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Abstract

The second geometric-arithmetic index GAy(G) of a graph G was introduced recently

R . v/ nu(e,G)ny (e,G) E o .
by Fath-Tabar et al. [2] and is defined to be WEE:(@ N0 o0’ where e = wv is

one edge in G, and n,(e,G) denotes the number of vertices in G lying closer to u than
to v. In this paper, we characterize the tree with the minimum G A, index among the
set of trees with given order and diameter. As applications, we deduce the trees with
the minimum and second-minimum GA; index among the set of trees of given order,
respectively. In addition, all the trees minimizing the G Ay index have been shown to
have minimum Szeged index and Wiener index, which deduced a result of [7] concerning
the Wiener index of trees with given diameter.

1. Introduction

The geometric-arithmetic index GA was conceived [1], defined as

Vd,d,
Z _ VTufv

GA=GA(G) = Y

3
weE(G) 2
where uv is an edge of the graph G, d, stands for the degree of the vertex w, and the

summation goes over all edges of G.
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More recently, another geometric-arithmetic index, which we called GAs index, was

studied [2] and defined as

'U
Gh=aa@) = Y 0 ul&, G)m(e, &) (1)

nu(e G) + n,(e, G)]

weE(G) 2

where e = uv is an edge of the graph G, n,(e, G) is equal to the number of vertices in
G lying closer to u than to v, and the summation goes over all edges of G.

The other two structure descriptors, based on the numbers n, (e, G) and n,(e, G), are

the so-called Szeged index [5, 6], defined as

S2(G) = Y nule,G) nyle,G) (2)

weE(G)

and the vertex PI index [5, 6], defined as

PL(G) = > [nu(e.G) +m(e,G)).

wel(G)

Numerical examples and discussion [2] have shown that GA and GA, will both be
simultaneously applicable in QSPR and QSAR studies. So it make sense for scholars to
further investigate these two indices in mathematical chemistry.

Fath-Tabar et al. [2] proposed the GA, index and obtained various lower and upper
bounds of this index for a connected graph in terms of PI,(G) or Sz(G). In particular,
they determined the n—vertex trees with the maximum and minimum G A, index, respec-
tively. We encourage the reader to consult [3] and [4], for more information on these two
newly defined G A indices.

Note that for any edge e = wv in a tree T, we always have n,(e,T) + n,(e,T) = n.

Thus, for a n—vertex tree T, Eq. (1) is simplified as

GAy, = GAY(T Z ny(e, T)ny (e, T). (3)

weE (G
In this paper, we characterize the tree with the minimum G A, index among the set of
trees with given order and diameter. As applications, we deduce the trees with the mini-
mum and second-minimum G'A, index among the set of trees of given order, respectively.
In addition, all the trees minimizing the GA, index have been shown to have minimum
Szeged index and Wiener index, which deduced a result of [7] concerning the Wiener index

of trees with given diameter.
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2. Main results

A vertex in a tree T' is said to be a branch verter, if the degree of this vertex is greater
than or equal to 3. The diameter of a graph G, denoted by diam(G), is the largest
distance between any two vertices in G. Since the diameter of any tree 7" is not less than
2 and the star S, is the unique tree with diam(T) = 2, we assume that diam(T) > 3 for
any tree 7' in our following discussions. Denote by 7, 4 the set of trees of with n vertices
and diameter d.

We first give some graph transformations that decrease the G A, index of graphs under

V1 V2 V3 V; Vd—1 Vg Vd+1
n(T;) ~ 1
Ty T3 —~Typq Ty

consideration.

.................. T2
v V2 U3 Vi Ud—1 Ud Vd+1

Fig. 1. Graph transformation I: T' — T2 that decreases the value of G'Ay(T?).

Lemma 1. Let T' and T? be trees shown as in Fig. 1 with Pyy = vy---v4q1 being
diametrical path in both T' and T?. If T; in T" is not isomorphic to a star centered at v;,
then GAs(TY) > GAy(T?), where T; is a subtree of T rooted at v; and n(T;)(> 3) is the
number of vertices in T;.

Proof. According to Eq.(2), we need only to consider the term \/m . Consider
trees T' and T2. For any edge e = uv not in T;, we clearly have n,(e, T") - n,(e, T") =
nu(e, T?) -n,(e, T?). Also, for one pendent edge e = uv in any graph G, we have n, (e, G) -

n,(e,G) =1 x (n—1) = n — 1 attains the minimum value of n,(e, G) - n,(e, G). So

GATY) = > (e, TV) - ny(e, T7)
e=uveE(T')
= > VmEeT) nEeTh+ na(e, TV -y (e, TY)
e=uveFE(T;) e=uvgE(T;)
> Z nu(e, T2) - ny(e, T?) + Z nu(e, T?) - ny(e, T?)
e=uwveE(T;) e=uvgE(T;)

= GAL(T?).
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This completes the proof. [J

Remark 1. Noth that both 7% and T2 have Py, = vy ---v441 as a diametrical path.
Since all trees we considered in this paper come from 7, 4, the graph transformation I:
T' — T? that did not change the diameter of T is valid to our proof of main result. So,
we have either n(Ty) = 1(resp.,n(Ty)) or Ta(resp.,n(Ty)) is a star centered at vo(resp., vq).

A simple but useful elementary result is given as follows.

Lemma 2. Let x;, y; be positive integers satisfying z; +y; = n. If |zx — y| > |z — y;l,

then xpy, < x;y;.

T3

T5

Fig. 2. Graph transformation II: 7% — T% or T — T° that decreases the value of
GAy(T?).

In the following, we will always use n(T) to denote the number of vertices in a tree T'.

Lemma 3. Let T3, T* and T° be trees shown as in Fig. 2. Then GAy(T?) > GA5(T*")
or GAy(T?) > GAy(T?), where s, t > 1, and T, (resp., T,) may be a single vertex u(resp.,v).

Proof. It is not difficult to see from Fig. 2 that diam(T?) = diam(T*) = diam(T°).
First, we assume that n(T,) +s > n(T,) +t. We consider the graph transformation
II: 73 — T For one edge e = zy in E(T,) U E(T,), we clearly have n,(e,T3) -
ny(e, T%) = ny(e, T*) - n,(e, T"). Also, for any pendent edge e = uu; or vv;(uv;), we have
nu(e, T%)-ny, (€, T%) = ny(e, T*) -1y, (e, T*) = ny(e, T%)-ny, (€, T%) = ny(e, T) -0y, (e, T*) =
1x(n—1) = n—1. For the edge e = uv, we have n, (e, T%)-n,(e, T%) = (n(T,)+s)-(n(T,)+t)
and n,(e, T4 - n,(e,T*) = n(T,) - (n(T,) + s +t). By Lemma 2, we have GAy(T%) >
GAy(TY).

Similarly, if n(T,) + s < n(T,) +t, then GAy(T?) > GAy(T?).

This completes the proof. [
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Fig. 3. Graph transformation III: 7% — T7 or T® — T® that decreases the value of
GA,(TS).

Remark 2. Since the trees we consider in this paper are members of 7T, 4, the graph
transformation IT: 7% — T4 or 1I: T — T® that will not change the diameter of T3
is valid to our proof of main result. So in our following proof of Theorem 5, we actually

require that n(T,),n(T,) > 2.

Lemma 4. Let T, T7 and T® be trees shown as in Fig. 3. Then GAy(T®) > GAy(T7)
or GAy(T®) > GAy(T®), where s,t,k > 1, and T,(resp.,T,) may be a single vertex
u(resp.,v).

Proof. From Fig. 3, we know that diam(T%) = diam(T") = diam(T®). If n(T,) + s >
n(T,) +t+k, then n(T,) + s + k > n(T,) +t. We consider the graph transformation III:
T¢ — T8, Obviously, for any edge ¢ = zy € E(T9)\{wyv, vvy, -+, vv;, wyvy, -+, Wi}
(j = 6,8), we have n,(e,T%) - n,(e,T% = n,(e,T®%) - ny(e,T%). Also, n,(vv;, T°) -
N, (00}, T%) = N, (Wiv;, T®) - ny, (w0, T%)(j = 1, -+, 1) = n — 1. For the edge wyv,
np(e, T%) - ny, (e, T%) = (n(T,) + s+ k) - (n(T,) +t) > n(T,) - (n(T,) + s+t + k) =
ny(e, T) - ny, (e, T®). So we have GAy(TY) > GAy(T?).

If n(T,) + s < n(T,) +t + k, we consider the graph transformation I1I: 7 — T7. By
the same reasoning as above, we obtain GAy(T%) > GAy(T7).

This completes the proof. [J

Remark 3. As stated in Remark 2, we actually require that n(7T,),n(T,) > 2 in the

proof of main result.
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Fig. 4. Graph Pyy(i,n —d —1).

Let Pyy1(i,n —d — 1) denote the tree in 7, 4 obtained from the path Py = vy vg41
by attaching to its ith vertex (2 <i < d) n —d — 1 leaves.
The following is our main result of this paper.

Theorem 5. Among all trees in Ty, 4, the tree Py ([H2],n—d — 1) has the minimum

5
G Ay index.

Proof. Let T be a tree in Ty, 4 such that GAy(T') attains the minimum value. By Lemma
1, T"must be a caterpillar of diameter d. By Lemmas 3 and 4, we claim that 7" must be
isomorphic to Pyyq(¢,n —d —1). If not so, T must be a caterpillar with Py = vovy -+ - vg
as its diametrical path, and there exist at least two branch vertices v;, v; (2 <1 < 5 < d).

If v; is adjacent to v;, then T can be viewed as the graph 7% in Fig. 2. So, we can
employ the graph transformation 11 on 7" and we shall obtain a new tree T € T, 4 with
GAy(T) > GA(T), a contradiction to our choice of 7.

Suppose v; is not adjacent to v;, but branch vertices v;, v; are chosen such that there
is no other branch vertices along the path v;v;11---v;(j > i+ 2). Now, T can be viewed
as the graph 7% in Fig. 3. So, we can employ the graph transformation III on 7', and we
obtain a new tree T € Tna with GAs(T) > GAQ(T\), a contradiction once again. Thus,
T = Pya(i,n—d—1).

Suppose that T % PdH(]'%‘\,n —d —1). Denote by uy, usg, -+, up—q—1 the leaves
adjacent to v;. If i < d+1—1, then GAs(Pyr1(i,n—d—1)) > GAy(Pyry(i+1,n—d—1)).
Ifi > d+1—1, then GAy(Pysi(i,n —d — 1)) > GAs(Pysa(t — 1,n — d — 1)). These

contradictions give T'= Py (i,n — d — 1), completing the proof. OJ

Remark 4. In the proof of Lemmas 1, 3 and 4, in order to compare the G Ay index of

two trees T',T" € T4, we actually proved that for each edge pair {e',¢"}, (¢’ = u'v' €

"o

T, =u"V" €T, if ny(e,T) ny(,T)>np,T") -ny(c,T") and there exists

" "

one pair of edges {ey, ey} such that nug(e:)7 T My (g, T') > n,r (eg, T )vnvg(eéyT ), then
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GAS(T') > GA(T").

By Eq. (2) and Remark 4, the statements of Lemmas 1, 3 and 4 are valid for Szeged
index. Recall that for a tree T, its Wiener index, a well-known molecular-structure
descriptor, is equal to Szeged index. It then follows immediately the following result,
which is a result of [7] concerning the Wiener index of trees with fixed diameter.

d+1

Theorem 6. Among all trees in Tp g, the tree Py ([“54],n —d — 1) has the minimum

Szeged and Wiener indices.

Lemma 7. For any 3 < d < n—2, GAy(Py1 ([H1],n—d—1)) > GAy(Py([4]. n—d)).

Proof. If d = 2k, we contract the edge vpvp; in Pdﬂ([d#],n —d—1) and add
one additional pendent edge vy, 17 to the resulting graph. Now, we obtain Pd([g] ,n—d).
During this process, n,(€)-n,(e) remains unchanged for any edge e¢(= uv) # vgvgy1. Thus,
GAy (P ([H],n—d—1)) — GAy(Pa([§1,1n — d)) = nu, (vkvesr, Paa ([H2],n—d — 1)) -
Mgy (U011, Par ([54],n = d = 1)) = ny, (venz, Pa([§],n = d)) - ng(vpaz, Pa([§ 1,0 —
d)=k-(n—k)—1-(n—1)>0.

If d = 2k + 1, we contract the edge vy, 1vp42 in Pdﬂ(]'%'\,n —d — 1) and add the
pendent edge vy1y to the resulting graph. Similar to above, we can prove the desired

result. This completes the proof. [J

For any tree T in 7,4 with a given diameter d(> 3), if T 2 Pdﬂ(]'%'\,n —d-1),
then GA5(T) > GAs(Puy1([4E],n — d — 1)) by Theorem 5. Also, by Lemma 7, we have
GAs (P ([, n—d—1)) > GAs(Py([4].n—d)). Thus, GAs(T) > GAs(Pusa ([HE], n—
d—1)) > GAy(Py([4],n — d)) > -+ > GAx(P3([2],n — 3)). Note that P5([2],n — 3) is

just the n—vertex star S,,. So, we have the following consequence.

Corollary 8([2]). Among all trees with n vertices, the star S, has the minimum G Ay

index.

A double star tree S, is defined to be the tree obtained from the path P, by attaching
to its two end-vertices a and b pendent edges, respectively. Note that P;([3],n —4) is

just the double star tree S ,_3. By above discussion, we have

Corollary 9. Among all trees with n vertices, the double star tree Sy ,,_3 has the second-

minimum G Ay index.
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By means of Corollaries 8 and 9, we thus have

Corollary 10. Among all trees with n vertices, the star S, has the minimum Szeged

and Wiener indices.

Corollary 11. Among all trees with n vertices, the double star tree Si,_s has the

second-minimum Szeged and Wiener indices.

3. Concluding remarks

In this paper, we have determined the unique tree with the minimum G'A, index among
all trees in 7y, 4. A related problem arising at this moment is: which tree has the maximum
G A, index among all trees in 7,47 It seems to be a much more difficult problem than

the one we have solved in this paper.
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