore (zy, ..., z5) = (w1, wy, we, Ws, W3, W5) .
Case 3: w; < wytwy+ws and wy > watwz—ws . By (8) and (9) in Lemma 2.5, we
have z; > 25 > zg and 23 < 24 < 25 < z5. Then (21, ..., 2) = (w1, ws, we, Wy, W3, W),

or (wy, wy, we, ws, w3, ws) , or (wy,ws, We, Ws, Wy, Wo) . But by Lemma 3.3, we have

F(’wl,w57 We, Wy, wg,w2) - F(wl,w47 We, W5, w37w2)

= 2(ws —ws)(wy —wy —wz) <0
with equality if and only if wy = w5. Moreover,

F(w17w47 We, W5, ws,w2) - F(wlyw?n We, W5, w4,w2)

= (w3 —wy) (3w — 3wy — w5 + we) >0

with equality if and only if ws = wy . Therefore (zy, ..., z5) = (w1, wy, we, Ws, W3, W5) .
Case 4: w; < wytwstws and wy < wetwz—ws . By (8) and (9) in Lemma 2.5, we
have z; > 2z > zz and z3 < z4 < 25 < 2. Then (21, ..., 25) = (w1, w4, We, W5, W3, W2) ,

or (wy, ws, we, ws, Wy, we) . But by Lemma 3.3, we have

F(w17w47w67w57w3;w2) - F(w17w37w6;w57w47w2)
= (ws —wq)(Bwy — 3wy — w5 +wg) >0
with equality if and only if wy = wy . Therefore (z1, ..., 26) = (w1, Wy, We, W5, W3, W5) .
(6). wy = wy + ws — wy > wy + +(ws — we). By (8) and (9) in Lemma 2.5,
we have z; > 2o > z3 and z3 < zy < z5 < 2z, Or 27 > 2z > z3 > zy and
2 < 25 < 2. Then (21,..., 25) = (w1, Wy, W, W5, W3, wa); Or (W1, W3, W, Ws, Wy, W)
or(wy, ws, We, Wy, w3, wy); or (wr, wy, ws, We, w3, w) . But
F(w17w47 We, Ws, ws,w2) - F(whw37 We, Ws, w4,w2)

= (w3 —wy) (3w — 3wy — w5 + we) >0

F(wy, ws, we, wy, wy, wy) — F(wy, wy, we, ws, w3, w)

= 2(w; — wy —ws3)(wy —ws) <0

F(’wh Wy, We, W5, W3, w2) - F(’Wl, Wy, W5, We, W3, 'w2)

= (wy +ws —wy — ws)(ws —wg) =0 .
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Therefore (z1, ..., 25) = (w1, Wy, We, W5, W3, W) OF (W1, Wy, Ws, We, W3, Ws) .
(7) w1 = ws + (w5 — wg) > wy +ws —wy . By (8) and (9) in Lemma 2.5, we have
2122 >z and 23 < 2y < 25 < 26 Then (21,...,2) = (w1, wa, ws, ws, W3, Wwy); O

Wy, W3, We, Wy, Wy, Wa); OF (W1, Wws, We, Wy, W3, W) . But by Lemma 3.3, we have

F(wh Wy, We, W5, wsﬂUz) - F(wla w3, We, Ws, w47w2)

= (w3 — wy)(Bwy — 3wy — w5 + we) =0

and
F(wh Ws, We, Wy, w37w2) - F(wla Wy, We, W5, wmwz)
= 2(w; —wy —ws)(wy —ws) <0 .
Hence (217 ceey ZG) = (w17w47 We, W5, w37w2) or (wh W3, We, W5, Wy, wz) .

(8). w1 = wy + w3 — wy = wy + §(ws — wg) . It follows from (6) and (7) that (8)
holds.

(9). Assume that w, +%(w5 —wg) < wy < wyp+ws—wy. Then we have to consider
the following two cases:

Case 1: wy > wy+ wyg +w;. By (8) and (9) in Lemma 2.5, we have 21 > 29 > z3
and 23 < 25 < 25 < zg; 0r 2 > 29 > 23 > 24 and 24 < 25 < z5. Hence (21,...,25) =
(w1, wy, we, Wy, W3, W), (W1, Wy, W, We, W3, W), OF (W, Ws, We, Wy, W3, ws) . By Lem-

ma 3.3, we have

F(wh Ws, We, W4, waywz) - F(wl,w4, We, Ws, w3,w2)
= 2(wy — wy —ws)(wg —ws) <0
with equality if and only if wy = ws, and

F(wh Wy, We, Ws, waywz) - F(wl,w4, Ws, We, w3,w2)
= 2w + wy — wy — ws)(ws — wg) <0
with equality if and only if ws = wg. Therefore (21, ..., z5) = (w1, w4, W5, We, W3, W2) .

Case 2: w; < wy 4wy +w;. By (8) and (9) in Lemma 2.5, we have zq > z9 > z3

and 23 < zy < 25 < zg; 0 21 > 29 > 23 > z4 and 24 < z5 < 2. Hence (21,...,26) =
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(w17w47w67w57w37w2) or (w17w37“767w57w4:w2) or (w17w4-,’w57w67w3,w2) or

(w1, w5, we, Wy, w3, wy) . But by Lemma 3.3, we have

F(w17w4, We, W5, w:%;wz) - F(w17w37 We, W5, w4,w2)

= (3w — 3wy — w5 + we)(wz —wy) <0
with equality if and only if ws = wy,

F(w17w47 We, W5, ws,w2) - F(wl,w57 We, Wy, w37w2)

2(—wy + wy + ws)(wy —ws) >0

and
F(wy, wq, we, ws, w3, wa) — F(wy, wy, ws, we, w3, ws)
= (wy +ws — wy — ws)(ws — wg) >0
with equality if and only if ws = wg. Therefore (z1, ..., z5) = (w1, Wy, w5, We, W3, W2) .

Assume that wy < wy+ 3 (ws —we) < wa+ws —wy. By (8) and (9) in Lemma 2.5,
we have 21 > 2z > z3 and 23 < 24 < 25 < 2, Or 21 > 29 > 23 < z4 and z5 <
25 < 2. Hence, (z1,...,2) = (w1, ws, we, ws, w3, wa); or (w1, w3, We, W, Wy, Wa); OF
(w1, w5, we, Wy, w3, Ww2); Or (W1, Wy, Wy, We, W3, Wa) . But by Lemma 3.3, we have

F(wy, wy, we, ws, w3, wy) — F(wy, w3, we, ws, wy, ws)

= (3’[1)1 — 371}2 — ws + IUG)(U)g - U)4) < 0
with equality if and only if w3 = wy;

F(w17w57 We, W4, w3~,w2) - F(w17w4, We, W5, w:a,wz)
= 2(wy —wy —ws)(wy —ws) <0
F (w1, wy, ws, we, w3, wy) — F(wi, w3, we, ws, wa, W)
= (3’[1)'; — 311}4 — ws + U}@)(U}l — wg) Z 0
with equality if and only if wy = wq. Therefore (zy, ..., z5) = (w1, Wy, w5, We, W3, W5) .

(10). Assume that wy + w3 — wy < wy < wy + %(w5 — wg). By (8) and (9) in

Lemma 2.5, we have 2y > 2o > z3 and 23 < 24 < 25 < zg; Or 21 > 29 > 23 < z4 and
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24 < 25 < 26 Hence, (21, ..., 2) = (w1, ws, we, Ws, w3, Wws); OF (W, Ws, We, W, Wy, W);

or (wy, ws, We, Wy, W3, Wa); O (W1, Wy, Ws, We, W3, ws) . But by Lemma 3.3, we have
F(wy, wy, we, ws, w3, wa) — F(wy, w3, we, ws, wa, wa)
= (3w — 3wy — w5 + we)(wz —wy) <0
with equality if and only if ws = wy,

F(w17w57 We, Wy, w37w2) - F(wl,w47 We, W5, w37w2)

2(wy — wy — ws)(wy —ws) <0

F(wl,w4, We, W, w3,w2) - F(wl,w4, Ws, We, w3,w2)
= (wy +wy —wy — w3)(ws —wg) >0
with equality if and only if ws = wg . Therefore (z1, ..., 26) = (w1, w3, We, W5, W4, W2) .
Assume that w; < wy+w3 —wy < w2+%(w5 —wg) . By (8) and (9) in Lemma 2.5,
we have z;1 > 2z > zz3 and 23 < 24 < 25 < zg; Or 21 > 29 > 23 < zy and z5 <
25 < z5. Hence, (21,...,25) = (w1, wq, W, ws, w3, wa); or (wy, ws, We, Ws, Wy, Wws); OF
(w1, ws, we, Wy, w3, Wwy); or (W, Wy, Wy, We, W3, wy) . But by Lemma 3.3, we have
F(wl,w47 We, Ws, wg,w2) - F(whw?n We, Ws, w4,w2)
= (3w — 3wy — w5 4+ we)(ws —wy) <0
with equality if and only if w3 = wy,
F (w1, ws, we, wy, w3, wy) — F(wi,wy, we, ws, w3, ws)

= 2(w; —wy —ws)(wy —ws) <0

and
Fwy, wy, ws, we, w3, wa) — F(wy, ws, we, ws, wa, wa)
= (3’[1)3 — 371}4 — ws + wg)(wl - U)Q) < 0
with equality if and only if wy = wq. Therefore (zy, ..., z5) = (w1, w3, we, W5, Wy, W) .

(11). w1 < wy + wy — wy = wy + +(ws — wg) . It follows from (9) and (10) that
(11) holds. W
Proof. of Theorem 3.4. It follows from Theorem 2.3 and Lemma 3.5 that the

assertion holds. H



