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Abstract
A topological index of a graph G is a numeric quantity related to G which is
describe molecular graph G. A dendrimer is an artificially manufactured or
synthesized molecule built up from branched units called monomers. In this
paper the PI, Szeged and edge Szeged indices of a class of nanostar dendrimers
together with their polynomials are computed.

1. Introduction

Let G be a graph with vertex and edge sets V(G) and E(G), respectively. As usual, the
distance between the vertices u and v of a connected graph G is denoted by d(u,v) and it is
defined as the number of edges in a minimal path connecting the vertices u and v.
Throughout the paper, a graph means undirected connected graph without loops and
multiple edges.

In chemical graph theory, a molecular graph or chemical graph is a representation of
the structural formula of a chemical compound in terms of graph theory. A chemical graph
is a colored graph whose vertices correspond to the atoms of the compound and edges
correspond to chemical bonds. Its vertices are colored with the kinds of the corresponding
atoms and edges are colored with the types of bonds. For particular purposes any of the

colorings may be ignored.



-364-

A topological index is a numeric quantity from the structure of a graph which is
invariant under automorphisms of the graph under consideration. Usage of topological
indices in chemistry began in 1947 when chemist Harold Wiener developed the most
widely known topological descriptor, the Wiener index, and used it to determine physical
properties of types of alkanes known as paraffin [1]. Although the topological index, is
easily calculable quantity, it does not uniquely correspond to the individual structure of a
graph. John Platt was the only person who immediately realized the importance of the
Wiener's pioneering work and wrote papers analyzing and interpreting the physical
meaning of the Wiener index.

We recall some algebraic definitions that will be used in the paper. The Wiener
index of a graph G is defined as the sum of all topological distances between the pair of
vertices in which the topological distance between two vertices is the number of edges in a
shortest path between them. We encourage the readers to consult two survey articles by
Dobrynin and his co-authors [2,3] and references therein for background material and
historical aspect of Wiener index.

The PI index is a new topological index defined by Padmakar Khadikar, [4-6]. It is
defined as PI(G) = Xe-uveg[my(e)+ my(e)], where my(e) is the number of edges of G lying
closer to u than to v and my(e) is the number of edges of G lying closer to v than to u.
Edges equidistant from both ends of the edge uv are not counted. The Szeged index is
another topological index introduced by Ivan Gutman, [7]. To define the Szeged index of a
graph G, we assume that ¢ = uv is an edge connecting the vertices u and v. Suppose ny(e) is
the number of vertices of G lying closer to u and ny(e) is the number of vertices of G lying
closer to v. Then the Szeged index of the graph G is defined as Sz(G) = Ye-yver@nu(e)ny(e).
Notice that vertices equidistance from u and v are not taken into account. In [8], the authors
introduced an edge version of the Szeged index. It is defined as Sz.(G) =
2e—uveE(G)Mu(e)my(e), where my(e) is the number of edges of G lying closer to u than to v
and m,(e) is the number of edges of G lying closer to v than to u. Edges equidistant from
both ends of an edge are not into account. In the mentioned paper, the main properties of
this new index investigated and some open question posed.

Diudea and Nagy in their recent book [9] wrote: “It is well-known that a graph can

be described by: a connection table, a sequence of numbers, a matrix, a polynomial or a
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derived number called a topological index”. In this paper we apply a polynomial approach
for studying the molecular graphs. Here, a finite sequence of some graph theoretical
properties can be described by so-called counting polynomials
P(G,x):zkp(G,k)-Xk,where P(G,k) is the frequency of occurrence of the property
partitions of G, of length k, and x is simply a parameter to hold k. The edge Szeged
polynomial is a new counting polynomial for graphs defined by Sz.(G.x)
P X see [10 ]

The first attempt for studying topological indices of nanostructures was done by
Diudea and his co-authors, [11-17]. Recently, Ashrafi and his co-authors, continued the
pioneering work of Diudea and his team to compute the PI and Szeged indices of some
classes of nanostructures, [18-23]. We also encourage the reader to consult papers [24-27]

for more information on this subject.

2. Main Results and Discussion

In recent research in mathematical chemistry, particular attention is paid to distance-based
graph invariants. In this section we compute PI and Szeged indices of a nanostar dendrimer
NS[n], Figure 1. Using a simple calculation, one can show that [V(NS[n])| = 75.2" -38 and
|[E(NS[n])| = 87.2" — 45. We begin with computing #, (e) for the edges e = E\’=ab;, B’ =

[V (NS[n])| -1

asby, E;O = asbs, n, (E,_O) = =25.2"-13, 1 <r <3. Now consider the edges e

=uv = Ejki,j =123,1<i<nand | <k <3.2" Figure 1. For e = ab = Eax' and € = cd =
Esi, m,(e) =n ()= 242"-1) + (2™-1) + 12 = 252"~ 13 and for ¢ = gh = By, n,(e)=
502" - 25,

Suppose e =uv = eji, 0<i<n 1<55< 3.2%. Then by an inductive argument », (e) =
24(2™-1) + (2™-1) + 6 =25.2" — 19. We now consider the edges of hexagons Njki,j =1,2;
0<i<n;1<k<32} Figure 1. If e = uv is an edge from the hexagon Nu, then for six
edges of this hexagon n, (e) = 24(2" —1) + (2™ —1) + 9 = 25.2™— 16, and for six edges of
hexagon Ny, n,(e) =24(2™ — 1) + (2™'-1) + 3 = 25.2""— 22. Using above calculations, we

have:
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Theorem 1. The Szeged index of the dendrimer NS[n] is computed as follows:
Sz(NS[n]) =—-18081+125712.2" +84375.n.4" —100125.4" —2700.n.2".

Proof. By our calculations given above, we have:

Sz(NS[a) =Y, [n,@)n,(0)]
=3(25.2" —13)(50.2" —25)

+6 " 27125277 —13)(75.2" —25.2"" -25)

+3 271(50.2"7 - 25)(75.2" =25.2"" - 13)

+3)0 212527 —19)(75.2" —25.2"" ~19)

+18) 7 2/(25.2"7 —16)(75.2" 252" -22)

+18) 7 21(25.2" —22)(75.2" 252" ~16)
=—18081+125712.2" +84375.n.4" —=100125.4" —2700.2.2".

which proves the theorem. O

Corollary 1. The Szeged polynomial of the dendrimer NS [n] is computed as follows:

n
i 1875227162522 14252" 4361 1875221625222 -1502""~12002"+352
Sz(NS[n], x) = 322' (x 3614 6x *
i=1
2n-i 2n-2i n—i n 1 2n-i 2n-2i n—i n
—625. 3 —975. — _
4 6! 875271625277 2143002" 1975274325 | | 37502%" 1250027 +6002" /1875274325
187522"71-62522"721-3002"-9752"+325 12504"-13502"+352 12504"-15002"+352
+x187 73274325y 4 18x 352 1 18x *

n_ n n_ "
+3X12504 12752 +325+3x12504 14252 +361.

We now compute the PI index of a nanostar dendrimer NS[n]. For the edges ¢ = E,°

|E(NS[n]) -

= aiby, EzO = azby, E30= azbs, m, (Ero) = 1=29.2" —16, 1 <r < 3. Consider

the edges e =uv = Ejki, =1,23;1<i<n; 1<k < 3.2, Figure 1. For edges e = ab = Exd
and e = cd = Ex', m,(e) =m,(e)=26(2""-1) + 3(2"'-1) + 13 =29.2"" — 16 and for e = gh =
Enl, m,(e)=58.2"" - 30.
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Figure 1. The Nanostar Dendrimer NS[1].

Suppose ¢ = uv = eji, 0<i<n,1<j<3.2, Then by an inductive argument m, (¢) =
26(2™ ~1) + 3(2"-1) + 6 = 29.2™" — 23. We now consider the edges of hexagon Ny, j = 1,
2;0<i<n; 1<k<32, Figure 1. If e = uv is an edge of the hexagon Nu, then for six
edges of this hexagon m, (e)= 26(2"-1) + 3(2™-1) + 9 = 29.2"" — 20, and, for six edgs of

hexagon Nai', m, (€) = 26(2"-1) + 3(2"-1) +2=29.2™ - 27.

Theorem 2. The PI index of the nanostar dendrimer NS[n] is computed as follows:

PI(NS[n]) =7569.4" — 7989.2" + 2106.

Proof. By our calculations given above, we have:
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PI(NS[n])) =" m,(e)+m,(e)
=3.(5.2" -3)(87.2" - 46)
+36.2™" -1)(87.2" -47)
=7569.4" - 7989.2" +2106.

which proves the theorem. O

Corollary 2. The PI polynomial of the nanostar dendrimer NS [n] is computed as follows:

PI(NS[n],x) =3(5.2n—3)x"""* 1 362" — x4,

We now compute the edge Szeged index of the nanostar dendrimer NS[n].

Theorem 3. The Sz index of the nanostar dendrimer NS[n] is computed as follows:

Sz.(NS[n]) =—23907 +177135.2" —145116.4" +113535.n.4".

Proof. By our calculations before Theorem 2, one can see that

Sz, (NS[nl) = 3" [m, (e)m, ()]
=3(29.2" —16)(58.2" —30)
+6 " 271(29.2" ~16)(87.2" =29.2"" ~30)
+3)7 27(58.2"7 —30)(87.2" ~58.2"" ~16)
+3)7 21(29.2"7 —23)(87.2" —29.2" -23)
+18) 7 2'(29.2" —20)(87.2" =29.2"" -27)
+18) 7 21(29.2" —27)(87.2" —29.2"" - 20)
=-23907+177135.2" —145116.4" +113535.n.4",

which proves the theorem. O

Corollary 3. The Sz, polynomial of the nanostar dendrimer NS [n] is computed as follows:

n
S2,(NS[n],x) = 322,'()(252322"”7841.2
i=l

2n-i 2n-2i n-i n 2n-i 2n-2i n-i n
+6x25232 8412 +2032"7'-23492 +540+x25232 -8412 -4062"7'-13292"+480

1 2n-i_. 2n-2i n—i_ n n_ n n_ n
+7)(50462 33642 +8122""-26102 +480)+3x16824 17982 +480+3X16824 20012"+529

+18x16824”719432”+540 8X16824”—25522”+540

+1
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