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Abstract

Despite a recent claim that 218 constitutional isomers correspond to the formula
CgHg, the number of such isomers remains at 217. A concordance of the four
previous tabulations of the isomers is presented, documenting some duplications

and omissions.

Isomer enumeration is a topic with a long history of fruitful connection between graph
theory and chemistry.*? A standard example in mathematical organic chemistry is the
counting of isomers with the formula CgHg, the constitutional isomers of benzene. Specif-
ically, the question is to determine how many non-isomorphic molecular graphs, with
edges weighted to show the locations of single, double and triple bonds, can be drawn for
this formula while respecting the valencies of 4 for carbon and 1 for hydrogen. On first
encounter, the result is surprisingly large.

The first published constructive enumeration (by hand?®) gave 217 constitutional iso-
mers obeying the recipe. The number was confirmed in a computer enumeration that
served as the source of an iconic pictorial tabulation appearing in a paper on silicon
chemistry.* The original tabulation was used in advertising in chemistry journals.® Af-
ter publication of the computer enumeration in Ref. 4, a pedagogical review discussed
the problem once more and was accompanied by a poster with a distinctively different ar-
rangement of the isomers by cycle count.’ The generation of the 217 isomers is a standard
test example for the MOLGEN+4 program.” The count of 217 is also cited en passant in

various places in the chemical literature® where questions of isomerism, complexity and
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molecular structure are discussed, and the variety of unconventional isomers of benzene
has inspired theoretical studies® and experimental syntheses.!0 12

Given this history, it was surprising to encounter a recently published claim that the
number of constitutional isomers is actually 218, not 217. In the course of their heroic
campaign using quantum mechanical methods to identify all local minima on the CgHg
potential hypersurface, Dinadayalane et al.'® state that they found an extra constitutional
isomer in the course of preparing candidates for optimisation. The revised total has been
quoted as fact in experimental work,’ and the paper itself was cited by the Bayreuth
MOLGEN+ group” without comment on the 217/218 discrepancy. The present note

resolves the discrepancy, supporting the consensus count of 217.
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Figure 1: Discrepant isomers in enumerations of constitutional isomers of CgHg. (a)
Isomer (217 was claimed in Ref. 13) as missing from previous evaluations, but in fact is
present in two of them.®* It is, however, missing from the poster associated with Ref. 6.
In Ref. 4 it is isomer A.7; in Ref. 3 it is the 29-th isomer of formula type b [C(CH)4(CH,)],
visually encoded here with e for C and o for CH. It also appears in the order generated
by MOLGEN, at position 28.7 (b) The duplicated isomer® '3 responsible for the excess of
one in the total count in Ref. 13. (¢) Typographical corrections to two isomers in Scheme
1 of Ref. 13. (d) Repeated isomers in the earliest tabulation (Figure 4 of Ref. 3), one of
which should be replaced as shown, with the bicyclic isomer that appears as 81 in Scheme
1, Ref. 13. (e) Typographical corrections to three isomers in Figure 4 of Ref. 3.
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The published lists of isomers are organised on different principles: the list in Ref. 13 is
grouped by ring count, following the classification and essentially the sequence of isomers
in Ref. 6; in Ref. 3, isomers are grouped by formula C,(CH);,(CH,).(CHs)q; for brevity,
in the present work each isomer is given a code p:q, where p = 1,...7 correspond to (a,
b,c,d) = (0,6,0,0) (1, 4,1,0), (2,2,2,0), (3,0,3,0), (4,0,0,2), (23,0, 1), (3,1, 1, 1), and
the range of ¢ reflects the size of the formula class (6, 32, 76, 16, 7, 34, 46); in Ref. 4, the
isomers are arranged in a matrix from which the present letter /number codes are derived.
In Ref. 6, the isomers are unnumbered, but here they are labelled simply in appearance
order, by line and then column, in one continuous sequence.

The authors of Ref. 13 state that the difference from previous work arose from detection
of a extra isomer (217 in their numbering scheme), one unconsidered in previous work.
This is clearly not correct, as this particular C(CH)4(CHs) isomer was already present
in two previous constructive enumerations®* (see Figure 1). Closer inspection of the full
set of structures in Scheme 1 of Ref. 13 shows that the discrepancy actually arises from
inadvertent duplication by these authors of a tetracyclic isomer, which appears as both
205 and 207 in their list (see Figure 1).! The same duplication had occurred earlier in
the poster associated with Ref. 6, also at positions 205 and 207 in the isomer order. The
‘extra’ isomer 217 is the exactly the one that was missing from the poster.

346,13 shows the

In summary, cross comparison of all the four available isomer lists
following set of essential discrepancies. Ref. 4 (Scheme 7 in that paper) lists 217 isomers,
without duplication. The earlier Ref. 3 (Figure 4 in that paper) lists 217 isomers, of which
two (.32 and c¢.34) are slightly disguised duplicates, and misses one isomer, probably
as a transcription error, since the method used is capable of finding this isomer. Ref. 6
(associated poster) lists 217 isomers, corresponding to a re-ordering and redrawing of the
structures in Ref. 4, including a different pair of duplicates (205 and 207), and having
a different missing isomer. Ref. 13 (Scheme 1 in that paper) lists 218 isomers, taking
over the list from Ref. 6, retaining the duplication, but then adding back the isomer that

was missing from the poster, to give an incorrectly inflated total. Figure 1 of the present

paper shows the various noted duplications, omissions and minor typographical errors.

!The two topologically equivalent graphs gave optimised molecular structures with different geometries
and energies differing by ~ 1000 kJ mol~!, emphasising the difficulties inherent in potential surface
searching, where small differences in starting geometry may lead to qualitatively different outcomes.
Nevertheless, 205 and 207 are equivalent as molecular graphs, and hence as constitutional isomers.
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Once the various discrepancies are taken into account, the union of all four sources
gives 217 distinct constitutional isomers of formula C¢Hg. However, once a doubt has been
planted, it seems advisable to check once more, in the spirit of the thirteenth stroke of
the clock,' that although the claim of this particular extra isomer might be illusory, the
corrected enumeration is complete. When faced with a similar question about the six!'®
valence isomers of benzene, Gutman and Potgieter!” were able to supply a formal mathe-
matical proof of completeness of the isomer set. For the full set of constitutional isomers,

the sheer number of cases makes this difficult and suggests the need for a computer-aided

approach.
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Figure 2: The five cases where a given o-skeleton graph corresponds to more than one
constitutional isomer of C¢Hg. In the o-skeleton a black dot denotes a carbon centre and
the unmarked vertices are hydrogen centres. In the derived molecular structures, H atoms

are suppressed.
o
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Figure 3: The cospectral pair of o-skeleton graphs for isomers of C¢Hg. Both are bipartite,
and have identical characteristic polynomials 2(z° — 22* — 423 4 622 + 32 — 2)(2° + 22 —
4z® — 62% + 3z + 2), with roots £2.499.., +1.662.., +-1.496.., £0.757.., £0.425.., 0, 0.
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Previous schemes have built up the set of isomers by concentrating on the 6-carbon
graphs and their possible decorations with multiple edges. A construction that is delib-
erately designed to be independent, though not necessarily efficient, can be based on the
12-vertex graphs that represent the o-bond (CC and CH) frameworks of CgHg isomers.
McKay’s graph enumeration and construction program geng!® gives 6, 800, 637 connected
graphs of order 12 with maximum degree less than or equal to 4. Of these, 1071 have
exactly 6 leaves (locating the H atoms, and thus the C, CH, CH, and CHj carbon centres)
and are candidate o-skeletons of CgHg. Vertices of degree 2 or 3 in the skeleton graph
represent carbon atoms, and the ‘hunger’ of a carbon vertex is the difference of its degree
from four. Many candidates cannot be completed by decoration with multiple CC bonds
in a way that is consistent with valency and stoichiometry. Elimination of graphs with
isolated ‘hungry’ carbon vertices, and the more general requirement that the hunger of a
carbon vertex must not exceed the sum of the hungers of its carbon neighbours, reduce the
number of candidates, as do other simple feasibility tests. Finally, a total of 207 skeleton
graphs is reached, each of which has at least one completion in which the double and triple
bonds (if any) are marked. A small number of the o-skeletons can be completed in two
non-isomorphic ways: all such cases for isomers of CgHg arise from switching of a perfect
matching within a 4-cycle; the 10 constitutional isomers produced in this way are illus-
trated in Figure 2. The total number of constitutional isomers is therefore 207+ 10 = 217,
as expected.

The individual isomers can be reconciled with those in the union of previous tabulated
sets. For this purpose, the adjacency spectra of the o-skeleton graphs turn out to be
useful tools for rapidly identifying their equivalents in the various tabulations. The 207
acceptable o skeletons have 206 distinct spectra. (Figure 3 shows the sole cospectral pair
within the set of 208.) Finally, Table 1 (Appendix) details the correspondence between

the o-skeleton graphs and the numbering schemes of Refs. 13, 6, 4, and 3.
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APPENDIX

Table 1. A ‘Rosetta Stone’ for benzene isomers, linking the four existing tabulations of
constitutional isomers of CgHg to the specifications of the underlying o-skeleton graph.
Column ID1 gives the numbering in Scheme 1 of Ref. 13 (205 and 207 represent identical
isomers). Column ID2 gives the positions in the matrix of Scheme 7 of Ref. 4. Column
ID3 gives the positions in Figure 4 of Ref. 3, using the p:q code described above, where
p denotes a molecular formula in terms of carbon-vertex degrees, and ¢ is a sequence
number. Column ID4 gives the positions on the poster associated with Ref. 6, using
sequence numbers assigned as described above. The remaining columns list the edges of
the labelled o-skeleton graph, where vertices 1 to 6 represent carbon centres and vertices
7 to 12 hydrogen, and each edge is a comma-separated pair of vertex labels. Acyclic,
unicyclic, ... tetracyclic CgHg graphs have 11, 12, ... 15 edges, respectively. Entries
indicate the missing isomers of tabulations 3 and 6. The table has 218 lines, but only 217

distinct isomers, as 205 and 207 (bold entries) are duplicates.
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