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Abstract

A tree is called chemical if none of its vertices has a degree greater than four. The
general Randi¢ index Ro(G) for a graph G is defined as }°,,, (d(v)d(v))*, where uv is
an edge of G, @ € R and «a # 0. This paper is contributed to the study of extremal
chemical trees with maximum general Randié¢ index R, for a < 0. It is proved that,
among the chemical trees of order n(n > 10), the path P, is the extremal one with
maximum R,(a < 0) if and only if a € (&(n),0), where —0.909 < &(n) < —0.747
and @(n) depends on n. Moreover, we characterize, among the chemical trees of order
n=>5k+d, (k>3,keN,d=0,24), the asymptotic result for the extremal chemical

trees with maximum R, when o — —oo.

1 Introduction

In 1975, in order to measure the extent of branching of the carbon-atom skeleton of
saturated hydrocarbons, the chemist M. Randi¢ proposed the following chemical index, later

named Randi¢ index or connectivity index.
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Definition 1.1 Let uv be an edge connecting the vertices u and v. Then the connectivity

index of a graph G, also called the Randic¢ indezx, is defined as

1
RO) = 2wy

where d(u) and d(v) stand for the degrees of the vertices u and v, respectively, and the

summation goes over all edges uv of G.

It was demonstrated that the Randi¢ index is well correlated with a variety of physico-
chemical properties of alkanes, such as boiling point, enthalpy of formation, surface area and
solubility in water [6, 7].

B. Bollobds and P. Erdés [2] later generalized the Randié index by replacing —% with any
real number a # 0. It is called the general Randié¢ index and denoted by R, (G). That is,

Ro(@) = 3 (d(w)d(v))”. 1)
w

Trees are connected graphs that do not contain any cycle. The graphical representation
of the carbon-atom skeleton of an alkane is usually called a chemical tree. Hence, a chemical
tree is a tree in which no vertex has a degree greater than four. A vertex with degree one is
called a pendent vertex. As usual, we use P, to denote the path with n vertices.

For terminology and notations not defined here, we refer the reader to [1].

The results in [3, 9, 11] are on the extremal unicyclic graphs and bicyclic graphs with
minimum or maximum R,. There are several papers on upper and lower bounds for R_; of the
extremal (chemical) trees [4, 12, 17]. The problem of finding the extremal trees with maximum
R, among all trees of order n is discussed in [5]. It was proved that when a € [*%,0)7 the
path P, is the extremal one with maximum R,. However, when a € (-2, 7%), the problem
is still open. In [13], the authors successfully characterized the extremal chemical trees with
maximum R, for any a > 0. For more results on R, please refer to [8, 10, 14, 15, 16].

This paper focuses on the extremal chemical trees with maximum R, for o < 0. In the
second section, it is proved that, for any integer n(n > 10), there exists &(n), —0.909 <
a(n) < —0.747, such that among the chemical trees of order n, the path P, is the extremal

one with maximum R, (a < 0) if and only if & € (&(n),0). In the third section, we obtain
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that for any n = bk +d, where k > 3,k € N,d = 0,2, 4, there exists &(n) < 0 such that when
a € (—o00,d&(n)), each tree in 7 (n,d) (Definition 3.1) is extremal with maximum R, among
the chemical trees of order n. The discussions in the last section show that, for any n > 10
and any a < 0, to completely determine the extremal chemical trees with maximum R, is

much more difficult.

Some data will be mentioned in the following discussion.

‘ Symbol | Explanation: the root of the equation Value
) 3x4¥ -3 -2x6Y=0 —3.082 < ag < —3.081
a1 3x4T 487 -2 —2x 67— 12" =0 —0.748 < ay < —0.747
1% 9* 4+ 4 X6 +2x2"-Tx4"=0 —0.909 < ay < —0.908
a3 4x 127 +8x 6" +6 x2¥ —18 x4* =0 | —0.834 < ag < —0.833

2 P, as extremal chemical tree

We obtain the extremal chemical trees of order n (4 < n < 9) with maximum R, when

a < 0 as the following tabular.

‘ n ‘ « Extremal chemical tree Maximum value of R,
n=4 a<0 LA A A 2 X 2% 4«
n=>=5 a<0 LA A A 2x24+2x4%
n=6| a<a<0 Lo 3 X 4% +2x2%
o < ap —l 3% 42 X 6% 42 x 2%
n=7|-1<a<0 A S 4 x4 +2x2%
a<-1 — 3 X 6% +3x2%
n=8| -1<a<0 5 X 4%+ 2 x 2%
a<-1 ——— 3 X 6% 4+ 3 x 2% 4 4%
n=9| -1<a<0 6 X 4% +2 x 2%
a< -1 - 4% 8% 44 x2%

Moreover, when n = 9 and o = —1, '—'—'—'—’<:: and '—'—’<:: are also

the extremal chemical trees with maximum R,.
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The results in the above tabular suggest a conjecture that, for V o € [—1,0), the path P,
is extremal with maximum R, among the chemical trees of order n.

Unfortunately, this conjecture is false. (See Theorem 2.2.)

Theorem 4.3 in [5] implies that for any o € [—3,0), P, is extremal with maximum R,
among the chemical trees of order n. We will show that the result can be improved by

replacing —3 by @(n), where —0.909 < &(n) < —0.747.

Lemma 2.1 Among the chemical trees of order n(n > 4), if T is the extremal one with
mazimum R,(—1 < a < 0), then the adjacent vertices of the pendent vertices in T are of

degree two.
Proof. Let v be a pendent vertex of a chemical tree T and v’ be the adjacent vertex of v.

1. If d(v") = 3 and v1,v9 are adjacent vertices of v/, do the following operation to change

T to T".

Suppose d(v1) = a,d(vy) = b and a < b. Then
Ro(T') = Ra(T) = [4" + (20)" + (2b)*] — [3* + (3a)" + (3b)°]. (2)

For any integers a,b, 1 < a < b < 4, the result for (2) is positive when —1 < a < 0.
That is,

Ro(T') > Ro(T).

2. If d(v') = 4 and vy, v9,v3 are adjacent vertices of v/, do the following operation to

change T to T".
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Suppose d(v1) = a,d(ve) = b,d(vs) = ¢ and a < b < ¢. Then
Ro(T') = Ra(T) = [6" + (2a)" + (30)* + (3¢)*] — [4% + (4a) + (4b)" + (40)°].  (3)

For any integers a,b,c, 1 < a < b < ¢ < 4, the result for (3) is positive when —1 < a < 0.
That is,

Ro(T') > Ro(T).

Two cases are both contradictory to the condition that T is the extremal one with maximum

R,(—1 < a < 0). So the lemma is proved. 1

Theorem 2.2 Among the chemical trees of order n(n > 10), the path P, is the extremal one
with mazimum R (a < 0) if and only if o € (&(n),0), where —0.909 < &(n) < —0.747 and

a(n) depends on n.

Proof. Let T be an extremal chemical tree with maximum R,(—1 < o < 0). By Lemma 2.1,
the adjacent vertices of the pendent vertices in 1" are of degree two. If T is not P,, there

exists a vertex v in 7" and 7" has one of the following structures.

uy” uy”

uy.: uy.”

U Y ( )U Ug{ vl Ut
vY. 1
v';\ w%\
d(u;) = d(v;) = 2 d(u;) = d(vj) = d(wg) =2
1<i<s,1<j<t 1<i<s1<j<t,1<k<p

Structure A Structure B
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1. If T is of Structure A, change T to T as follows:

U Y u Vv g Ul Ug

T T
Assume d(u) = a and 2 < a < 4. (Lemma 2.1 implies a # 1.) Then

Ro(T') = Ro(T) = 3 x 4% + (2a)* — 2% — 2 x 6% — (32)® (4)

For any a € (a1, 0), the result for (4) is positive. It means if 7" is an extremal chemical

tree with maximum R, when a € (a4,0), T can not be Structure A.

2. If T is of Structure B, change T to T as follows:

By similar discussion as case 1, we can obtain that if 7" is an extremal chemical tree

with maximum R, when « € (a1,0), T can not be Structure B.

Thus we prove that when « € (aq,0), the path P, is the extremal one with maximum R,
among all chemical trees of order n.

For any n > 10 and « < ag, each chemical tree with the following structure has a greater
R, than that of P,. So the path P, is not the extremal chemical with maximum R, when

a € (—o00,az).
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T uy/”

.y uy.
s,t,p,g 21
B! vt s+t+p+g=n—6

e EN
Since —0.909 < a2 < a1 < —0.747, we get that when « € [—0.747,0), P, is the extremal

one with maximum R, among the chemical trees of order n and when o € (—o0, —0.909], P,

is not the extremal one with maximum R,.

For any n > 10, suppose 1" is the chemical tree of order n with maximum R,(a < 0)
satisfying the following two conditions: (1) 7" is not P, and (2) As an extremal chemical
tree with maximum R,, the a of T” is nearest to 0. The function Ro(T') — Ra(Py) is
obviously a continue function on the variable a. Moreover, Rn(T") — Ro(P,) < 0 when
—0.747 < a < 0 and Ro(T") — Ra(P,) > 0 when « is equal to some value smaller than
—0.747. So by the Intermediate Value Theorem and the above discussion, there exists some
&(n), —0.909 < a(n) < —0.747, such that P, is the extremal one with maximum R, (o < 0)
if and only if @ € (&(n), 0).

The following example shows that &(n) depends heavily on n. When n = 10, Pjg is
the extremal chemical tree with maximum R, (a < 0) if and only if @ € (a2,0) and when
a € U (a2,0), where 6 > 0 and 0 is small enough, the following chemical tree T} is the
extremal one with maximum R,. So &(10) = az. When n = 21, Py is the extremal chemical
tree with maximum R, (o < 0) if and only if a € (a3,0) and when o € U~ (a3, d), where
6 > 0 and ¢ is small enough, the following chemical tree T3 is the extremal one with maximum

Ra. So a(21) = as.

Ty Ty [ |
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Corollary 2.3 Among the chemical trees of order n, the path P, is the extremal one with

mazimum Randié¢ index and the mazimum value is equal to 2 x 2% + (n — 3) x 4%.
3 Asymptotic result when a — —o0

Definition 3.1 For anyn =5k +d (k> 1,k € N,d =0,2,4), let T(n,d) be the set of trees

that have the following structure

Ul V2 U3 o U4 Yok d d(v)) =d(vg) = -+ = d(v2k+g) =1
Ul g U2 U3 gU4 . g Ugpgd dlu) =d(ug) = -+ = d(u2k+g) =2
o P
d(wy) = d(wg) = -+ = d(wg—1) =4
) {{)17 ;U271.113 ’l.lﬂkawowk d(wk):2+g
Furthermore, wy, is a pendent vertez in the subtree induced by the vertices wy,wa, - , wg.

Theorem 3.2 Among the chemical trees of order n = 5k +d (k > 3,k € N,d = 0,2,4),

there exists &(n) < 0 such that when o € (—oo,a&(n)), each tree in T (n,d) is extremal with

mazximum R, and the mazimum value is equal to
d v d « (03 Qv [e3
(2k+§) X 2 +(2k+§—1) X 8% 4 (k—2) x 16% 4 (1 +2%) x (4 + d)*.

Proof. Here we only prove the theorem when d = 0, the other two cases are completely

similar.

Firstly, if a chemical tree T' with n = 5k vertices has 2k +p (p > 0) edges (u, v) satisfying

d(u) = 2 and d(v) = 1, then the average degree of the other vertices is

i 2(5k —1) — 2k +p) — 22k +p) 4k—2—3p
- 5k — 2(2k + p) T k=2

> 4.

It is a contradiction to that 7" is a chemical tree. So a chemical tree with n = 5k vertices has
at most 2k edges (u,v) satisfying d(u) = 2 and d(v) = 1.

Secondly, if 7" is a chemical tree with n = 5k vertices and less than 2k edges (u,v)
satisfying d(u) = 2 and d(v) = 1, then T” can not be the asymptotic extremal chemical tree

with maximum R, when v — —oco. Choose an element 7" from the set 7 (5k,0), then

Ro(T') _ (2k —1)(1x2)* + (3k)(1x3)"  2k—1
RQ(T) a (2]6)(1 X 2)a + (Sk‘ — 1)(4 X 4)0 - 2% < (a — *OO)
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So T” can not be the asymptotic extremal chemical tree with maximum R,.

Thirdly, let 7" be a chemical tree with n 5k vertices and 2k edges (u,v) satisfying
d(u) = 2 and d(v) = 1. Suppose there are still p; vertices of degree i among the other

5k — 2 x 2k = k vertices, ¢ = 1,2, 3,4. Then we have the following two equations
p1+p2+p3t+pa=Fk
p1 + p2 + p3 + pa = 2(5k — 1) — 2k — 2(2k)

and (5) has the following two solutions,

p1=0 p1=0
p2=0 p2=1
p3 =2 p3=0
pys=k—2 pa=k—1.

There are four classes of chemical trees corresponding to the first solution and we can

compute their R, respectively.

Ul ¢V2 oU3 404 V2k—2 ¢ V2k—1 ¢ V2k

Uy U2 qU3 gU4 . . . . . U2k—2 o« U2k—1 ¢ U2k
. |/ 1 d(ws) = d(ws) = -+ = d(wy_1) = 4
wi wy wy T wly W wy,
Ry = (2k) x 2 +4 X 6 +2 x 12% + (2k — 4) x 8% + (k — 3) x 16°.
U1 U2 U3 V4 V2k—2 ¢ V2k—1 ¢ V2k
Ul ¢U2 ¢U3 gUL . . . . . ¢U2k—2aU2k—1¢ U2k
2 | d(ws) = d(wz) = -+ = d(wp—1) =4
Wy ws e W wy
R = (2k) X 2% 4+ 3 x 6% + 3 x 12% + (2k — 3) x 8% + (k — 4) x 16“.
V1l ¢V2 U3 oU4 V2k—2 o UV2k—1 o U2k
Ul ¢U2 ¢ U3 UL . . . . . ¢U—2¢ Uk—14¢ U2k
3. e h d(ws) = d(ws) = -+ = d(wy_1) = 4
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Ry = (2k) x 29 +2 X 6% +4 x 12% + (2k — 2) x 8% + (k — 5) x 16“.

Ul ¢ U2 ¢U3 404 V2k—2 ¢ V2k—1 ¢ V2k

U2k—2 ¢ U2k—1

Ro = (2k) X 2% +2 % 6% 42 x 12% + 9% + (2k — 2) x 8" + (k — 4) x 16“.

The following two classes of chemical trees correspond to the second solution and we can

compute their R,, respectively.

UVl V2 U3 4U4 V2k—2 ¢ V2k—1 ¢ V2

Ul qU2 U3 UL . . . . . ¢UK_24UA—1¢ U

5 d(wy) =d(we) = -+ =d(wg—1) =4
1’{)1 1‘1}2 ’;{]3 . ' 70!9:2 wkfl WE
Ry = (2k) x 2% + 4% + (2k) x 8% + (k — 2) x 16%.
V1l ¢VU2 U3 4U4 V2k—1 ¢ V2k
UL U2 ¢U3 UL . . . . . ¢U_1¢ U
6 B R B d(wy) = d(wg) = - - = d(wg_1) = 4

. . . .
w1, w2 w3

C wps 1P, Wi

Ry = (2k) x 2% 4 (2k + 2) x 8% + (k — 3) x 16°.

Compare the Randi¢ indices R,, of the above six classes of chemical trees when o — —o0.
We obtain that there must exists &(n) < 0 such that when a € (—o0, &(n)), the fifth class of
chemical trees are extremal with maximum R,. In fact, they are exactly the trees in 7 (5%, 0).

Thus we finish the proof. |
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4 Further discussions

During the study of extremal chemical trees with maximum general Randi¢ index R, for
a < 0, we meet much more difficulty than that for o > 0. The reason is for any o < 0, the
values of (1 x2)%, (1 x3)%, (1x4)% (2x2)% (2x3)% (2x4)%, 3x3), (3x4)%, (4x4)*
have small minus. So for any a < 0 and any n € N, (for example, &(n) < a < &(n),) to
determine the extremal chemical tree with maximum R, is of much more difficulty.

In fact, &(n) is an increasing function of n. That is &(n1) < @(ng) if n1 < ny. There is a

conjecture that &(n) — a3 when n — oco.
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