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Abstract

A quantum mechanical extension of the continuous symmetry measures (CMS) proposed
by Avnir et al. is described. The theoretical framework is essentially based in a simple
extension of the HMO approach, leading to compute molecular CSM energy spectra,
constituting a useful step for construction of first and higher order CSM terms. This
permits in turn to connect the general CMS theoretical framework with the fundaments
of structure-property relationships and allows the evaluation of statistical mechanics
CMS partition functions and the deduction of CMS thermodynamical functions as well.

1 Introduction

The symmetry of an object is usually described as a binary measure, i. €., an object is
either symmetric or not. However, it is very intuitive to think that the symmetry can be
treated as a continuous scale where some objects are more symmetric than others. This idea
has been under development by Avnir et al. [1, 2] (for reviews see [3, 4]) since the beginning
of the 90’s of the XX century. They have proposed that given a molecule and a symmetry
group G it is possible to evaluate quantitatively the “amount” of G -symmetry contained by
such molecule. The situation is also found in different contexts where yes-or-not concepts are
better expressed in the form of quantitative scales. One of such examples is the bipartivity of

a set of relations, usually determined to be either bipartite or not-bipartite. However, the
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practical necessity has obligated to define scales in which the “amount” of bipartivity of the
relationships can be quantified [5-7].

The continuous symmetry measure put forward by Avnir et al. have found numerous
applications across several fields of chemistry [8-16]. This approach can be resumed in the

following. Let Q be the space of all molecular shapes of a given dimension, where each

shape P is represented by a sequence of » points {P. }i":l. Let d be a metric on this space

i

defined as follows:

d:QxQ—>R

d(P,Q)=d({P}, ZIIP ol

Then, this metric defines a distance function between every two molecular shapes in Q.

Now, let a symmetry transform (ST ) represent the symmetric shape closest to P in terms

of the metric d . Then, the symmetry distance of a shape P has been defined as the distance

between P and its corresponding ST :

S(sym)=d(P,ST(P))

which can be evaluated by finding the ST P of P and computing

Stom)=-> [P~ B|

o

niny

The measure given in (1) is known as a continuous symmetry measure (CSM), S(sym)
and represents the square deviation of the shape P from a perfect symmetry (sym). The CMS
can be considered as a first order measure of the deviation from perfect symmetry of a given
object. The definition of the symmetry distance implies invariance to rotation and translation
and a normalization of the original shape allows for invariance of scale.

Here it is proposed to interpret this approach in a wider of quantum chemical context,
as well as to extend this approach to a series of measures, which in some way quantify the

“distribution” of continuous symmetry across a molecule.
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2 CSM Graphs

It is evident that in order to represent the CSM process there are needed two graphs
for every studied object. For every “real” object P for which the deviation from perfect
symmetry is to be studied, one can employ the object P and a “virtual” object P, which
represents the perfect symmetry for which the CSM will be computed. For instance, in the
CSM process shown in Fig. 1A there are present two objects: a “real” one, represented by

solid lines and a “virtual” one with perfect C,-symmetry depicted by dotted lines. An

abbreviated representation of the CSM process can be carried out by means of the CSM
graph. The CSM graph of a CSM process is formed by joining the nodes of the “real” and
“virtual” nodes into pseudo-nodes, in such a way that two pseudo-nodes are adjacent in the
CSM graph if, and only if, the corresponding nodes are adjacent in the real and virtual object

[17]. Fig. 1B represents the CSM graph for the previously mentioned CSM process.
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Figure 1. A) Illustration of the symmetry transform of {P] Py, Pﬁ} to A, ,132 Lo 7135} with perfect
C, -symmetry. B) The CSM graph representing the symmetry transform given in Fig. 1A.

The necessity for this kind of representation will be evident in the following section. An
object P can be represented by means of a weighted graph: G = (V, E W, ¢) Here the sets
V and E are the set of nodes (vertices) and links (edges) of the object P, characterizing its

connectivity or discrete topology. The cardinality of these sets are #/|=n and #|E|=m,

A~ 12
respectively. The set W =(y,,7,,--.7, ), where y, =|P.—P||, accounts for the deviations

from perfect symmetry for every node of the object P. Such deviations are quantified by
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means of the CSM approach. The surjective mapping ¢:V — W assigns a value of y, to

each node.

The graph G = (V JE, W,¢) can be represented through the use of the matrix:
F(G): A+ W, where A is the adjacency matrix [18] of the simple graph, whose elements
A, =1 if the nodes i and j are adjacent, or zero otherwise, and W is a diagonal matrix

whose diagonal entries are the values of the deviation from perfect symmetry for the

corresponding node W = diag(;/1 V2oV )

3 Quantum-mechanical formulation

From now on one can consider that P represents a quantum object. In the particular
case of a molecule one can consider an AO basis set associated to each atom, which only
depend on the deviation of a given atom from the perfect symmetry as accounted by the CSM
approach. However, in the CSM graph each pseudo-node is formed by two orbitals, one
representing the atom deviated from the perfect symmetry and the other the atom in the
perfect symmetry. Then, the CSM orbitals, which are the orbitals in the CSM graph, can be

CSM }

supposed as a set of localized orbitals: {(p[ , which can be constructed as the bond

orbitals introduced by Hall and Lennard-Jones and used in a linear combination of bond
orbitals (LCBO) approach. A similar approach to the present, although in a different context
was proposed many years ago by Paoloni et al. [19]. They proposed for the first time the p-
type AO’s in aromatic molecules like benzene to be substituted by spherical s-type functions.
A more elaborated approach has been also employed in describing approximate promolecular
first order density functions [20-[24] . A parent approach has been successful in order to
compute topological indices, which explicitly include molecular structure [25,[26]. More
recently, the idea has been also successfully employed to compute multicenter aromaticity
indices [27]. In fact the present approach amounts the same as to use both spherical and
elliptically distorted s-type functions. Such distortion in GTO’s has been early described and
even employed to compute AO integrals [28-[30].

Here a tight-binding approach similar to the one used in the Hiickel molecular orbital
(HMO) approach is employed. This is so, because in the present approach, the use of
adjacency matrices as a basic tool precludes the theoretical association with the HMO wave
function simplification. Therefore, such a choice permits the immediate use of MO’s instead

of the implicit Hartree wave function. First, the MO’s are built as linear combinations of the
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pseudo-atomic orbitals by considering that the CSM orbitals are orthonormalized, in order to
obtain an easily manageable set of application algorithms. Of course that this is not
compulsory and the method can use non orthogonal CSM orbitals, without needing a
considerable change. The Coulomb integral H, of a CSM orbital ¢, is assumed to depend
only on the deviation from perfect symmetry of the atom i. As it is customary in HMO
procedures, such an integral is set equal to H, =a+y,b, while the resonance integral H,
between CSM orbitals ¢, and ¢, is assumed to be zero, unless i and j are adjacent atoms in
the molecule, in which case it is set /; =b. After normalizing each element of the CSM

Hamiltonian by b the main diagonal, the entries are given by x + ,, where

a—¢&
b 3)

X =

The non-diagonal entries of this matrix are unity if, and only if, the corresponding atoms are
adjacent. Thus, the orbital energy is determined by the eigenvalues of the matrix H, which

are the eigenvalues of the weighted matrix I' (G) representing the CSM graph,

&, =a—bx, @)
where x; is an eigenvalue of the matrix F(G). The total electronic “CSM” energy is given

by

&)

where b <0.
From now on the value p =na=0 is used without loss of generality, since p simply sets

the origin of the energy scale. This makes the CSM energy expression equal to:

Ecoy = 2\”\2"1 , (©)
=

It is well known that the sum of the eigenvalues of any Hermitian matrix is equal to
its trace. Then, it is straightforward to realize that the CSM is the total energy of the

symmetry deviation for a molecule under the previous tight-binding assumptions,

n 1 n
Ecou :2‘17‘27;' =S(Sym)=;27/i , (7)
=

J=1

for 28| =1 .
n
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4 Higher order CSM

The CSM, corresponding in the present scheme to the total energy of the symmetry
deviation for a given molecule, does not account for the differences in symmetry between
pairs of structures having the same sum of the y, values. In other words, the CSM total
energy appears to be a first order measure for the CS deviation of a molecule. However, in
the previous section it has been discussed that the CS total energy is given by the trace, the
sum of diagonal elements, of the matrix F(G):

Ecgy =trH = trr(G) ®)

This expression can be generalized in order to account for higher-order contributions of
the deviations from perfect symmetry. Let x, be the k-th spectral moment of the
Hamiltonian matrix, which represents a weighted closed walk of length k& between the
pseudo-nodes of the CSM graph, where the weight associated with the walk is the product of

the H la.ib interaction elements,

k
ty =trH” = Zil,iz‘..ikHilaszi2,i3'”Hik,il‘ ©)

It is evident that the energy is just the first moment of the Hamiltonian. Then, the
consideration of the higher-order moments differentiate the structures not distinguished by
the first order measure. The higher-order terms can be accounted for in a more efficient way

in a further section.

5 Higher-order CSM in structure-property relationships

One of the principal objectives of developing the CSM has been its use in describing
quantitatively many different properties. Let P be an experimental property which can be

expressed as a linear combination of the higher-order CSM,
P=Y b +a. (10)
k

where b, are the coefficients of the correlation model and « is the error. Then, the following
result can be easily set:
Theorem: Any property P expressed quantitatively by means of the higher-order CSM can

be expressed as an atomic additivity function.
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Proof. The spectral moments of the CSM Hamiltonian can be expressed in terms of local

moments for the atoms of the molecule 4, [a]

k =Zﬂk["], (11)
a=1

where the atomic moments are expressed in terms of the MO coefficients and energies as
follows,

m

ula)=[e,(@f &) (12)

Jj=1
Then, substituting (11) in (10) the property under study can be expressed in terms of the

atomic moments,

P=Zzbkﬂk[a]+a. (13)

k a=1
Summing up all the local moments corresponding to a given atom « multiplied by their
respective coefficients, calling P(a) the CSM contribution of the atom a to the property P,

then the following expression is deduced:

a):;bk:uk [a]. (14)

Consequently, one can express the global property as a sum of atomic contributions,

P=> Pla)+a (15)
a=1

which proves the theorem,

6 Statistical mechanics approach to higher-order CSM

First, it can be defined a CSM partition function, associated to the previously defined

CSM energies,

pe;
Z(CSM ) = Ze 16)

where S =1/kT is the inverse temperature (7 ) and k is the Boltzmann constant. Using this

partition function one can define the entropy of the CSM electronic distribution as
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S(CSM)=—kZlenpj =kzpj[ﬂ€,-+1nz], (16)
j=1 j=1
where
e
p; = 7 17

is the probability of finding the system in the state having energy ¢; and Z =7 (CSM ) Eq.

(16) can be rewritten in the following way
Szkﬂz;gjpj(t)+k]nZZl:pj. (18)
J= j=

Then, by multiplying by 7' and reordering the terms it is obtained

1 n
—Ean:Zlgjpj—TS’ (19)
e

which by using the known expression /"= H —TS, permits to identify the CSM enthalpy
H and the CSM free energy F , as the expressions

H(CSM)=>¢,p, (20)

Jj=1
1
F(CSM)=-—InZ
B 1)
In order to establish a connection between the statistical mechanics parameters and the
higher-order CSM parameters previously defined, the spectral moments of the Hamiltonian
matrices can be easily used. First, the partition function (16) can be rewritten as the trace of
the exponential of the Hamiltonian matrix, which can be immediately interpreted in terms of

the spectral moments of the corresponding Hamiltonian,

Z= ”[ ﬁﬂ] Z ﬁ)kﬂH i kﬂk. 22)

k=0

Thus, the CSM partition function is a weighted sum of all the higher-order CS measures
accounted by the spectral moments of the corresponding CSM Hamiltonian. Because the
Hamiltonian here is simply the adjacency matrix of a weighted graph, the partition function is
the CSM version of the “subgraph centrality” or the Estrada index of the graph (see [31-35]

and references therein).
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7 Summary

The concept of continuous symmetry measure (CSM) of Avnir et al. has been extended
within a quantum mechanical background, employing a simple modification of HMO and the
attached topological adjacency matrices. This permits to easily compute first and higher order
CSM terms, which can be applied in turn to describe the partition of molecular properties as a
sum of atomic contributions in structure-property relationships. Finally, CMS energy spectra
can be employed to develop statistical mechanics partition functions and hence this permits to

compute CMS related thermodynamic functions.

Acknowledgement

The authors want to warmly thank one of the referee’s of the present work, who has issued
points, which have ameliorated the theoretical background in the initial parts.

References

[1]  H. Zabrodsky, S. Peleg, D. Avnir, J. Am. Chem. Soc. 114 (1992) 7843.
[2]  H. Zabrodsky, S. Peleg, D. Avnir, J. Am. Chem. Soc. 115 (1993) 8278.
[3] D. Avnir, H. Zabrodsky Hel-Or, P. G. Mezey, in Encyclopedia of Computational
Chemistry, P. von-Rague Schleyer, Ed. Wiley, Chichester, 1998, Vol. 4, p. 2890
[4] D. Avnir, O. Katzenelson, S. Keinan, M. Pinsky, Y. Pinto, Y. Salomon, H. Zabrodsky
Hel-Or, in Concepts in Chemistry: A Contemporary Challenge, D. H. Rouvray, Ed.,
Research Studies Press Ltd., Taunton, 1997, Chap. 9, p. 283.
[§5] P.Holme, F. Liljeros, C. R. Edling, B. J. Kim, Phys. Rev. E 68 (2003) 056107.
[6] E. Estrada, J.A. Rodriguez-Velazquez, Phys. Rev. E 72 (2005) 046105.
[71  T. Doslic, Chem. Phys. Lett. 412 (2005) 336.
[8] D.R. Kanis, J.S Wong, T.J. Marks, M.A. Ratner, H. Zabrodsky, S. Keinan, D. Avnir,
J. Phys. Chem. 99 (1995) 11061.
[9]  H. Zabrodsky, D. Avnir, J. Am. Chem. Soc. 117 (1995) 462.
[10]  S. Grimme, Chem. Phys. Lett. 297 (1998) 15.
[11]  S. Keinan, M. Pinsky, M. Plato, J. Edelstein, D. Avnir, Chem. Phys. Lett. 298 (1998)
43.
12]  J. Cirera, P. Alemany, S. Alvarez, Chem.-Eur. J. 10 (2004) 190.
13]  K.B. Lipkowitz, M.C. Kozlowski, Synlett 10 (2003) 1547.
14]  S. Alvarez, J. Am. Chem. Soc. 125 (2003) 6795.
15] D. Casanova, J. Cirera, M. Llunell, P. Alemany, D. Avnir, S. Alvarez, J. Am. Chem.
Soc. 126 (2004) 1755.



[16]
[17]

(18]

[19]

[20]
(21]
(22]
(23]
(24]
(23]

[26]
[27]
(28]
[29]
[30]
(31]
[32]
[33]
(34]
[35]

- 114 -

D. Yogev-Einot, D. Avnir, Acta Crystallogr., Sect. B: Struct. Sci. 60 (2004) 163.

The hexagon in figures 1A and 1B due that the distance of two vertices which are not
opposite to each other is changed, the center of gravity of the hexagon also changes.
However, the present mathematical treatment requires that the center of gravity shall
be retained. Thus, one should first move the distorted hexagon, so its center of gravity
coincides with the center of gravity of the perfect hexagon, then one can calculate the
distances. Equation (1) in the present study is correct only if both compared objects
have the same center of gravity. Otherwise the obtained CSM will depend on the
location of the investigated object.

The adjacency matrix is also know by chemists as the connectivity matrix

A= [A,./. JW were A, =1 if atoms i and j are directly connected to each other and

zero in any other case.

L. Paoloni, M. Giambiagi and M. S. de Giambiagi, Estratto da Atti della Societa di
Naturalisti e Matamatici di Modena, Volume speciale per il 1° Convegno
Internazionali dei Chimici Teorici di Lingua Latina. Vol C (1969) 90.

L. Amat, R. Carbd-Dorca, J. Comput. Chem. 18 (1997) 2023.

L. Amat, R. Carbo-Dorca, J. Comput. Chem. 20 (1999) 911.

L. Amat, R. Carbo-Dorca, J. Chem. Inf. Comput. Chem. Sci. 40 (2000) 1188.

X. Gironés, R. Carbo-Dorca, P.G. Mezey, J. Mol. Graph. Model. 19 (2001) 343.

L. Amat, R. Carbo-Dorca, Int. J. Quant. Chem. 87 (2002)

E. Besalu, A. Gallegos, R. Carbo-Dorca, MATCH Commun. Math. Comput. Chem. 44
(2001) 41.

E. Besalu, X. Gironés, L. Amat, R. Carbd-Dorca, Acc. Chem. Res. 35 (2002) 289

P. Bultinck, M. Mandado, R. Mosquera, J. Math. Chem. 43 (2008) 111.

T. K. Lim, M. A. Whitehead, J. Chem. Phys. 45 (1966) 4400.

G. Simmons, A. K. Schwartz, J. Chem. Phys. 60 (1974) 2272.

L. Vescelius, A. A. Frost, J. Chem. Phys. 61 (1974) 2983.

E. Estrada, N. Hatano, Chem. Phys. Lett. 439 (2007) 247.

E. Estrada J.A. Rodriguez-Velazquez, Phys. Rev. E 71 (2005) 056103.

J.A. de la Pefia, I. Gutman, J. Rada, Lin. Algebra Appl. 427 (2007) 70.

I. Gutman, A. Graovac, Chem. Phys. Lett. 436 (2007) 294.

R. Carbd-Dorca, J. Math. Chem. 44 (2008) 373.



