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Abstract

The Merrifield-Simmons index of a graph is defined as the total
number of its independent sets. In this paper, we give the minimal
Merrifield-Simmons index of trees of order n with at least [§] + 1
pendent vertices and characterize the extremal trees.

1 Introduction

The Merrifield-Simmons index i(G) of a graph G is one of prominent ex-
amples of many topological indices which are of interest in combinatorial
chemistry. It is defined as the total number of independent vertex subsets

of a graph. The Merrifield-Simmons index was introduced by Merrifield and
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Simmons [1-3], and it turned out to be applicable to several questions of
molecular chemistry; in [2] it was shown that #(G) is correlated with boiling
points. For further details on the Merrifield-Simmons index, we refer to [2-9].
Similar connections are known for the Hosoya index or Z-index z(G) intro-
duced in [10]. Several papers deal with the characterization of the extremal
graphs with respect to these two indices in several given graph classes, usu-
ally, trees, unicyclic graphs and certain structures involving pentagonal and
hexagonal cycles are of major interest [8-9,12-18].

For the Merrifield-Simmons index, bounds for several classes of graphs
were given. For instance, it was observed in [3,8] that the star S,, and the
path P, have the largest and the minimal Merrifield-Simmons index among
all trees with n vertices, respectively. [9] gave upper and lower bounds for
those two indices in unicyclic graphs in terms of order and characterized
the extremal graphs. These results show that typically the graphs of min-
imal Hosoya index coincide with those of maximal Merrifield-Simmons in-
dex and vice versa. In view of the similar definitions, this might not be
too surprising; however, the correlations between these two indices are not
fully understood yet. [14] determined the extremal graph with the maxi-
mal Merrifield-Simmons index among all (n,n + 1)-graphs. [15] determined
the extremal graphs with the maximal and minimal Hosoya index among all
(n,n + 1)-graphs.

Let G = (V, E) be a simple connected graph with vertex set V' and edge
set E. For any v € V, N¢(v) denotes the neighbors of v, and dg(v) = |N(v)|
is the degree of v, Ng[v] = {v} U {ujuv € E(G)}. A pendent vertex is a
vertex of degree one and a pendent edge is an edge incident to a pendent
vertex.

Let 7, be the set of trees of order n > 4 with at least [§] + 1 pendent
vertices. If n = 2k is even, then T™ is the tree of order n > 4 which is

obtained from the path Py, of order k + 1 by attaching a pendent edge to
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every vertex of degree 2 in Py, q; if n = 2k + 1 is odd, then 7™ is one which
is obtained from the path Pj.; of order k 4+ 1 by attaching a pendent edge

to every vertex of degree 2 and one of pendent vertices in Py, see Figure 1.

| [ [ [ ]
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(a) T(2k+1) (b) T(Qk)

Figure 1. The trees 7%+ and T2k

Recently, Yan and Ye [17] showed that if T € 7,, then E(T) < E(T™) and
2(T) < 2(T™) with two equalities if and only if T' = T); Using this result,
they proved that if T is a tree of order n then per(L(T)) < per(L(T™)), a
result obtained by Brualdi et al (Discrete Math., 48(1984)1-21), where E(T)
is the energy of T" and per(L(T)) is the permanent of the Laplacian matrix
L(T) of T. In this paper, we will also find that T is the tree with the

minimal Merrifield-Simmons index in 7,,.

2 The tree with the minimal
Merrifield-Simmons index in 7,

Let G be a graph and v a vertex of G, W C V(G), then G —v and G — W
denote the subgraphs obtained from G obtained by deleting the vertex v and
the vertices of W, respectively. If a graph G has components G, Ga, - - -, Gy,
then G is denoted by Gy UGy U - - - U Gy.

The following basic results are immediate and will be used.

Lemma 2.1. (i) If v is a vertex of G, then

i(G) = i(G —v) +i(G — Nelv))
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(i) If G is a graph with components Gy, G, - - -, Gj, then

k
i(G) = TuG)

1

K3
(iii) If G’ is a spanning subgraph (resp. a proper spanning subgraph) of
a simple graph G, then i(G) < i(G") (resp. i(G) < i(G")).
Theorem 2.2. Let T be a tree of order n > 4 with at least [§] 4 1

pendent vertices, i.e., T' € 7,,. Then
i(T) > i(T™)

with equality if and only if T = T

Proof. We prove the result by induction on n. If n = 4, then there is a
unique tree TW = S, in 75, and the result holds. If n = 5, then there are
two trees T®) and S5 in T5. Obviously, i(T®) = 14 < i(S5) = 17, and the
result holds. Now we assume inductively that the result holds for a tree in
T, with n < m and m > 6. We need to prove that if T € T,, and T # 7™
then 4(T) > i(T™).

Case 1. m = 2k is even. Then T is a tree of order 2k with at least
[%] + 1 = k + 1 pendent vertices. If T is a star Sy, it is obvious that
i(T) > i(T™) since Sy is the unique tree with the maximal Merrifield-
Simmons index among all trees of order 2k. Hence we may assume that T is
not a star. Note that 7" must have a vertex v such that there are at least two
pendent vertices in its neighbors N(v), otherwise 7" has at most k pendent
vertices. Let vy, vq, -, v, (r > 2) be the pendent vertices in N(v). Also,
there must exist a non-pendent vertex u € N(v) since T is not a star. Hence

T has the form showed in Figure 2(a), where |V (T3)| > 1. By Lemma 2.1,
o(T) =i(Th) +i(Tz)
Z(T(Qk)) _ i(T(2k71)) + QZ(T(Qkf’S))

where T} =T —v; and Ty = T —v;—v. T} is a tree of order m—1 = 2k—1 with
at least k = [2-1] 4+ 1 pendent vertices. By induction, i(T@*=1) < i(Ty).
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Now we only need to show that i(T®*1) < §(T}) and 2i(T*9) < i(Ty),
or 4(T=D) < §(Ty) and 2i(TP3) < i(T).

[T

(a) T (b) T
Figure 2. The trees T and T7.

Subcase 1.1. Ty = T@-1),

By the definition of T} and T # 7% T must be a tree obtained from
T@k=1) by attaching a pendent edge to some vertex i (1 < i < k) of degree 3,
see Figure 3. Then T, =T — vy —v = K;UT'UT”, where K, T" and T" are
the components of T'—v; —v. Note that T"UT” is a proper spanning subgraph
of T3 since we can obtain T*#*=3) by adding an edge between the vertices
i—Tlandi+1in 7"UT". By Lemma 2.1, i(T"UT") > i(T**~%) and i(T) =
(K UT'UT") > 2i(T*+3). So, we have proved that i(T?#~1D) < i(T}) and
2i(T=9) < i(Ty).

I .

1 2 il iJ i+l k1 k

Figure 3. The tree T in the subcase 1.1.

Subcase 1.2. Ty # T+,

By induction, i(Ty) > i(T®~Y). Let Tj be the tree obtained from T
by deleting vertices v; and v, and contracting the edge uv, see Figure 2(b).
Then T} is a tree of order 2k — 3 with at least k — 1 = [2:-3] 4+ 1 pendent
vertices. By induction, i(T4) > i(T?*=3). Note that Th = T — v, —v =
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T3 U(Ty —v) U (r — 1)K is a spanning subgraph of K7 UT}. By Lemma 2.1,
i(Ty) > 2i(Ty) > 2i(T?*). Hence we have proved that i(T@*1) < 4(T})
and 2i(T*3)) < i(Ty).

Case 2. m=2k+1isodd. T € 7,,.

If T has at least k + 2 pendent vertices, then we can prove that i(T") >
i(T?*+D) by the same reason as in Case 1.

If T has exactly k+1 pendent vertices, then T has at least one vertex with
degree 2. Hence T has the form showed in Figure 4(a). Let 7" be the tree
from T by contracting the edge ww and T"” the tree from T" by contracting

the edge uv, showed in Figure 4. We have 7" € 7,,_; and T” € 7,, 5. By

Lemma 2.1,
i(T) =i(T —w)+i(T — Np[w])

=i(ThUT) +i((Th —u) U (Ty —v))
= (i(T") +i((T1 — Npy[u]) U (T2 = Np,[v]))) +i((Th = u) U (T — v))
=i(T") + (l((Tl —u) U (T3 —v)) +i((Ty = Ny [u]) U (T — Nry [v])))
=i(T") + [i(T" — x) + i(T" — Nyv[a])]
=i(T") +4(T")
> (TR 4 §(TR1) (by induction)
— (T,

with the equality if and only if 7/ = T3 and T" = T*1 je., T = T+,

Thus, the theorem follows.

T//

Figure 4. The trees T, T" and T" in the case 2.

3 The minimal Merrifield-Simmons index in

7,

In the following, we give the minimal Merrifield-Simmons index in 7,,, i.e.,

the Merrifield-Simmoms index of the tree 7.
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Theorem 3.1. i(TH+V) = 124+ /3)(1+v3)F + 12— V3)(1 — V3)
i(TEP) = 2(3+2v3)(1+V3)F ! + 3(3 —2v3)(1 — V3)F 1.

Proof. By Lemma 2.1, we have

Z(T(2k+1)) (T(Qk)) (T(Qk 1))

Let f(k) = i(T®*V). Then {f(k)} satisfies the following recurrence

relation

{ f(k)=2f(k—1)+2f(k - 2);
(1) =5
2

The solution f(k) of the recurrence relation above is

And

f(k) = %(2 +V3)(1+V3)F + %(2 —V3)(1 = V3)k

JTEHD) =12+ VB)(1+ V3)F + 12— VB)(1 - V3)
i(TP) = f(k)— fk—1)
13+ 2v3)1+V3)F 1 + 13- 2v3)(1 — Vv3)F!

References

(1

2]

(3]

5]

R. E. Merrifield, H. E. Simmons, Topological Methods in Chemistry,
Wiley, New York, 1989.

R. Todeschini, V. Consonni, Handbook of Molecular Descriptors, Wiley-
VCH , Weinheim, 2000.

H. Prodinger, R. F. Tichy, Fibonacci numbers of graphs, Fibonacci
Quart. 20 (1982) 16-21.

I. Gutman, Fragmentation formulas for the number of Kekulé structures,
Hosoya and Merrifield-Simmons indices and related graph invariants,
Coll. Sci. Pap. Fac. Sci. Kragujevac 11 (1990) 11-18.

I. Gutman, Topological properties of benzenoid systems. Merrifield-
Simmons indices and independence polynomials of unbranched cata-
fusenes, Rev. Roum. Chim. 36 (1991) 379-388.



(6]

[10]

[11]

[12]

(13]

[14]

[15]

[16]

(17]

[18]

- 608 -

X. Li, On a conjecture of Merrifield and Simmons, Australasian J. Comb.
14 (1996) 15-20.

Y. Wang, X. Li, I. Gutman, More examples and counterexamples for a
conjecture of Merrifield and Simmons, Publ. Inst. Math. (Beograd) 69
(2001) 41-50.

X. Li, H. Zhao, I. Gutman, On the Merrifield-Simmons index of trees,
MATCH Math. Commun. Comput. Chem 54 (2005) 389-402.

A.S.Pedersen, P.D.Vestergaard, The number of independent sets in uni-
cyclic graphs, Discrete App. Math. 152 (2005) 246-256.

H. Hosoya, Topological index, a newly proposed quantity characterizing
the topological nature of structural isomers of saturated hydrocarbons,
Bull. Chem. Soc. Jpn. 44 (1971) 2332-2339.

H. Hosoya, Topological index as a common tool for quantum chemistry,
statistical mechanics, and graph theory, in: Mathematical and compu-
tational concepts in chemistry (Dubrovnik, 1985), Horwood, Chichester,
1986, pp. 110-123.

A. Yu and F. Tian, A kind of graphs with minimal Hosoya indices and
maximal Merrifield-Simmons indices, MATCH Commun. Math. Com-
put. Chem. 55 (2006) 103-118.

S. Wagner, Extremal trees with respect to Hosoya index and Merrifield-
Simmons index, MATCH Commun. Math. Comput. Chem. 57 (2007)
221-233.

H. Deng, S. Chen, J. Zhang, The Merrifield-Simmons index in (n,n+1)-
graphs, J. Math. Chem. 43 (2008) 75-91.

H. Deng, The smallest Hosoya index in (n, n+1)-graphs, J. Math. Chem.
43 (2008) 119-133.

H. Deng, S. Chen, The extremal unicyclic graphs with respect to Hosoya
index and Merrifield-Simmons index, MATCH Commun. Math. Comput.
Chem. 59 (2008) 171-190.

W. Yan, L. Ye, on the maximal energy and the Hosoya index of a type
of trees with many pendant vertices, MATCH Commun. Math. Comput.
Chem. 53 (2005) 449-459.

A. Yu, X. Lv, The Merrifield-Simmons Indices and Hosoya Indices of
Trees with k Pendant Vertices, J. Math. Chem. 41 (2007) 33-43.



