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Abstract

Recently, in the paper [1], it has been established that for every K, ,,
n=xr vertices, it holds M, (G)< M, (T_,(n)) and M,(G)<M,(T,,,(n)), where T, (n) is

Turan's graph, M, is the first Zagreb index and M, is the second Zagreb index. In Turéan's

-free graph G with

theorem [2], it is stated that m(G)<m(T_,(n)), where m is the number of edges of graph.
This can be reformulated as "M, (G)<"*M,(T,,,(n)), where "*M, is the first variable

Zagreb index for A=1/2. In this paper, we analyze generalizations of these results, i.e. we
study for which A it holds “M,(G)<*M,(T_,(n)) and for which A it holds

M (6)< M (T, (). '

1. Introduction

The first and second Zagreb indices are among the oldest and the most famous topological
indices (see [3-6] and references within) and they are defined as:

M, =>'d’ and M,= Y dd,,

ieV (i.j)eE
where V' is the set of vertices, E is set of edges and d, is degree of vertex i.

These indices have been generalized to variable first and second Zagreb indices [7] defined as

M =Yd¥ and M,= Y (dd,) .

ieV (i.j)eE
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Some recent studies of mathematical properties of variable Zagreb indices can be found in [8-
10].

Turéan's graph 7, (n) is r—partite complete graph in which the sizes of any two classes of

the partition can differ for at most 1. We say that Turan's graph is completely balanced if all
classes have the same size. In this case » is multiple of r, i.e. there is an integer x such that
n=rx. Turan's theorem reads as:

Theorem A. If G is K

r+l

-free graph with n vertices, then m(G)< %(1—1}12 and the
r
equality holds if'and only if G is completely balanced Turan's graph.

This theorem can be obviously reformulated as:

Theorem B. If G is K

r+l

-free graph with n vertices, then »_ d(v) S[l—ljnz and the
r

Vel (G)

equality holds if and only if G is completely balanced Turan's graph.

In paper [1] it has been established that for every graph G with n=xr vertices, it holds
M,(G)<M,(T,,(n)) and M,(G)<M,(T,,,(n)).

Obviously, completely balanced Turan's graph in both cases appears to be an extremal graph.
In this paper, we propose the following questions:

1) For which 4 it holds that * M, (G)<*M,(T,.,(n))?
2) For which 4 it holds that * M, (G)<*M, (T, (n))?

Obviously, Theorem B gives affirmative answer to the first question for A=1/2 and the
paper [1] for A =1. Also, paper [1] gives an affirmative answer for the second question in the
case A =1. Here we prove:

Theorem 1. Let r>2. If G is K, -free graph with n=xr vertices, then
“M,(G)<"M,(T,,,(n)) forall 2&[0,3/2]. Moreover, this statement can not be extended to

any A€R \[0,3/ 2] (for <0, it is assumed that G has no isolated points). More precisely,
for cach A€ R\[0,3/2], there are #>2 and G such that ‘M, (G)> ‘M, (Tm (n)) .

Theorem 2. Let r>2. If G is K, -free graph with n=xr vertices, then
"M, (G)<*M,(T,

r+l

(n)) forall Ae [—1/ 2,1]. Moreover, this statement can not be extended
to any Ae <—oo,—1/2> u[5.4496,+oo> (for 1<0, it is assumed that G has no isolated
points). More precisely, for each A€ <—oo,—l/ 2>u[5.4496, +oo> , there are »>2 and G such
that * M, (G)>"M, (T, (n)).
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It also holds:

Theorem 3. If G is K,-free graph with 1 =2x vertices, then * M, (G)<*M, (T, (n)) for all

Ae [—1/2,+oo]. Moreover, this statement can not be extended to any A e<—oo,—1/2> (it is

assumed that G has no isolated points).

Theorem 4. Let r>2. If G is r-partite graph with n=xr vertices, then
“M,(G)<*M,(T,,,(n)) forall Ae[-1/2,3].

r+l
2. Proof of the Theorem 1
In the proof of the auxiliary Lemma, we shall use Taylor's theorem:

Theorem C Let function y = f (x) be continuous on [a,a + h] and be continuously derivable
n—1 times on [a, a+ h] and has 7 -th derivation on <a, a+ h> , then it holds:
h2

f(a+h):f(a)+%f’(a)+§f"(a)+...+

hn—l - hn "
7(}7_1)!]‘( )(a)+;f( ) (a+¢h),

Where ¢ is some number in the interval (0,1).

Remark In the previous Theorem / can be positive or negative number.

Now, let us prove an auxiliary Lemma:

Lemma 1. For each 2> 3, there is a rational number x € (=0.1,0.1) such that

) )

Proof: Suppose to the contrary that:

[%4—)6)(%—)(]” +(%—x}(%+x}ﬂ s(%)ﬂ forall xe(~0.1,0.1).

Last inequality can be rewritten as:
u-l u-1 u"
l—x2 l+x + l—x < 1 (1)
4 2 2 2

1-1
Applying Taylor's theorem to the function f'(x)= (% +xj , we get:
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(I8 T TR (1% S
(3= (3] 23]+ S0 3-a) ®

Where ¢,,¢, € <0,1> . Putting (2) and (3) in (1), we get:
1, IR 1 " o 1),
= )sz *3<”‘1)<”‘2)[(2+WJ {50 HS[J

u
Dividing both hand-sides of the last inequality by (%j , we get:

2
X
a2 e e
(l—4x ) 1+(1j“' [E+¢lxj +(5—¢2xJ <1
21 —
2
The last inequality can be reformulated as:

4+;(‘;[11)](f]2)([;+¢]xj”+(;¢2xj”3J<

2

2

<42(:(:3W(@+M3+@m

2

Since, the last inequality holds for all x e <—0. 1,0.1> , it holds when x on both hand sides
tends to 0, i.e.
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This is equivalent to:

4+W[2(1JHSJS°

%Uk4Xu7ngl

Solving the last inequality, we get x €[0,3], which is contradiction. m

Now, let us prove the theorem. First, we prove that claim holds for 1 e {0,1/ 2,1,3/ 2} . Note
that *M, (G)=n for every graph with n vertices, hence the claim holds and for 2=1/2 and
A =1, the claim is proved in [2] and [1]. Let us prove it for A =3/2. Denote by N, the set of
neighbors of vertex » and denote by d‘(,") degree of vertex ve N, in graph G[N,] induced
by the set of vertices in N, . We have:

Sd =33 da; SZZ("—ddef"))z _

uel’ uel veN, ueV veN,
:ZZ(n—d,,)2+2zZ(n—du)df"uzz(dﬁ"))z (4)
uel veN, uelV veN, uelV veN,
S o-aa 25 o-a) L o[ 2 (@ )
uel uel’ veN, uel \ veN,

Note that G[N, ] is K, -free graph, hence

> d" =""M,(G[N,])< (pﬁ)duz; 5)
veN, -

> (d) ='m,(G[N,]) < (1—%) d,. 6)

Putting (5) and (6) in (4), we get:

Zd,fSZ(n—du)z.dﬂ+22(n—du)[l—ﬁjdu2+2(l— ! de.

ueV uel uelV uel r—1

Putting all summands that contain Zd,f on the left hand-side of the inequality and all other

uel’

summands on the right-hand side of the inequality, we get:
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j JZd } <n22d +[ 2n+2n—j2d ’
uel uel uel

2
Since Y d, S(l 1)11 and Zd <[l—lj n’, it follows that:

uel uel

r—2 1 r—2 1y

2- ( j Zd <n’ ( fjn2+(—2n+2n j(l—fj n
r—1 el r r—1 r
2
nz-(l—ljnz+(—2n+2nr_?j(l—1] n
r r— r
Zd113§ _2 _2 2
uel 2.}’ _(f" ]
r—1 r—1

s

uel

3/2M (G)<3/2M (T;H( ))
Now, assume that A e<0,3/2>\{1/2,1} . Let x, :[_2/1J and x, =(21—‘.

We have:

M(G)= Y dP =] Zd“ @)

Vel (G) Vel (G) =

"
Note that x, €{0,1,2}, hence »_ d," S(l—fj -n"*" . Therefore

vel(G) r

:(171]-| .nxl“, z dvxl

r ¥ (G)
is non-negative integer. Hence, (7) can be rewritten as:

d

le(G): z Zdvzm, +ioz;ﬁx, )
=

vel(G) i=l

where the last summand vanishes if y=0. Since, 0 <21 —x, <1, the function f (x)=x* is

concave function and therefore:
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an 24-x,
1)" Z Zdv
*M,(G)< (le A L R
g [ 1 j l x+1
1— — -pt
P
Or equivalently,
24-x

>

iMl(c)s[(l_lj n} 17Te)
r [ ljl X+
I——| -n"
r

Since, x, € {1,2,3} , it follows that Z d> < [l—lj “ -n**" | therefore:

vel'(G) r

Note that x, =x, +1, hence:

M (G)< Hl—iT 'HXI+11|'{(1_}AJ'”}ZA_X1 = (1—324 M =AM (T, ().

This proves the claim for all 4 € [0,3/ 2] . Now, suppose that 4 < 0. The counter-example can

be easily constructed even if we restrict our-selves to the connected graphs:
“M,(T,(6))=6-3" <6-2% ="M, (C,).

Suppose that 2 >3/2. From Lemma 1, it follows that there is a rational number
x€(-0.1,0.1) such that:

(ol e

Note that the last relation also holds for —x, because of the symmetry. Hence, we may

assume that x is positive. Therefore x can be written as x = 2 , where p and ¢ are positive
q
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integers. From x e <0,0.1>, it follows that g—2p >0. Let us observe graphs K, and

+2p.q-2p

K,, =T, (2q) . They are both K -free graphs with the same number of vertices, but

"M, (K, apyay ) =(a+20)(a-2p)" +(q-2p)(q+2p)"
A G GURGH e
>(29)" Gj} =2q-¢* ="M,(K,,)-

This completes the proof of the Theorem 1.

3. Proof of the Theorem 2

First, suppose that A €[—1/2,1], then:

"M, (G)= Y (dudv)}‘sé Y (d+d )<

uveE(G) <E(G)
<L > d! _L (#9211, (G) < {from Theorem 1} <L a2y (7, (n))=
2.5, 2 2
:l z dvzm :l Z (d”u +dv21) _ z (d,,dv)ﬂ :AMZ (Tr (n))
2.7 (n) 2 wei 7 ) we (T, (n))

. 1
Let us prove that the claim can not be extended to 4 < 5 Note that C,, and K, , are

3
free graphs with 2n vertices. Hence it is sufficient to show that

tim 12 Ksy) (%) _ 0
o ZMX (Cp)

We have:

MK, ot
i ) 2 )0

Now, suppose that A >5.4496. It is sufficient to prove that
g M, (K1.1,4) > AMz (Kz,z,z )

2:4-1-((1+1)(1+4)) +1-1-((1+4)(1+4)) >3-2.2-((2+2)-(2+2))

A A
8- é + é —-12>0
8 16
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Putting A =15.4496, one gets 0.000218502>0, which is true, hence, it is sufficient to prove
that function

f(i):s-[gjﬂ{%jﬂ—lz

is increasing when A € [5,4496,+oo> ,i.c. that f'(4)>0 when A€ [5.4496,+oo> . We have:

i i 5 A-5 5 A-5
reo-ss(35 (3 o) (G
5)\5 16 16 5)\5 5 16 ) \5 16
5 5 A-5 A-5
Lo~
5)\5 16 16 5 5
This proves the claim of the Theorem.
4. Proof of the Theorem 3
From the proof of Theorem 2, it follows that it is sufficient to prove that
*M,(G)<*M, (T3 (n)) forall A e[l,+o0].

Let uv be any edge of G . Since wv is not part of any triangle, it follows that N, "N, =,

u

hence d,+d, <n. Therefore contribution of an edge wv can be at most [du (n—d )]A .
Simple analytical method shows that this expressions is maximized for d, = g Form Turan’s

Theorem, it follows that G has at most n” /4 edges. Hence,

M, (G) s’j.[Z(n—ZjT —VZR:T ="M, (Tz (”))

This proves the Theorem.

5. Proof of the Theorem 4

From Theorem 2, it follows that it is sufficient to prove that
"M, (G) <" M, (T,

r+l

(n)) forall A€[L3].

Denote cardinalities of classes of vertices in G by #,,...,n,. It holds:
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xMz(G)giMz(Knl'_wnr): Z‘nn [(n ”)(””@)TZ

- e oo
:%{Zrzi (n—n,.){|2 —%é‘,["’i (n_ni)x:r
Zr:[n,. (n—n,) T

r 2 -
:%[;nl(n—ni)l} _%i:li

Using the inequality between quadratic and aritmetic mean, it follows that:

2

1< T [ (=) ] 1, 1[< T
AMZ(G)SE{Zn,.(n—n,.)} - =s= :5[1—*12”;("_”;)} :
From Theorem 1, it follows that:

1A@(G)<;(1—ij{n{(r—ijny}z—;(1—i)nﬁ[[L—ijnTA—1Ag(nﬂ(n».

This proves the Theorem.
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