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Abstract: This paper presents a simple approach to order the first
Zagreb indices of connected graphs. Moreover, by the application of this
simple approach, we extend the known ordering of the first Zagreb indices
for some class of connected graphs.

1 Introduction

In this paper, G = (V, E) is a connected undirected simple graph with |V| = n and
[El=m.Ifm=n—1 m=mnorm=n+1, then G is called a tree, a unicyclic graph
or a bicyclic graph, respectively. Let d(u) denote the degree of u. Specially, A = A(G)
denotes the maximum degree of vertices of G. Suppose the degree of vertex v; equals d;
for i = 1,2,...,n, then 7(G) = (di, ..., d,) is called the degree sequence of G. Throughout
this paper, we enumerate the degrees in non-increasing order, i.e., dy > dy > -+ > d,,.
The Zagreb indices was first introduced by Gutman and Trinajsti¢ I, it is an important

molecular descriptor and has been closely correlated with many chemical properties =2

Thus, it attracted more and more attention from chemists and mathematicians [~%12-18],
The first Zagreb index M, (G) is defined as 1
Mi(G) = d(v)*.
veV
In this paper, we give a simple approach to order the first Zagreb indices of connected
graphs. Moreover, we illustrate the application of the approach and extend the known

ordering of the first Zagreb indices for some class of connected graphs.
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2 Main results

We recall the notation of majorization (see [10,11]). Suppose (z) = (x1,xa,...,z,) and
(y) = (y1,v2,...,Yn) are two non-increasing sequences of real numbers, we say (z) is
majorized by (y), denoted by (x) < (y), if and only if > | x; = >, y;, and 23:1 x; <
Zzzl y; for all j = 1,2,...,n. Furthermore, by (z) < (y) we mean that (x) < (y) and

(z) # (y). A real valued function f(z) defined on a convex set D is said to be convex if

fOz+ (1 =Ny) <Af(z)+ (1 =N f(y) (1)

forall 0 < A <1 and all x, y € D. If inequality (1) is always strict for 0 < A < 1 and

x # vy, then f is called strictly convex. It has been shown that

Lemma 2.1 [10] Suppose (x) = (21,22, ..., x,) and (y) = (y1, Y2, .., Yn) are non—increa-
sing sequences of real numbers. If (x)<(y), then for any convex function o, Y i, p(x;) <
i @(yi). Furthermore, if (x)<i(y) and ¢ is a strictly convex function, then Y i, ¢(x;) <

PUERCI(AR

Theorem 2.1 Let G be a connected graph with degree sequence (a) = (dy, ds, ..., d,) and
G’ be a connected graph with degree sequence (b) = (d},dy,....d.,). If (a) < (b), then
M (G) < My(G"), where equality holds if and only if (a) = (D).

Proof. Observe that for x > 0, 2? is a strictly convex function. Since (a) < (b), then
M (G) < M;(G") follows from Lemma 2.1. Also, Lemma 2.1 implies that equality holds
if and only if (a) = (b).

In the following, the symbol 7, is used to denote the class of trees of order n. The tree
S(n,i) on n vertices is called a double star graph, which is obtained by joining the center
of Ky ;1 to that of Ky ,_1_; by an edge, where ¢ > [§]. Particularly, S(n,n—1) = Ky n_;.
Let T3 =A{T € T,|A(T) = s}.

Corollary 2.1 Let T be a tree in T, where s > [%]. Then, My(T) < My(S(n, s)), where
equality holds if and only if T = S(n, s).

Proof. Note that the tree degree sequence (s,n—s,1,...,1) is maximal in the class of 773,

i.e., the ordering <1. Since S(n,s) is the unique tree with (s,n — s,1,...,1) as its degree

sequence, thus the statement immediately follows from Theorem 2.1.

Let G be a connected undirected simple graph with n vertices and m edges. If m =

n + c— 1, then G is called a c—cyclic graph. For integers n, ¢, k with ¢ > 0 and
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0<k<n-—2c—1,let G,(c, k) be the class of connected c-cyclic graphs with n vertices
and k pendant vertices, and S, (¢, k) be the class of connected graphs on n vertices obtained
by attaching ¢ cycles at a unique common vertex, says vy, and then attaching k paths at

vy, i.e., Sp(e, k) denotes the class of connected graphs with (2¢+k,2,2,...,2,1,1,...,1) as

n—k—1 k
their degree sequences. Obviously, S, (c,k) C G,(c, k). For example, let Us, Uy be the

unicyclic graphs as shown in Fig. 2, and By, Bi; be the bicyclic graphs as depicted in
Fig. 3. By definition, U, U,y € S,(1,n—4) and Byg, Bi1 € S$,,(2,n—6). If G',G € S,.(¢, k),

since they share the same degree sequences, then we have

Proposition 2.1 If G’ and G are graphs in S,(c, k), wherec >0 and 1 <k <n—2c—1,
then A/II(G) = ]\41(6”)

Theorem 2.2 Let G' and G be the graphs in S,(c, k) and G, (c, k) \ Su(c, k), respectively,
where ¢ >0 and 1 <k <n —2c—1. Then, Mi(G) < My(G).

Proof. Clearly, G, G € G,(c, k). Thus, there are exactly k elements 1 in their degree
sequences. Since G' € S,(c, k), we have 7(G") = (dy,d},....d, ., 1,1,..,1) = (2¢ +
q (¢, k) (@) = (dydy, ... dy, ) = (

k,2,2,..,2,1,1,..,1). Let n(G) = (dy,da,...,dp—k, 1,1,..., 1), where d; kZ dy > -+ >
dn,:yzk ; Sincz Z:L;lk d; =2(n+c¢—1)—k, then d; Sk 2¢ + k. Suppose d; = 2¢ + k,
then dy = dy = -+ = d,,_, = 2, which implies that G € S,,(¢, k), a contradiction. Thus,
dy < 2c+k. Since d; > 2 holds for 1 <i < n—k, then z;zl dy=2(n+c—1)—k—di1—
digg = —dp <2(n+c—1)—k—=2(n—k—i) = _ d holds for 1 <i<n—k

Thus, 7(G) < w(G') but 7(G) # 7(G'). Now by Theorem 2.1, the result follows.

Theorem 2.3 Let G and G’ be graphs with the greatest first Zagreb index in G,(c, k) and
Gn(c, k + 1), respectively, where ¢ >0 and 1 <k <n —2c—2. Then, M;(G) < M(G").

Proof. By Theorem 2.2, it follows that G € S,(c,k) and G' € S,(¢,k + 1). Thus,
m(G) = (2¢+k,2,2,...,2,1,1,....1) and 7(G") = (2c+k+1,2,2,...,2,1,1,...,1). It is easy
e ——— e ———

n—k—1 k n—k—2 k+1

to check that 7(G) < 7(G) but 7(G) # w(G"), which implies that M;(G) < M;(G") by
Theorem 2.1.

Let U! denote the unicyclic graph obtained from the cycle C; by attaching n — ¢
pendant edges to the same vertex on C;. By Theorems 2.2-2.3, it follows immediately
that
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Corollary 2.2 [9] Let G be a unicyclic graph of order n and girth t. If G is different
from U', then M,(G) < M, (U?).

n’

o > e K
S

Fig. 1. The trees Ts, ..., T3.

Let T) = K1 -1, Ts, T3, ..., T13 be the trees on n vertices as shown in Fig. 1. In [9, 12],
the five trees with the first through fourth greatest first Zagreb indices among all trees of
order n were given. The next result extends this ordering by determining the fifth up to
eighth greatest first Zagreb indices together with the corresponding trees among all trees

of order n.

Theorem 2.4 Suppose T' € T, \ {T1,Ts,..., T3} and n > 13, then My(Ty) > M;(T3) >
Ai[l(Tg) > ]\/[1(T4) = A{l(Trg) > ]\C{l(Tg) > ]\/[1(T7) = A/Il(Tg) = ]\/fl(Tg) > ]\/fl(Tl()) =
]\/II(TII) = ]\/II(TIZ) > ]\/II(TIB) > ]\/II(T)

Proof. By an elementary computation, we have M;(T}) = n’—n, M (Tr) = n?—3n+6,
My(T3) = n* — 5n + 16, My(Ty) = My(Ts) = n®> — bn + 14, M, (T;) = n® — Tn + 30,
My (Ty) = My(Ts) = My(Ty) = n2—Tn+26, My(Tio) = My (T1y) = My(Thz) = n?—Tn+24,
M;(Tis) = n? — 9n + 48. Thus, M,(T1) > M(T3) > Mi(T3) > My(Ty) = My(Ts) >
My(Ts) > My(T7) = My(Ty) = My(Ty) > Mq(Tho) = Mi(Th1) = My(Ti2) > Mq(Tis3).
Next we only need to show that if 7' € T, \ {11, 1%, ..., T13}, then M;(T13) > M;y(T).

Clearly, T} is the unique tree with A = n — 1, T5 is the unique tree with A =n — 2,
Ty, Ty, Ty are the all trees with A = n — 3, Tg, ... T» are the all trees with A =n — 4.
Since T' € T, \ {11, 1>, ..., T13}, then A(T) <n—5.

Let (a) = (dy,ds, ...,d,) be the degree sequence of T. Note that the degree sequence
of Th3 is (b) = (n —5,5,1,...,1), it is casy to see that (a) < (b) and (a) # (b) because T3
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is the unique tree with (b) as its degree sequence. Thus, M;(T3) > M;(T) follows from

Theorem 2.1.

Ul 3 E Ul 4 : Ul 5

Fig. 2. The unicyclic graphs Uy, ..., Usg.

Let U(n) denote the class of connected unicyclic graphs of order n. Let Uy, ..., Ujg be
the unicyclic graphs as shown in Fig. 2. In [11], we have determined the four unicyclic
graphs with the first through third greatest first Zagreb indices among the class of con-
nected unicyclic graphs of order n. The next result extends this ordering by determining
the fourth up to seventh greatest first Zagreb indices together with the corresponding

unicyclic graphs among the class of connected unicyclic graphs of order n.

Theorem 2.5 If G € U(n) \ {U1,....,Uis} and n > 12, then M,(Uy) > M(Us) >
Ml((]g) = ]\fl(U4) > ]\/Il(Urg) > Ml(Uﬁ) > ]\{1(U7) = ]V[l(Ug) = Ml(U()) = Afl(Ul()) =
]\41(U11) = Ml(Ulg) > ]V[l(Ulg) = ]\/11(U14) = ]\/11(U15) = A’fl(Ulﬁ) > ]\41((;)

Proof. By an elementary computation, we have M, (U;) = n?—n+6, M,(Uy) = n*—3n+
14, My(Us) = My(Uy) = n® — 3n + 12, My(Us) = n? — 5n + 26, My(Us) = n? — 5n + 24,
My(Uz) = M(Us) = My(Uy) = Mi(Upy) = Mi(Un1) = Mi(Ui2) = n® — 5n + 22, and
Mi(Us) = My(Uyy) = My(Uss) = My(Urg) = n? — 5n + 20. Thus, My(U1) > My(Us) >
M (Us) = Mi(Uy) > M(Us) > M(Us) > M(Uz) = M(Us) = Mi(Uy) = M, (Uyp) =
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M, (Unr) = My(Ura) > My (Uss) = My(Una) = My(Uss) = My (Usg). Next we only need to
prove that if G € U(n) \ {Uy, ..., Uig}, then M;(Uig) > My (G).

It is easy to check that U is the unique unicyclic graph with A =n —1, Uy, Uz, Uy are
the all unicyclic graphs with A = n — 2, and Us, Us, ..., Ujg are the all unicyclic graphs
with A(G) =n —3. If G € U(n) \ {Uy, ..., Uss}, then A(G) < n — 4. Suppose the degree
sequence of G is (a) = (dy,da, ds, ...,d,), since G € U(n), then G has exactly one cycle.
This implies that n —4 > dy > dy > d3 > 2. Let (b) = (n—4,5,2,1,...,1), then (a) < (b).

By Theorem 2.1, we can conclude that
M(G)<(n—4)?+52+22+n—3=n>—Tn+42 <n?®—5n+20 = M,(Us).
This completes the proof of this result.

Let B(n) be the class of connected bicyclic graphs of order n. Let B,..., By be the

bicyclic graphs as shown in Fig. 3.

Theorem 2.6 If G € B(n) \ {Bi,..., B} and n > 11, then My(B,) > M(By) >
My(Bs) > My(By) = Mi(Bs) > My(Bg) = My(By) = Mi(Bs) = My(Bo) > My(Buo) =
M (Bu) > My(G).

Proof. By an element computation, we have M;(B;) = n?—n+14, M;(B,) = n*—n+12,
M](BJ) = 77,2 —3n + 247 ]\/{1(34) = A[l(B5) = TL2 —3n + 22. ]\/II(BG) = A/II(B'y) =

M (Bs) = My(By) = n*> — 3n+ 20, M;(Byo) = M,(B11) = n? —3n+ 18. Thus, M;(B;) >
Mi(By) > My(Bs) > My(By) = My(Bs) > Mi(Bg) = Mi(Br) = My(Bs) = M, (By) >
M,(B1g) = M;i(B11). Next we only need to prove that if G € B(n) \ {Bi, ..., Bi1}, then
M, (B11) > Mi(G).

It is easy to check that By, By are the all bicyclic graphs with A =n — 1, B3, ..., Bi;
are the all bicyclic graphs with A = n — 2. If G € B(n) \ {Bi, ..., Bi1}, then A(G) <
n — 3. Suppose the degree sequence of G is (a) = (di,da, ds, ..., d,), since G € B(n), then
n—3>d >dy>dy>dy > 2 Let (b) =(n—3,5221,..,1), then (a) < (b). By

Theorem 2.1, we can conclude that

Mi(G)<(n—3P2+5+22x2+n—4=n>-5n+38<n®—3n+18= M (Bn).



-431-

This completes the proof of this result.

&K

Bl BQ B3 B4

Bs B 8

B
Bio 1

Fig. 3. The bicyclic graphs By,..., Bi1.

Corollary 2.3 [9] By is the unique graph with the greatest Zagreb index among the class

of connected bicyclic graphs of order n.

Since the degree sequence (2, ..,2,1,1) is minimal in the class of T(n) (i.e., in the order
<), the degree sequence (2,2, .., 2) is minimal in the class of U(n), and the degree sequence

(3,3,2,..,2) is minimal in the class of B(n), by Theorem 2.1 we have

Theorem 2.7 [8, 9] (1) If T € T, \ {P.}, then My(T) > My(P,); (2) If G € U, \
{C,}, then My(G) > M;y(C,,); (3) Let H be the class of connected bicyclic graphs with
(3,3,2,...,2) as theirs degree sequences. If G € B, \ {H}, then My(G) > M,(H), where
H, is a graph of H.
Acknowledgements

The author would like to thank the anonymous referees very much for their valuable

comments, corrections and suggestions, which led to a great improvement of the original
manuscript.

References

[1] I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total T—electron
energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

[2] X. L. Li, I. Gutman, Mathematical Aspects of Randi¢-Type Molecular Structure
Descriptors, Univ. Kragujevac, Kragujevac, 2006.



3]

[4]

[5]

7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

-432-

K. C. Das, Sharp bounds for the sum of the squares of the degrees of a graph,
Kragujevac J. Math. 25 (2003) 31-49.

B. Zhou, I. Gutman, Relations between Wiener, hyper-Wiener and Zagreb indices,
Chem. Phys. Lett. 394 (2004) 93-95.

D. de Caen, An upper bound on the sum of squares in a graph, Discr. Math. 185
(1998) 245-248.

K. C. Das, Maximizing the sum of the squares of the degrees of a graph, Discr.
Math. 285 (2004) 57-66.

B. L. Liu, I. Gutman, Upper bounds for Zagreb indices of connected graphs,
MATCH Commum. Math. Comput. Chem. 55 (2006) 439-446.

[. Gutman, Graphs with smallest sum of square of vertex degrees, Kragujevac J.
Math. 25 (2003) 51-54.

H. Y. Deng, A unified approach to the extremal Zagreb indices for trees, unicyclic
graphs and bicyclic graphs, MATCH Commun. Math. Comput. Chem. 57 (2007)
597-616.

G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Cambridge University Press,
England, 1952.

E. Ruch, I. Gutman, The branching extent of graphs, J. Comb. Inf. System 4
(1979) 285-295.

M. H. Liu, B. Liu, New sharp upper bounds for the first Zagreb index, MATCH
Commun. Math. Comput. Chem. 62 (2009) 689-698.

D. Vukicevié, A. Graovac, Comparing variable Zagreb M; and M, indices for
acyclic molecules, MATCH Commun. Math. Comput. Chem. 60 (2008) 37-44.

H. Hua, Zagreb M; index, independence number and connectivity in graphs,
MATCH Commun. Math. Comput. Chem. 60 (2008) 45-56.

L. Sun, R. S. Chen, The second Zagreb index of acyclic conjugated molecules,
MATCH Commun. Math. Comput. Chem. 60 (2008) 57-64.

D. Vukicevi¢, S. M. Rajtmajer, N. Trinajsti¢, Trees with maximal second Zagreb
index and prescribed number of vertices of the given degree, MATCH Commun.
Math. Comput. Chem. 60 (2008) 65-70.

A. Tli¢, D. Stevanovié¢, On comparing Zagreb indices, MATCH Commun. Math.
Comput. Chem. 62 (2009) 681-687.

L. Sun, S. Wei, Comparing the Zagreb indices for connected bicyclic graphs,
MATCH Commun. Math. Comput. Chem. 62 (2009) 699-714.



