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Abstract

The Wiener index is the sum of topological distances between all pairs
of vertices in a connected graph such as represents the structural formula of
a molecule. Firstly, we investigate some properties of the partially ordered
set of all vectors associated with a tree with respect to majorization. Then
these results are used to characterize the trees which minimize the Wiener
index among all trees with a given degree sequence. Consequently, all extremal
trees with the smallest Wiener index are obtained in the sets of all trees of
order n with the maximum degree, the leaf number and the matching number

respectively.

1 Introduction

Molecular graphs are usually used to describe molecules and molecular compounds.
Topological indices of molecular graphs are one of the oldest and most widely used
descriptors in quantitative structure activity relationships of molecules and molecular
compounds. Perhaps, one of the most widely known topological descriptors is the
Wiener index which is named after chemist Wiener [21] who first considered it. Many
chemical applications of the Wiener index deals with acyclic organic molecules, whose
molecular graphs are trees. In the mathematical literature, the Wiener index seems
to be the first studied by Entringer et al. [4]. For more information and background,
the readers may refer to a recent and very comprehensive survey [3] and a book [19]
which is dedicated to Harry Wiener on the Wiener index and the references therein.
Let G = (V, E) be a simple connected graph with vertex set V(G) = {vy,---,v,}
and edge set E(G). Denote by dg(v;) (or for short d(v;)) the degree of vertex v; of
graph G. The distance between vertices v; and v; is the minimum number of edges
between v; and v; and is denoted by de(v;,v;) (or for short d(v;,v;)). The Wiener
indez of a connected graph G is defined as
W@ = Y du,v).
{viv; }CV(G)

Since the Wiener index has been used to explain the variation in the physical

and chemical properties of alkanes and correlate the pharmacological properties of
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compounds with their stucture, chemists are often interested in the Wiener index of
certain trees which present molecular structures (for example, see [10], [9], [8], [3] and
the references therein). For a saturated acyclic hydrocarbon which consists only of
carbon atoms and hydrogen atoms, we may use a tree to describe it with each vertex
representing a carbon atom. The vertex degree represents its valency. It is well known
that there are many different molecules whose chemical formula are the same. For
example, butane and isobutane are isomers with the same chemical formulas CyH1q.
It is natural to ask how many different molecules there are having the same chemical
formula C,, Hop, 2. This problem was systematically addressed by Cayley by way of
graph theoretical techniques. But then a natural question arise as to the relations of
the Wiener indices among the different molecules with the same chemical formula,
since molecular branching and molecular cyclicity are topological characteristics that
are accounted for by the Wiener index (See [15] and [18]).

Entringer et al. [4] showed that among all trees of order n the star K ,_; and the
path P, have the minimum and maximum Wiener indices, respectively. Dankelmann
[2] determined the maximum Wiener index in terms of the order and the indepen-
dence number. Recently, Fischermann et al. [6] and Jelen et al. [13] independently
determined all trees which have the minimum Wiener indices among all trees of or-
der n and maximum degree A. A nonincreasing sequence of nonnegative integers
7w = (do,dy, -+, dn_1) is called graphic if there exists a simple connected graph having
7 as its vertex degree sequence. Ruch and Gutman [20] discussed the majorization
partial ordering of potential degree sequences and the relation to being graphic. For
more information, the reader may refer to [12] and [7]. For other terminology and no-
tions, we follow [1]. These results and problems motivate us to propose the following

problem:
Problem 1.1 For a given graphic degree sequence , let
G(m) = {G | G is connected with 7 as its degree sequence}.

Find the upper (lower) bounds for the Wiener index of G in G(m) and characterize

all extremal graphs which attain the upper (lower) bounds.
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In this paper, we only consider a special case for the above problem, i.e., for a

given degree sequence of some tree. One of the main results of this paper is as follows:
Theorem 1.2 For a given degree sequence of some tree, let
T(m)={T | T is a tree with 7 as its degree sequence}.

Then T*(m) (or for short T*, described in section 2) is a unique tree with the minimum

Wiener index in T ().

The main Theorem 1.2 may be used to describe relations of the Wiener index among
all different molecules with the same chemical formula so as to characterize variations

amongst alkanes. For example, from Theorem 1.2, we may deduce the following result.

Theorem 1.3 Among all graphs representing molecules with the same chemical for-
mula C,Hopyo, there is only one tree representing molecules with the minimum Wiener

index and its structure is determined.

Suppose that there are two molecules with the same chemical formula CyH;g, if the
Wiener index of one molecule is less than that of the other, then this molecule must
be isobutane and the other is butane by Theorem 1.3, since there are two possible
molecules with the same chemical formula CyHq.

The rest of the paper is organized as follows. In Section 2, a special tree T
and the notation of a BFS-ordering are introduced. Moreover, some properties and
preliminary results are presented. In Section 3, we investigate properties of a partially
ordered set of all vectors associated with a tree. In Section 4, The above results are
used to present a proof of Theorem 1.2 by establishing relations between the partially
ordered set and the Wiener index. In Section 5, we derive some corollaries from the
main results, which contain the main results of Fischermann et al. [6] and Jelen at

al. [13]
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2 Notation and preliminaries

In order to easily understand the construction of 7%, we first give an example to illus-
trate how to construct 7% before presenting the construction of 7% with n vertices. For
example, for a given degree sequence 7 = (4,4,4,3,3,3,2,1,1,1,1,1,1,1,1, 1,1,1),
T* is the tree of order 18 (see Fig.1). There is a vertex vg; in layer 0 with d(vg;) = 4.
Then vg; in layer 0 is adjacent to four vertices vi1, v12, v13, V14 in layer 1 whose degrees
are 4, 4, 3, 3 respectively. Then wvyy, v12, V13, v14 in layer 1 are adjacent to three, two
and two vertices respectively in layer 2 from left to right. These vertices are denoted
by v91, V22, - -+, V210 Whose degrees are 3, 2, 1, 1, 1, 1, 1, 1, 1, 1 respectively. Then
Va1, Uao are adjacent to two and one vertex respectively in layer 3. These vertices are

denoted by vs1, v32, v33 whose degrees are 1.

Vo1

Figure 1

Generally, we may construct 7 with degree sequence 7. Let m = (do, d1, -+, dp—1)
with n > 3 be a given nonincreasing degree sequence of some tree. Now we construct
a special tree T™ with degree sequence m by using a ”breadth-first” scheme, which
considers the n vertices of 7% to be partitioned into a sequence of layers starting with
the 0" layer consisting of a single vertex vg; of maximum degree. Then recursively
develop the layers, with the 1*" layer having d, vertices each connected to vg;. Denote
the number of vertices in the m'* layer by I,,,, and the number in all layers preceding

layer m by l.,,. Given [, vertices in a layer m > 1, choose the degree of the it
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vertex vy, ; in this layer to be d;4;_,, with all but 1 of its connections to be to vertices
Um+1k 10 the next layer for k = j + ;;ﬁ(dpﬂm — 1), with j =1 to dj4.,, — 1. The
number of vertices in this next layer then is ,,,11 = Zé)’il(dpﬂ - — 1), and the process
is continued till all n vertices are accounted for.

Let T' = (V, E) be a rooted tree with root r. Denote by 7, (7) the set of all rooted

trees with degree sequence 7, i.e,
T.(m) ={T | T is a rooted tree with 7 as its degree sequence}.

The distance d(v,r) between v and the r is called the height of vertex v and denoted
by h(v) = d(v,r). For two vertices u and v, we say that u is a successor of v in a
rooted tree T, if the path P(u,r) from vertex u to the rooted vertex r contains vertex
v. Moreover, if u is a successor of v and v is adjacent to v, we say that w is a child of
v, and that v is the parent of u. A well-ordering (complete linear ordering) of a set

W is defined to be an ordering such that every set S C W there is a least element.

Definition 2.1 Let T = (V, E) be a tree with root r and let (V, <) be a well-ordering
(or a complete linear ordering). The well-ordering < of the vertex set V is called
a breadth-first search ordering (BFS-ordering for short) if the following holds for all
vertices u,v € V:

(1) u <wv implies h(u) < h(v);

(2) u <wv implies d(u) > d(v);

(8) if uy is a child of w and vy is a child of v; and u Qv, then uy Jvy.

We call trees that have a BES-ordering of its vertices a BFS-tree.

All trees have an ordering which satisfy the conditions (1) and (3) by using a
breadth-first search. But not all tree have a BFS-ordering. For example, the following
tree T of order 17 with degree sequence m = (4,4,4,3,3,3,2,1,1,1,1,1,1, 1,1,1,1,)
does not have a BFS-ordering (see Fig.2).
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V2g V29

] (o]
Us3 V31 V32

Figure 2

For properties of BFS-ordering, we have the following result from [22],

Proposition 2.2 (Zhang [22]) Let m be the degree sequence of some tree. Then
there exists a unique tree T with degree sequence w having a BFS-ordering. In other
words, any two trees with the same degree sequences and having a BFS-ordering are

isomorphic.

We recall the notion of majorization. For details, the readers are referred to the
book of Marshall and Olkin [17].

Let © = (21,29, --,2p) and y = (Y1,¥y2, -, Yp) be two nonnegative integers.
We arrange the entries of 2 and y in nondecreasing order z; = (2, --2}y) and

yr =y, yp)- I

k k
Zx[i] < Zwaor k=1,--,p,
i=1 i=1

x is said to weakly majorize y and denoted y <* z. Further, if y <* x and

x is said to majorize y and denoted by z = y or y < z. Moreover, if y <" x (resp.
y = z) and 7 # yp, = is sald to strictly weakly majorize (resp. strictly majorize)
y and denoted by y <" x (resp. y < x). Here, we present two simple properties of

majorization which will be used later.
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Proposition 2.3 Let © = (21, -, Tk, Y1, - y) and y = (x1 + b, -+, 2 + b,yy —
b, .-,y —b) be two nonnegative integer sequences with k <1 and b > 0. If z; > y;
fori=1,--- k, thenx <"y

Proposition 2.4 If x <¥ y and 2’ " ¢/, then (x,2') <* (y,v')

3 The partially ordered set

Let T = (V, E) be arooted tree with root r. For each vertex u, let T'(u) be the subtree
of the rooted tree T" induced by u and its all successors in 7T". In other words, if u is not
the root 7 of tree T and v is the parent of u, then T'(u) is the connected component of
T obtained from T by deleting the edge uv such that the component does not contain
the root r; if w is the root r, then T'(u) is the tree T. Let fr(u) = |T'(u)| be the
number of vertices in T'(u) and denote f(T) = (fr(u),u € V(T)). For a given degree

sequence T, let
Q(m) = {f(T), T is a rooted tree with degree sequence 7}.

Clearly, () is a partially ordered set with respect to majorization. In this section,
we discuss that any modification of a tree gives rise to a perturbation of its f(7T').

Then we show that (7) has only one maximum element with respect to majorization.

Lemma 3.1 Let T € T,(m). Suppose that u and v are successors of w and there are
two internal disjoint paths P(u,w) = (u,uy, - - -, u, w) and P(v,w) = (v,v1, -+, v, w)
with 1 <k <1 and fr(u) < fr(v), fr(u) > fr(v) fori=1,--- k. Let T" be a tree
with root r obtained from T by deleting the edges uiu and viv and adding the edges

uv and viu. Then T' € T,(m) and f(T) < f(17).

Proof. Clearly, T and 7" have the same degree sequence and 7" € T.(w). Put b =
fr(v)— fr(u) > 0. By the definition of f(T'), it is easy to see that fo(v;) = fr(v;) —b;
for 1 <4 <I. Moreover, fr/(u;) = fr(u;)+b; for 1 <i < k. Hence by Proposition 2.3,
(fr(ua), -, fr(ue), fr(vi), -, fr(v)) < (fr(w), - fro(uk), fro(ui), - frr(on).-
For any vertex y in V/(T)\{uy, -, u, v1,---, v}, we have fr(y) = fr(y). Therefore
by Proposition 2.4, f(T) < f(7")



- 631 -

Lemma 3.2 Let T be a rooted tree with root r. Suppose that u and v are two suc-
cessors of w such that there are two paths P(v,w) = (v,vy, -, v, w) and Plu,w) =
(u,w) with w # v, and I > 1. If fr(u) < fr(v), let T' be a rooted tree with root r
obtained from T by deleting the two edges uw and vv; and adding two edges uv, and
vw. Then T" € T,(w) and
f(T) < (1)

Proof. It is easy to see that 7" € 7,.(w). Let b = fr(v) — fr(u) > 0. Then fp (v;) =
fr(v;)) —=bfori=1,--- 1. Hence (fr(v1),---, fr(v)) <* (fr(v1),- -, fr(v;)). More-
over, fr(y) = fr(y) for y € V\(v1,---,v;). Hence by Proposition 2.4, the assertion
holds. W

Lemma 3.3 T € 7,.(w). Suppose that u and v are two successors of w and there are
two internal disjoint paths P(u,w) = (u, uy, - -+, ug,w) and P(v,w) = (v,vy,- -, v, w)
with1 <k <l and fr(u) > fr(v), fr(u;) > fr(v;) fori=1,--- k. If dr(u) < dr(v),
denote s = dp(v) — dp(u) > 0, and let T" be a tree with root r obtained from T by
deleting the s edges vx; and adding s edges ux;,i = 1,--- s, where {xq,---, x5} are

children of v. Then T' € T,(w) and f(T) <" f(T").

Proof. Since dp/(u) = dr(v) and dp(v) = dr(u), we have T" € T(w). Let b =
>y fr(z;) > 0. By the definition of f(7T'), it is easy to see that fr(v) = fr(v) — b,
fro(vi) = fr(vi)=b; fori =1,--- 1. Moreover, fr(u) = fr(u)+b, fr(us;) = fr(u;)+b;
for ¢ =1, k. Hence by Proposition 2.3, we have (fr(u), fr(ui), -, fr(ug), fr(v),
Jr(or), -+ fr(o)) < (for (), fr(un), -+ frr(u), fro (), frr (1), - -, fre(w). For
any vertex y in V(T)\{u, uq,- -, ug, v,v1, -+, v}, we have fr(y) = fr(y). Therefore
by Proposition 2.4, f(T) < f(7"). B

) =
)=

Lemma 3.4 Let T be a rooted tree with root r. Suppose that u and v are two suc-
cessors of w such that there are two paths P(v,w) = (v,vy,- -, v, w) and Plu,w) =
(u,w) with uw # v, and | > 1. If dp(u) < dr(v), denote s = dr(v) — dr(u) > 0, and
let T' be a tree with oot r obtained from T by deleting the s edges vr; and adding
s edges ux;,i = 1,--,s, where {aq,---, x5} are children of v. Then T' € T.(7) and

(1) < H(T).
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Proof. The proof of Lemma 3.4 is similar to that of Lemma 3.3 and is omitted. H

Lemma 3.5 Let T' € 7.(m). Suppose that u is the parent of v and dy(u) < dp(v).
Denote s = dp(v) — dp(u) > 0, and let T' be a tree with root r obtained from T by
deleting the s edges vx; and adding s edges ux;, i = 1,---,s, where {x1,---,xs} are

children of v. Then T' € T,(m) and f(T) <" f(T").

Proof. Clearly, 7" € 7,.(m). Let b = 37, fr(z;) > 0. Then fr(v) = fr(v) —b <
fr(v), which implies fr(v) < fr(v). Moreover, for any y # v, we have fr(y) =
fr(y). Hence by Proposition 2.4, the assertion holds. l

Now we present the main result in this section which is interesting in its own right.

Theorem 3.6 Let T' € T.(w). Then
F(T) =2 f(T7)

with equality if and only if T is isomorphic to T*. In other words, )(w) has only one

maximum element which is T* up to isomorphism.

Proof. Clearly, Q(7) = {f(T),T € T,(m)} is a partially ordered set with respect to
=<". Let T be a rooted tree in 7,(7) with f(7T") being a maximal element in {f(T"),T €
7,(m)}. We may assume that vg = r is the root of tree T'. Put V; = {v: d(v,vy) =i}
fori=0,---,p+1 such that V(T) = Uf;} Vi. Denote by |V;| =s; fori=1,---,p+1
and sp = 0. We now can relabel the vertices of V(T') by the recursion method. For
Vo, relabel vy by vg; which is the root of tree T'. For Vi, which consists of all neighbors

of vertices in V; can be relabeled
Vi1, Vlsps
which satisfy the following conditions:
fr(vi) > fr(vig) > - > fr(vis,)

and

fT(’Uu) = fT(Ulj) anhes dT(Uli) 2 dT(Ul]') fOl“ 1 S 7 <j S S1-
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Moreover, s; = dr(vo1). Generally, we assume that all vertices of V; are relabeled
{vi1, -+, v, } for i =1,--- . Now consider all vertices in V;;;. Since T is tree, it is

easy to see that
Str1 = |Viga| = dr(va) + - + dT(Ut,st,) — 5.

Hence for 1 < r < s;, all neighbors in V;,; of v, are relabeled

Ut1,dp (ver)+++dp (ve,r—1)—(r=1)+15 " * * s UVt Ldp (vpr)++4dr (ve,r) =15

which satisfy the conditions:

Jr(verii) 2 fr(veny)

and
fr(vigs) = fr(vie;) implies dp(vigr,;) > dp(veg;)
for dr(va)+---+dr(vy,—1) —(r—1)+1<i < j <dp(vg)+---+dr(v,) —r. In this

way, we relabeled all vertices of V(T') = Uf;rol V;. Therefore, we are able to define a

well-ordering of vertices in V(T') as follows:
vig Qoy, f0<i<j<p+1ori=jandl<k<l<s;

We have the following

Claim: This well-ordering is a BFS-ordering of tree 7. In other words, T is
isomorphic to T* by Proposition 2.2.
Proof. of Claim From the construction of well-ordering, it only needs to show that

the following assertion holds:

fr(vor) > fr(vi1) = - > fr(vie) > fr(va) > > fr(vas,) = - 2 fr(Vpri,s,.,)

and
dT(Um) = dy, dT(Ull) = dspt1,° adT(Ul,sl) = (150+517
dT(Uﬂ) = ds()+81+1’ e 7dT(U2,82) = d511+81+827 B}

dp(Vps1,1) = dsgpotspt1s 5 Ar(Vpt1,spsy) = A1
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Therefore, we only need to show that

Jr(on) = fr(vne) = - > fr(vns,) = fr(vee) (1)

and
dr(vp) > dp(vpe) > -+ > dr(vps,) > dr(vagin) (2)

for h=0,---,p+ 1.

We show (1) and (2) by the induction on h. For h = 0, clearly, (1) holds since
fr(vor) = n > fr(vi1). By Lemma 3.5, (2) holds. Assume that (1) and (2) hold
for h = t. We consider h = ¢t + 1 and using the contradiction method. Suppose
that fr(vit:) < fr(vgy) for 1 < i < j < s4q. Then by the construction of
vertex labeling, there exist two internal paths P(vir1, Vi—gipy,) = (Vi1 Veiys
Ut—k+1,ik7vt—k,ik+l} and P(Ut+1,j7vt—k,ik+1) = {Ut+l,j7vt,j17 tee >Ut—k+1,jkyvt—k,ik+1} with
iy < giforl=1,--- k. Hence, fr(vi—i11,) > fr(vi—ig1,5,) by the induction hypothesis.
Let 7" be a tree with root vy from 7' by adding the edges vy ;, v41,; and v¢ j,vy41,; and
deleting the edges vy, vi11,; and vy j,vi41 ;. By Lemmas 3.1 and 3.2, T" is a rooted
tree with the same degree sequence 7 and f(T') <* f(T”). This contradicts T' being

a maximal element in Q(m). So

Jr(ipin) 2 fr(vie) > -0 2 fr(Vga,s.)-

Moreover, we will prove that fr(vit1s,.,) > fr(vieen). In fact, if fr(ver, si) <
fr(vig21), then by the induction prothesis and the construction of the vertex labeling,
there are two paths P(vi41,5,,1,001) = {Vt41,50015*» V,s15 Y01} and PV, -+, V11,
vo1} such that fr(vis,) > fr(vig1,1) for i = 1,- -, ¢. Therefore, by Lemmas 3.1 and
3.2, f(T) is not a maximal element in Q(7). It is a contradiction. Hence (1) holds
for h=1t+1.

Suppose that d(viy1;) < d(vis1;) for 1 < @ < j < s;49. Then by (1) and the
construction of vertex labeling of tree T', we have fr(viy1,;) > fr(via,) and let b =
d(viy1,5) — d(veg1,5) > 0. By the induction hypothesis, there are two internal disjoint
paths P(Vrs1,i, Vit y) = {Vet1i Ve =+ Vit Lis Vihigys b a0d PVt Ve, y) =

{Vir15, Vegis s Vi1 Vimyiney § SUCh that fr(ving) > fr(viny,) for l=1,--- k.
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Denote by s = d(vet1,;) — d(veg1,4). Let 77 be a tree with root r obtained from
T by deleting the s edges vy ;7 and adding edges vey125, | = 1,---,s, where
{x1,---,x,} are children of vyy1 ;. Then by Lemmas 3.3 and 3.4, we have 7" € 7T,.(w)
and f(T) <* f(T") which contradicts to f(T) being a maximal element in Q(7).
Therefore

dr(viga) = dr(vigr2) > - 2 dp(Vig,se,)-

Similarly, we also show that dr(vi41,6,,,) = dr(vi4a,1). Hence (2) holds for h =t +1
also. Therefore by the induction method, (1) and (2) hold for h =0,---, p+ 1, which
implies the claim holding. l

Hence by Claim, T has a BFS-ordering. By Proposition 2.2, T' is isomorphic to
T* and f(T) = f(T*). So T* is only one tree in 7,(7) up to isomorphism such that

f(T*) is only one maximum element in Q(7). Then we complete the proof. l

Corollary 3.7 Let T be a rooted tree in T,.(w). Then the following conditions are
equivalent:

(1) T has a BFS-ordering;

(2) f(T)y = F(T");

(8) T is isomorphic to T*.

4 The minimum Wiener index in 7 ()

In order to prove our main results in this paper, we also need some notations and
lemmas. For any vertex v of a tree T = (V, E), denote by Wr(v) = ¥ evr) dr(v, u)
and which is called the distance of the vertex v. A centroid vertexr of T is defined to
be such that its distance is no more than the distance of any other vertex in 7. In

other words, v is called a centroid of T if Wr(v) < Wr(u) for all u # v.

Lemma 4.1 Let r be both the root and a centroid of a rooted tree T of order n in

T.(m). Then for any vertex u other than v, fr(u) < 3.
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Proof. Let v (which may be r) be the parent of vertex u. Since r is a centroid of the
tree T, Wy (r) < Wp(u). By Exercise 6.22 in [14], Wr(v) < Wr(u). By the definition
of Wy(u) and fr(u), we have

0 < Wrp(u) = Wr(v) = (n = fr(u) — fr(u).

Hence fr(u) < 2. W

5
Lemma 4.2 Let r be both the root and a centroid of a rooted tree T of order n in

T.(m). Denote by o(x) =t(n —t). Then

WA(T) = o(fr(u))
ueV(T)—{r}

Proof. By [21] (see [3] also), it is easy to see that

W(T)= > nile)nale),

e=uwveE(T)
where ny(e) and ns(e)) are the number of the vertices of two connected components
of T containing u and v respectively. Then ny(e) + na(e) = n. Since for each edge
e = uv € E(T), one vertex of {u,v} must is the parent of the other vertex, say v
is the parent of u. Hence each edge e = uv € E(T) we can see that there exists a
1-to-1 correspondence between the edge set E(T') = {e = uv,v is the parent of u}
and V(T') — {r}. Therefore for e = uv with v being the parent of u, ny(e) = fr(u)
and ny(e) =n — fr(u). Then
W(T)= > menale)= > fr(wn—frlw)= > o(fr).

e=uveE(T) ueV (T)—{r} ueV (T)—{r}
|

The following Lemma from Proposition 4.B.2 in [17].

Lemma 4.3 ([17]) Let x = (21, -+, x,) and y = (y1,- -, Yn) be two nonnegative in-
teger sequences. If x <"y, then 30, ¢(x;) > S0, (y;) for all continuous increasing

concave functions with equality if and only if x; = y;.
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Theorem 4.4 Let r be both the root and a centroid of a rooted tree T of order n.
Let 1" be both the root and a centroid of a tree T' of order n. If f(T) < f(T"), then
W(T) > W(T") with equality if and only if f(T); = f(T");.

Proof. Clearly ¢(t) = t(n —t) is continuous increasing concave functions for 0 < ¢ <
2. By Lemma 4.1, fr(u) < % foru € V(T)—{r} and fr(u) < % foru € V(T")—{r'}.
Note that fr(r) = fr(r') = n. Thus (fr(u),u € V(T)\ {r}) =¥ (fr@W),v €
V(T")\ {r'}). Hence the assertion follows from Lemmas 4.2 and 4.3. B

Now we are ready to prove the main result in this paper.
Proof. of Theorem 1.2. Let T' = (V, E) be any tree in 7 () and let T' be rooted at
its a centroid r. By Theorem 3.6, f(T') < f(T™). For the root r of T' and the root vg;
of T*, we have fr(r) = fr(vo1) = n. Hence (fr(u),u € V(T) — {r}) =¥ (fr-(u),u €
V(T*) — {ve1}). Moreover, it is easy to see that vy is a centroid of T*. Hence by
Lemma 4.1, fp(u) < § for uw € V(T) — {r} and fr-(u) < § for u € V(T*) — {vo1}.

Clearly ¢(t) = t(n —t) is continuous increasing concave functions for 0 < ¢ < %. By

Lemmas 4.2 and 4.3, we have
wW(T= > elfr)= > e(fr(u) =W(T)
weV(T)—{r} u€V (T*)—{vo1}
with equality if and only if (fr(u),u € V(T) —{r}); = (fr-(u),u € V(T*) — {vo1 })1-
By Theorem 3.6, T" must be isomorphic to 7*. B

(From the proof of Theorems 1.2 and 3.6, it is easy to see that we have the

following

Corollary 4.5 For a given tree degree sequence w, A tree T has the minimum Wiener
indez in T (m) if and only if T has a BFS-ordering. Moreover, the BFS-ordering is
consistent with the vector f(T') of T with a centroid as the root in such a way that

fr(u) > fr(v) implies u <wv.
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5 The minimum Wiener index in some classes of

trees

Before we derive the minimum Wiener index in some classes of trees, we need the

following result

Proposition 5.1 Let m = (dy,- - dn—1) and " = (dy, - -+, d},_,) be two nonincreasing
graphic degree sequences. If m =< @', then there exists a series of graphic degree
sequences Ty, -+, T such that # X m = -+ 21, X 7', and only two components of

m; and miyq are different from 1.

Proof. Since 7 < 7’ and 7 # 7', we may assume that d; = d, for i =0,---,p — 1;
dy <dydi<djfori=p+1,---,¢g—1and d; > d, where 0 <p < g <n—1 Let
mo=(dgY, - dY)) with & = d for i # p,q, dV = d, — 1 and d{) = d, + 1. Thus
m = m =< 7. Moreover, there are only two components of 71 and 7’ which are different
from 1. Observe that min{p, d} +min{q, d,} — (min{p, d;l)} + min{q, dfll)}) < 0 and

min{g, d;} — min{g, d((ll)} < 0. By [5] (see also [1]), 7" is graphic if and only if

k n—1
Sdi <k(k+1)+ > min{k+1,d;}, for k=0,---,n— 1.
=0 k+1
Hence it is easy to show that
k n—1
Zdl(vl) <k(k+1)+ > min{k+ 1,dV}, for k=0,---,n—1.
i=0 k+1

Then 7y is graphic degree sequence. By repeating the above procedures, the assertion
holds. H

Lemma 5.2 Let T be a rooted tree with root r. Suppose that u and v are successors of
w and there are two internal disjoint paths P(u,w) = (u,uy,- -, ug, w) and P(v,w) =
(v,v1, -, o w) with 0 < k < 1. If dp(u) > dp(v) > 2; and fr(u) > fr(v) and
fr(u;) > fr(v;) fori=1,--- k. Let x be a child of v and let T be the root tree with
root v obtained from T by deleting the edge vax and adding the edge ux.
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(1) Let w and 7' be the degree sequences of T and T' respectively. Then m < w'
and only two components of ™ and ©' are different from 1.

(2) (T) < 4(T).

(3) If v is a centroid of T and T', respectively, then W(T') > W (T").

Proof. (1) Clearly dr/(u) = dr(u)+1, dr(v) = dr(u) — 1 and dp (y) = dr(y) for any
y € V\{u,v}. Since dr(u) > dr(v), we have m < 7. Moreover, only two components
of m and 7’ are different from 1.

(2) Put b = fr(z) > 0. By the definition, we have fr(u) = fr(u) + b, fr(u;) =
fr(u)+bfori=1,--- k; fr(v) = fr(v)—b, and fr(v;) = fr(v;)) —bfori=1,--- I
Since fr(u) > fr(v) and fr(u;) > fr(v;) fori =1,--- k, by Proposition 2.3, we have
(Fe(w), frun), - Fr(un), fr(o), folen), o fol) < (Fpo(u), fav(un), - fro(on),
Fr@), fro(wn), -+ fro(un)). On the other hand, fr(y) = fr(y) for any y € V(T)\
{u,uq," -, ug,v,v1, -+, v }. Hence by Proposition 2.4, f(T) <* f(T")

(3) It follows from (2) and Theorem 4.4. W

Theorem 5.3 Let 7 and 7' be two tree degree sequences. Let T*(m) and T*(x') be two
trees with the minimum Wiener indices in T (w) and T (n'), respectively. If m < @',

then W (T™(m)) > W(T™(x")) with equality if and only if T = 7'.

Proof. By Proposition 5.1, without loss of generality, we may assume that = # 7’ and
7= (do,--,dp1) and @’ = (dpy, - - -, d;,_;) with d; = d] for i # p,q, and d, = d, — 1,
dy =d,+1,0 <p < gq<n-—1 By Corollary 4.5, the BFS-ordering of a rooted
T* is consistent with the vector f(T7™(m)) of T*(m) in such a way that fr«(u) >
fre(m(v) implies © Jv. Hence we may assume that the vertices of T*(m) are ordered
{vo, -+, vp—1} such that d(v;) = d; for i =0,---,n — 1 and fr(vo) > freq(v1) >
oo 2 frem(vn_1) with 7 being a root of T*(m). Moreover, since d; = d, +1 > 2,
there exists a vertex v, with k& > ¢ such that vyv, € E(T*(r)) and vyv, ¢ E(T*(m)).
Let 71 be a root tree obtained from 7*(w) by adding the edge vyv, and deleting the
vrvg. Then the degree sequence of Ty is n’and T} € 7,(n’). From the construction
of T*(m), it is easy to prove that T; satisfies the condition of Lemma 5.2. Hence by
(2) in Lemma 5.2, we have f(T*(r)) <* f(11). By Theorem 3.6, we have f(T7) =¥
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F(T*(x")). Since the root of tree T*(n') is also an its centroid, we have f(T7) <*
f(T*(n")). Hence f(T*(w)) < f(T*(x")). By Theorem 4.4, W(T*(m)) > W((T*(n"))
with equality if and only if 7 = 7'.

;From Theorems 1.2 and 5.3, we may deduce extremal graphs with the mimimum
Wiener index in some class of graphs. For example, let ’Z:l(ls) be the set of all trees of
order n with s leaves, ’];L(Z) be the set of all trees of order n with the maximum degree
A, 7:1(‘2 be the set of all trees of order n with the independence number o and 7;5?

be the set of all trees of order n with the matching number §.

Corollary 5.4 Let 7;1(12 be the set of all trees of order n with s leaves (i.e., pendent
vertices). A tree Ty has the minimum Wiener index in ’Z;l(lg) if and only if T\ is a
star with paths of almost the same length to each of its s leaves (in other words, let
n—1=s¢g+1t0 <t < s and T} is obtained from t paths of order ¢+ 2 and s —t
paths of order ¢ + 1 by identifying one end of the s paths).

Proof. Let T} be a tree in Tn(? having the minimum Wiener index in ’Z:,(lg) We
assume that the nonincreasing degree sequence of Ty is m = (do,---,dn—1). Thus
dps1>1land d,,_s = -+ =d,_1 = 1. Let T*(w) have a BFS ordering in the set
7T (m). Then by Theorem 3.6, we have f(7}) <% f(T*(w)). Hence by Theorem 1.2,
W (Ty) > W(T*(r)) with equality if and only if 7} is isomorphic to T*(m). Let T*()
have a BFS ordering tree with the degree sequence 7' = (s,2,---,2,1,---,1), where
there are a number s of 1s in «’. By Proposition 2.2, T*(7’) is a star with paths
of almost the same length to each of its s leaves. Moreover, it is easy to see that
7w =¥ 7’. By Theorem 5.3, we have W(T*(x)) > W (T*(n")) with equality if and only
if 7 = 7’. Note that T*(n') € 7,(1), then

W(Th) = W(T*(x)) =2 W(T"(x)) =2 W(T"(x')) = W(T}).
Hence W(Ty) = W(T™(r)) = W(T*(r)) = W(T*(n')) = W(T1) and T is isomorphic
to T*(x"). M

The following result has been proved by Fischermann et al. [6] and Jelen and Triesch

[13] independently.
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Corollary 5.5 ([6], [13]) Let T, <2) be the set of all trees of order n with the maximum
degree A. A tree Ty has the minimum Wiener index in T A with A > 3 if and only
if Ty is T*(n") in Theorem 1.2 with degree sequence m' which is as follows: Denote
p = [loga_1) —1andn—%:(A—l)r+qf0r0<q<A—1 If
qg=0, put 7" = (A,--- A/ 1,---,1) with the number M-I—r of degree A. If

1<q, putn =(A,---, A q,1,---,1) with the number%—kr of degree A.

n(A—
( A2)+2"

Proof. Let T3 be a tree of order n with the maximum degree A such that 75 has
the minimum Wiener index in ’Z:L(QA) Then W(T') > W(T3) for any tree T € ZLQA)
Denoted by m = (dp, - - -, dn—1) the nonincreasing degree sequence of Ty. Let T*(m)
have a BFS-ordering in the set 7 (7). Then by Corollary 4.5, W (Ty) > W(T*(m)).
Assume that 7*(n’) has p + 2 layers. Then there is a vertex in layer 0 (i.e., root),
there are exactly A vertices in layer 1, there are exactly A(A — 1) vertices in layer 2,

-+, there are exactly A(A —1)P~! vertices in layer p and there are at most A(A —1)?

vertices in layer p + 1. Hence

I+A+AA -+ +AA -1 <n<T+HA+ALA =1+ + AA = 1)

Thus
AA-1)P -2 A(A —1)PH -2
<n<
A—2 A—2
Hence
n(A—2)+2
p= DOg(A—l) A -1

and there exist integers 7 and 0 < ¢ < A — 1 such that

AA—-1)P -2
- == T (A-1 .
n A3 ( r+gq
Therefore degrees of all vertices from layer 0 to layer p — 1 are A and there are r

A(Aglilp;ﬂ +7—1. Then there are

vertices in layer p with degree A. Denote by m =
m + 1 vertices with degree A in T*(7’). Hence the degree sequence of T*(7') € T, a
is 7' = (dy,- -, dp_y) withdy =---=d, =A, dp, ., = =d,_; =1for ¢ =0; and

m
s = (dy,--,dp_y) withdy = - =d, = A, d, .y =¢q, dppg=--=d,_; =1L
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Then W(T*(r') > W(T3). Further, it follows from dy < A that ¢, d; < S8 d; for
k=0,---,m. Moreover, by d; =1 <d,; for k=m+2,---,n— 1, we have

k n—1 k
SNdi=2n-1)— > di<2(n-1)— Zd’ > d;
=0 i=kt1 i=ht1 i=0

for k =m+1,---n—1. Thus 7 < #’. Hence by Theorems 5.3, W (T'(w)) > W(T™*(n"))
with equality if and only if 7" = T™. Therefore

W(Tz) = W(T"()) =2 W(T"(x")) = W(T2).
So the assertion holds. l

Dankelmann [2] presented a lower bound for the Wiener index of graphs in terms
of the independence number and order. Here, we present a sharp lower bound for the

Wiener index of trees in terms of the independence number and order.

Corollary 5.6 Let T.©) be the set of all trees of order n with the independence number
if and only if Ty is T*(x") in

Theorem 1.2 with degree sequence 7 = (a,2,---,2,1,---,1) the numbers n —a—1 of

a. A tree Ty has the minimum Wiener indezx in ’Z;La
2 and « of 1 (i.e., Ty is obtained from the star graph K, by adding a pendent edge

to each of n — a— 1 pendent vertices of K 4).

Proof. Let T3 have the minimum Wiener index in ’Tn(‘z) Denote by m = (do, - -+, dn_1)
be the nonincreasing degree sequence of T3. Then by Theorem 1.2, W (T3) > W (T*()).
Let I be an independent set of T3 with the independence number « If there ex-
ists a pendent vertex w of degree 1 with u ¢ I, then there exists a vertex v € I
with (u,v) € E(T3). Hence IU{u} \ {v} is an independent set of T3 with the size
a. Therefore, there exists an independent set of T3 with size o which contains all
pendent vertices of T5. Hence T3 has at most « pendent vertices, which implies
dp_a-1 > 2. Hence it is easy to see that m < #’. Therefore by Theorem 5.3, we have
W(T*(r)) > W(T*(«')) with equality if and only if 7 = 7. By T*(x') € T,%), we
have W(T*(n")) > W (T3). Therefore

W(Ty) 2 W(T"(n) = W(T*(x')) > W(Ty).

So the assertion holds. l
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Corollary 5.7 Let 7;(‘;) be the set of all trees of order n with the matching number (.
A tree Ty has the minimum Wiener index in ’Z:f‘g if and only if Ty is T* in Theorem 1.2
with degree sequence m* = (n — 3,2,--+,2,1,---,1) and the number n — 3 of 1(i.e.,
Ty is obtained from the star graph Ki,_g by adding a pendent edge to each of 5 — 1
pendent vertices of K1 ,_g).

Proof. The proof is similar to that of Corollary 5.6 and is omitted. H
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