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Abstract:

Using complete orthonormal sets of y* —exponential type orbitals (o =1,0,-1,-2,...) a
large number of series expansion formulas for the two-electron nonrelativistic and
quasirelativistic multicenter integrals over integer and noninteger n Slater type orbitals is
obtained through the non- and quasi- relativistic basic functions. The non- and quasi-
relativistic basic functions are determined by the linear combinations of auxiliary functions
Q¢ and G’ introduced by the author. The coefficients of series expansion relations are

expressed in terms of two-center overlap integrals over integer n Slater functions. The
relationships obtained are valid for the arbitrary location, quantum numbers and screening
constants of orbitals.

1. Introduction

One of the oldest mathematical and computational problems of molecular electron
structure theory is the efficient and reliable evaluation of the notoriously difficult molecular
multicenter integrals of exponentially decaying basis functions. Over the years, a large variety
of different approaches have been tried out, but in spite of the heroic efforts of numerous
researches, a completely satisfactory solution has not been found yet. A principal tool is
reduction of a multicenter integral to so-called auxiliary functions, which are essentially
special functions. The use of auxiliary functions was a particularly “hot” topic in the fifties of
the last century, as documented in Refs. [1-4]. However, even today, there is a lot of work
which all deal with auxiliary functions [5-8]. We have also worked quite extensively on the
use of auxiliary functions in connection with the evaluation of multicenter integrals of
exponentially decaying functions [9-20]. The aim of this work is to use auxiliary functions
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presented in previous papers [21-23] in evaluation of two-electron non- and quasi-relativistic
(NQR) multicenter integrals of integer and noninteger n Slater type orbitals (ISTO and
NISTO) arising in the study of electronic structure of atomic and molecular systems when the

nonrelativistic and quasirelativistic theories are employed [24]. Here, p, >0, p>0 and
—p < pt< p. The indices n, s and q are all nonnegative integers. The auxiliary functions Q7

and G’ were all calculated in Refs. [9, 14, 16, 22, 23] by the use of recurrence relations,

analytical expressions and series expansion formulas for all values of parameters.
2. Use of expansion formulae for NISTO charge densities

The two-electron NQR multicenter integrals examined in the present work have the
following form:
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where i,j=0,%1, 7, =7 -F;x =x,x" =y,x’ =z and X} =x,,%;' =,,x) =z, are the
Cartesian coordinates of electrons; p; =n/,m, and p, =nllm); n,andn] are the
noninteger and integer (for n, =n, and n, =n] ) principal quantum numbers; the normalized

complex or real NISTO are determined by
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The operators containing in Egs. (3)-(6) are defined as [24]
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Here, the operators (8) and (11) correspond to the classical relativistic correction to the
interaction between the electrons. The correction is due to the retardation of the
electromagnetic field produced by an electron. The operators (9) and (10) describe the spin-
orbit and spin-spin magnetic moment interactions of the two-electrons, respectively.

In order to evaluate integrals (3)-(6), we use the expansion formulae of the electron charge
densities established in previous paper [25] in the following form:
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where a =1,0,-1,-2,..., g=uvo and z=¢+¢". Then, we derive the expressions in terms

of the charge density expansion coefficients and two-center basic integrals:
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Here, K,, (2,2,,R,,). K}, (,2,,R,,), K!, (z,2,,R,,) and I

s (z,2,,R,,) are the two-electron

LIt
basic integrals defined as
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The quantities J,, J,, J7 and A? occurring in these formulas are the one-electron basic

integrals defined as
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See Ref. [21] for the exact definition of generalized Gaunt coefficients C*™'  and
coefficients 4" . We notice that the charge densities expansion coefficients W*" occurring in

Egs. (13)-(16) depend on overlap integrals for the calculation of which one can use the
computer programs presented in previous papers [26, 27].

The relations (21)-(23) have been established in previous paper [28]. The quantities
¥ (z,7) are the one-electron basic functions which are determined by

J pv.km

f;t,k.m(z,f):ﬁfﬁ<z,r>[ 24” ] S:.(6,0) ©5)
K+1

N (2 vk
[ = [ (2 = T()[l W AIICR: j : (26)

where t=0,1,2, 0<k<t,kx=v,v—1Lv-2 and

o e 17
N, (2z)=2 (y+v+1)!|:(2v+1)(2lu)!} @27
PO = 7 () == 28)

st (u+v+DI(s—2v-1)!

7 = [ v+ 1-97 )+ 7 a0 29)

7= Qv+1-5)2v+3-5)y/ (1)

%[
Qv+1D(2v+3)
+(4v+5-25)7 (1) + 70 (1) |

(30)

The terms with negative factorials in Eq. (28) should be equated to zero and ! (x)=0 for

s<0 and s> u+v.
Now we introduce the two-electron basic functions defined as
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where the f*

vy Vo

(z,,7,,) are one-electron basic functions determined by Eq. (25).

In order to express the two-electron basic integralsK (z,2,,R,,), K‘;qz (2,2,,R,,),
K;j,qz(ZIZZ’Rab

Egs. (21)-(24) in (17)-(20). Then, we obtain:

) and L‘Z] - (z]zz,Rab) in terms of basic functions, Eq. (31), we take into account
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are the overlap integrals. It is easy to express the quantities D', D*" and D*? occurring in
p gr Y p q g

Egs. (33) and (34) in terms of two-electron basic functions D* 010 (z2,,R,,)
%@mxaw)fﬁ[]mmumh%wmm (37a)
=2 B(;i’% C™1i,v,0) A% D), 1o (2255 R,,) (37b)
D2 e (5172 Ro) = J—ﬂ jmmmxpm@m@wmw' (382)
=> _ A+l C"(ti,v, —1m) A% D2 o (225,R,,)  (38b)

i [3(2v, — 1]



- 391 -

1 x x!
D z,2,, Za2 || Za2 , z,,7.,)dv. 39a
IRIT uﬁv,m( 122 ub) m]{ . ][Vaz ]fu,v, vlm( 1 az)Zylv,o( 2512 )V, (392)
1/2
— 2L +1 c'(1j,v,0)A™
I,HZL;W( )[ +1j AGRY . (39b)

x CHM (1, Im) 4" D>

1 LM 13,0 (z,2,,Ry)

3. Expressions for two-electron basic functions in terms of auxiliary functions QO and
q
G
. . 1tk 5 .
Now we express the two-electron basic functions D, ... (zz,,R,) in terms of

auxiliary functions Qf and G? . For this purpose we use Eqs. (5) and (17) of Ref. [29] for the

rotation of two-center overlap integrals over arbitrary atomic orbitals in molecular coordinate
system:
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Here, the quantities DWI visunn (21225 Ryy) are the two-center basic functions relative to lined-

up coordinate systems:
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Transforming (41) from Cartesian to elliptical coordinates and integrating over azimuthal
anglep, =¢,, = @,,, we finally obtain for two-center basic functions in terms of auxiliary

functions Q7 and G’  the expressions
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Here, R=R,, PI:%%R, Pz:%ZzR» n=z,/z and
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It is easy to derive for one-center basic functions the following relations:
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See Ref. [21] for the exact definition of coefficients gi,(v4,v,4) . The functions G_,(77) can

be determined by the use of the following relations:
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Taking into account the formulae obtained for two-electron one- and two-center basic
functions all of the two-electron nonrelativistic and quasirelativistic multicenter integrals over
ISTO and NISTO, Egs. (13)-(16), can be calculated with the help of auxiliary functions QY

and G?. Thus, by the use of relationships for basic functions f* ~ and D*

~ns uv.km V) VO V20
obtained in Ref. [26] and in this study, respectively, all the one- and two-electron
nonrelativistic and quasirelativistic multicenter integrals over integer and noninteger n STO
can be evaluated using Cartesian coordinates of the nuclei and the arbitrary values of
parameters of Slater orbitals. It should be noted that the relationships obtained for one-
electron NQR multicenter integrals can also be used in evaluation of multicenter electronic
attraction, electric field and electric field gradient integrals of integer and noninteger n STO
arising in investigation of the electrostatic potential created by the electrons of a molecule and
its derivatives with respect to the coordinates of nuclei.
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