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Abstract

Recently, the first and second Zagreb indices are generalized into the variable Zagreb

indices which are defined by ‘M (G) = ¥, (du))** and *M>(G) = ¥, (d(u)d(v))*, where
ueV uveE

A is any real number. In this paper, we prove that *M(G)/n > *M,(G)/m for all unicyclic
graphs and all 4 € (—c0,0]. And we also show that the relationship of numerical value
between *M|(G)/n and *M,(G)/m is indefinite in the distinct unicyclic graphs for each
A € (1, +00). With the conclusion in [4], we finish discussing the relationship of *M/(G)/n
and *M,(G)/m in unicyclic graphs for A € R.

1 Introduction

The first and second Zagreb indices are among the oldest and the most famous topological
indices, which are defined as:
M(G) = Zv(d(u))2 and M>(G) = ¥ d(ud(v)
€

u uvek
where V is the set of vertices, E is the set of edges and d(u) is degree of vertex u. |V| = n,

|E| = m.
Recently, the system AutoGraphiX proposed the following conjecture:

Conjecture 1.1 For all simple connected graph G,
M(G)/n < My(G)/m

and the bound is tight for complete graphs.
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But, in paper [5], this conjecture is proved not true, while it is proved true for chemical
graphs([5]), trees([3]) and unicyclic graphs([1]). The generalization of this claim to the variable
Zagreb indices has been analyzed. The variable first and second Zagreb indices are defined as:

Mi(G) = Ev(d(u))” and ‘My(G) = 3 (dwd(»))*

uveE
where A is any real number, with the following theorems from paper [2—4].

Theorem 1.2 For all chemical graphs G and all A € [0, 1), it holds that *M(G)/n < *M,(G)/m.
Theorem 1.3 For all trees G and all A € [0, 1], it holds that *M,(G)/n < *M»(G)/m.

Theorem 1.4 Let A € R\[0, 1] and G be any unbalanced bipartite graph. Then, *M,(G)/n >
p
My (G)/m.

Theorem 1.5 For all graphs G and all A € [0, 1/2], it holds that *M(G)/n < *M,(G)/m.
Theorem 1.6 Let A € (\/5/2, 1). Then, there is a graph G such that *M,(G)/n > *M,(G)/m.
Theorem 1.7 For all unicyclic graphs G and all A € [0, 1), it holds that *M,(G)/n < *My(G)/m.

It is known to all that the variable Zagreb indices are often used in the study of unicyclic
molecules. In this paper, we show that the relationship of numerical value between *M,(G)/n
and *M,(G)/m for A € R\[0, 1]. With the conclusion in [4], we finish discussing the relationship
of the variable first and second Zagreb indices in unicyclic graphs for A € R.

2 Comparing Variable Zagreb Indices for Unicyclic Graphs for 1 < 0

Theorem 2.1 Let G be a connected unicyclic graph with n vertices and m edges. Then
Mi(G)/n > "My(G)/m, A € (o0, 0]

Moreover, if 1 € (—o0,0), then *M(G)/n = *M,(G)/m holds if and only if G is a cycle.

Proof. If G is a cycle, it is easy to see that *M(G)/n = ‘M>(G)/m, A € (-=0,0]. So we may
assume that G is not a cycle in the following proof.

Since G is a connected unicyclic graph, we have n = m. Moreover, by the definition
of "M(G) and “M,(G), it is obvious that "M (G) = Y dw)*’ = n = m = "My(G) =

ueV
Y (d(w)d(v))°. So we only need to prove *M(G) > *M,(G),A1 € (—o0,0). We prove this
uveE
conclusion by induction on n.
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If n = 4, since G is not a cycle, G is a connected unicyclic graph that has a triangle and a
pendant vertex. Then we have

M(G) =2+ 22 437 4 1P =4t 141 1 9N 4

WG =C2x2D)'+2x3)'"+Bx2D'+Bx D=4+ 61 + 61 + 3.
Then

MI(G) = "My(G) = 4 +4 4941 -4 -6"-6' -3
> 1+9'—4'-3%

Suppose fi(1) = 1 +9* =41 - 31 1 € (=0, 0). Then

9'In9 —4'In4 - 3'In3
2-9'In3-4'In4 - 3'In3

= (9'-3YIn3+(9'In3-4'In4)
< 0.

H @

Note that f;(1) is decreasing on (oo, 0) in 2. We have f;(1) > £1(0) = 1+9°—4°-3° Therefore,
M(G) = *M»(G) > 0,4 € (—0,0).

Suppose that it holds for all connected unicyclic graphs with vertices less than n. Since G is
not a cycle, there exists a pendant vertex v and its unique neighbor vertex u. Denote by Ng(u) the
set of the neighbor vertices of u. Let Ng(u) = {v, vy, va,- -+ , v}, (k = 1) and Nglu] = Ng(u) U{u},
where v; € V(G), (1 <i<k). Let V(G) = Nglu] U {x1,x2, -+ , Xy_i2}-

Case 1 When k = 1.

Then Ng(u) = {v,v;}. Denote Ng(vi) = {u,u;,--- ,u,},(p > 1), where u; € V(G),(1 <i <
p)-

Subcase 1.1 When p = 1.

Let G’ = G —v. Then G’ is a connected unicyclic graph with n — 1 vertices. Since u is
a pendant vertex in G’, G’ is not a cycle. By the induction hypothesis, we have *M;(G’) >
AM5(G"), A € (=0, 0). Now we compare *M,(G) and "M,(G).

MG) =*"M(G)+2% =1+ 1 ="M|(G) + 4,

MyG) = "Ma(G) + 4" = 21+ 21 = AML(G) + 4.

Then
M(G) = My(G) = "M (G") + 4 = 'M(G') — 4" > 0.

Subcase 1.2 When p > 2.
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Suppose V(G) = (v}UNg[vi]U{y1,y2, -+, Yu-r—3}, Where y; € V(G), (1 <i<n—k-3). Let
G” = G —v—u. Then G” is a connected unicyclic graph with n — 2 vertices. If G” is a cycle,
AM(G") = *M,(G"). If G” is not a cycle, by the induction hypothesis, *M(G”) > *M,(G").
Now we compare *M|(G) and *M,(G).

M(G) ="M{(G") + (p+ D' = p* + 22+ 1,
My(G) = "My(G") + [2p + DY + 20 = [p' = (p+ 1)) i(de(uo)*.
Then .
M(G) - "My(G) = *M(G")-"MyG")+(p+ D =p™+2* + 1 -[2(p+ D]' - 2"
+[p' = (p+ 1) Zpl(da(ui))/l
> (p+ ¥ = p* +§21" +1-[2(p+ D' =24
Suppose g;(x) = (x + D* — x2 + 220+ 1 — [2(x + D]* = 24, (x > 2). Then

g0 = 22+ D - 2220 —202(x + D!
22{(x+ DM = 2 - 2(x+ DI
> 0.

Note that g;(x) is increasing in x > 2. We have g;(x) > g;(2) = 1 + 9! — 21 — 6. Suppose
£ =1+91 =21~ 6% 1 € (—o0,0). Then
£ = 9'n9-2'In2-6'1n6
2-9'In3-2'In2-6'In2-6'1n3
Lo | 21+ 61
(9 = 6YIn3+(9'In3 - In4)

19l 1l
< @ —6hm3+ LZFO =60,

2
< 0.

Note that f(1) is decreasing on (—co0,0) in A. We have f>(1) > £(0) = 1 +9° -2°—6° = 0.
It can be seen that g;(x) > g1(2) = 1 + 91 =21 - 6! = £,(1) > £2(0) = 0. Then we know that
AM(G) = "My(G) > 0,4 € (=00, 0).

Therefore, *M,(G) — *M»(G) > 0,1 € (—c0,0) when k = 1.

Case 2 When k > 2.

Since G’ = G — v, G’ is a connected unicyclic graph with n — 1 vertices. If G’ is a cycle,
AM\(G’) = *M,(G"). If G’ is not a cycle, by the induction hypothesis, *M(G") > *M,(G"). Now
we compare *M,(G) and *M(G).

M(G) =*"M(G) + (k+ D =K+ 1,
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k
My(G) = "My(G') - [k* = (k + 1)"] Z(dc(v,-))d +(k+ D"
i=1
Then

IM\(G) - "My (G) = *M(G) = MyG)+ (k+ D) =K + 1 = (k+ 1)*
+HK = (ke + 1)) Zk:(dc(v,-))’l
> (k+ 1) =k +l;l— (k+ D%
Suppose g2(x) = (x + > = x*' + 1 — (x + 1)*, (x > 2). Then

g™ = 22x+ D =22 — Ax+ DY
A2+ DX =227 — (e + DY
> 0.

Note that g(x) is increasing in x > 2. We have g2(x) > g(2) = 1 + 91— 41 - 31 = f,(Q).
From the foregoing proof, it has been know that f;(1) > 0. It can be seen that g,(x) > g,(2) =
1+91-41-31 = £,(1) > 0. Therefore, we have ‘M(G) —*M»(G) > 0,1 € (—c0,0) when k > 2.

This completes the proof of theorem. O

3 Comparing Variable Zagreb Indices for Unicyclic Graphs for A > 1

Now we discuss the changing situation of the Zagreb indices when A > 1.
Case 1

7 6 2 3 8 9
Figure 1. G,
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Since G = G,(see Fig.1),
My(Gy) ="M (G)) = 3(6" + 2" — 41 = 1).
Suppose hi(A) = 3(6 + 21 — 41— 1),(1 > 1). Then
() =3(6"In6+2'In2 - 4'In4) > 0.

Note that /(1) is increasing in 4 > 1. We have h;(1) > h(1) = 6 > 0. Therefore V4; >
LY My(Gy) =" Mi(Gy) > 0.

Case 2
1 aj a
a3
a4
as
2 3 1 3 o
a;
Figure 2. G,

Since G = G(see Fig.2),
My (Gy) =M (Gy) = 6+ 61+ 61 + 200+ D' + 1t + D' =41 =41 =9 — 1 + 1) — 1.

Suppose hy() = 61+ 61+ 61+ [2(t + D] + 1t + 1D =41 =41 -9 — t+ DX —1,(t > 1,21 > 1).
Then
W@ = 2212t + DI+ ¢+ DY+ At + DY =20+ DM -1
= 20+ DY+ e+ DY+ e+ DY =220+ D2 - 1L

Moreover,

20 - Dt + D72+ a0+ DY + 2@ + DY
+A(A = Di(t + D2 =222 - Dt + D2
= [2'AA= 1) 42 + 221+ A = Dt = 2224 — D + DY + D2

hy (1)

Suppose I(f) = 2/ A = 1) + 2t + 24 + A = Dt = 2424 = D)(t + 1), (¢ > 1,4 > 1). Then

') = 22+ AA=1)=2222 - DA+ D!
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< A2+2-1-2221-1)]
A1 +40)(1 - 2)
< 0.

Note that /() is decreasing in 7 > 1, we have

<) = 222 -2"2+22+22+ 22— 1-2121 - 1)2*
2404+ A% 31 -32224

Suppose (1) = 224 + 22 + 31 - 34%2%,(1 > 1). Then

D) = 2'+22'In2 + 21+ 3 - 6221 - 3222 In2

QY +21+3-62Y + (1 -=3)42%In2

[ = 22Y + 22 =222 + B = 32Y] + (1 = 3024 In2
< 0.

Note that r(2) is decreasing in A > 1, we have r(1) < r(1) =2+ 1+ 3 -6 = 0. It can be seen
that [(r) < I(1) = 22* + A2 +31-34%2" = r(2) < r(1) = 0. Therefore, h5/(t) = (t+ 1)*"2-I(r) < 0,
then h,(¢) is a concave function, and /() is decreasing in ¢ > 1. Hence we have

Wy < Kh(1) = 2227 w2ty 2 - 2222 —
= 2ttt oMo

Suppose s(1) = 2% + 12471 — 12241 —1,(1 > 1). Then

S = 2242 + 24 2 - 224 - 1222
-2 h Lt 20T - 22 In2

Q' -2 [t - 22t + (2t - 21224 )] In2
< 0.

Note that s(4) is decreasing in 4 > 1, we have s(1) < s(1) =2+ 1 -2 -1 = 0. Therefore,
(1) < hy(1) = 20+ 271 — 22271 — 1 = §(1) < s(1) = 0. Then hy(¢) is strictly decreasing
in t > 1. By the discussion above, h,(¢) is a strictly decreasing concave function. Therefore,
YA, > 1, we can find a positive integer T to cause 2 M>(G,) — 2M(G,) < O whent > T.

Combining Case 1 and Case 2, YA > 1, we can find a suitable graph G} to cause *M,(G?) —
1M\(G}) > 0, or we can find a suitable graph G} to cause *M»(G}) — *M,(G3) < 0. Therefore,
when A > 1, the relationship of numerical value between *M,(G)/n and *M,(G)/m is indefinite
to the distinct unicyclic graphs.
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4 Conclusion

With the foregoing discussion and the conclusion in [4], the relationship of *M(G)/n and
AM,(G)/m in unicyclic graphs for A € R can be seen that:

@) "M(G)/n = "My (G)[m, A € (=0,0),

(i) "M1(G)/n < "M(G)/m, A € [0, 1],

(iii) the relationship of numerical value between *M,(G)/n and *M,(G)/m is indefinite in
the distinct unicyclic graphs when 4 € (1, +00).
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