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Abstract

The Wiener index of a (molecular) graph is defined as W(G) = 3_, , da(u, ),
where dg(u,v) is the distance between u and v in G and the sum goes over
all the pairs of vertices. In this paper, we obtain the trees with minimum
and second-minimum Wiener indices among all the trees with n vertices and
diameter d, respectively.

1. Introductions

It is well known that a topological index is a map from the set of chemical

compounds represented by molecular graphs to the set of real numbers. There are
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more than hundred topological indices available in the literature (see [11]-[14]). Many
topological indices are closely correlated with some physico-chemical characteristics
of the underlying compounds. In 1947, Harold Wiener introduced the first chemical
index, now call the Wiener index, and published a series of papers [15]-[18] to show
that there are excellent correlations between the Wiener index of the molecular graph
of an organic compound and a variety of physical and chemical indices of molecular
compound. The vast majority of chemical applications of the Wiener index deal with
acyclic organic molecules; for reviews see [4, 5, 6, 8. The molecular graphs of these

are trees (see [7]).

The Wiener index of a graph G, defined in [15], is

W(G) =3 dalu,v),

where d¢(u,v) is the distance between u and v in G and the sum goes over all the

pairs of vertices.

Recently, finding the graphs with minimum or maximum topological indices
attracted the attention of a few researchers and many results are achieved (see
[1, 3,4, 9,19, 20]). In this paper, the minimum and second-minimum Wiener indices
of trees in the set 7, 4 (3 < d < n — 3) are characterized.

All graphs considered here are finite and simple. Undefined terminology and
notation may refer to [2]. For a vertex x of a graph G, we denote the neighborhood
and the degree of z by Ng(z) and dg(x), respectively. A pendant vertex is a vertex
of degree 1. Denote Ng[z] = Ng(z) U {z}. For two vertices z and y (z # y), the
distance between x and y is the number of edges in a shortest path joining z and y.
The diameter of a graph G, denoted by diam(G), is the maximum distance between
any two vertices of G. The distance of a vertex z € V(G), denoted by Dg(v), is
the sum of distances between = and all other vertices of G. We will use G — = or
G — zy to denote the graph that arises from G by deleting the vertex z € V(G) or
the edge zy € E(G). Similarly, G + zy is a graph that arises from G by adding an
edge ry ¢ E(G), where z, y € V(G).

A tree is a connected acyclic graph. Let T be a tree of order n with diameter
d. If d =n—1, then T = P,, a path of order n; and if d = 2, then T" = K;,_4,
a star of order n. Therefore, in the following, we assume that 3 < d < n — 2. Let
Ina={T : T is a tree with order n and diameter d, 3 < d <n — 2}.
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2. Lemmas

First we give some lemmas which are used in the proof of our results.

Lemma 2.1 [10]. Let H, X,Y be three connected, pairwise disjoint graphs. Sup-
pose that u,v are two vertices of H, v' is a vertex of X, u' is a vertex of Y. Let G be
the graph obtained from H, XY by identifying v with v' and u with u', respectively.
Let G5 be the graph obtained from H, X,Y by identifying vertices v,v' v/, and let G
be the graph obtained from H, X,Y by identifying vertices u,v',u’. Then

W(GF) < W(Q) or W(G3) < W(G).
By Lemma 2.1, we have the following result.

Corollary 2.1. Let G be a graph and v,u € V(G). Suppose that G, be the
graph obtained from G by attaching s, t pendant vertices to v,u, respectively (see
Fig. 1). Then

W(Gs—i,tJri) < W(Gsyt) fOT’ 1<:<s
or W(Gstir—i) < W(Gsz) for 1<i<t.

s}t

Gs,t
Fig. 1

Let Hy, Hy be two connected graphs with V(Hy) NV (Hs) = {v}. Let HivH,
be a graph defined by V(G) = V(H,) UV (H,), V(H,) NV (H,) = {v} and E(G) =

E(H:)U E(H,). By the definition of the Wiener index, we have the following result.

Lemma 2.2. Let H be a connected graph and T} be a tree of order | with V(H)N
V(T)) = {v}. Then

W(HvT;) > W(HvK; 1)

and equality holds if and only if Hvl} = HvKy; 1, where v is identified with the
center of the star Ky;—y in HuKy ;.
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Lemma 2.3 [4]. Let G be a graph of order n, v a pendant vertex of G and u the

vertexr adjacent to v. Then
W(G)=W(G —v) + Dg_(u) +n — 1.

Proof. By the definition of the Wiener index, we have

Y doley)+ Y dole,v)

z,yeV(G)—v zeV(GQ)
= W(G—v)+ Dg_p(u) +n—1.

w(a)

Lemma 2.4. Let G be a non-trivial connected graph and let v € V(G). Suppose
that two paths P = vvjvy -+ - Uk, Q = vujug - - Uy, of lengths k, m (k> m > 1) are
attached to G by their ends vertices at v, respectively, to form G Then

km*

W( p ) < W(GZ+1,m—l)'

km

Proof. By Lemma 23, we have

W( Z,m) = W(G};,m—l) + DG;1M,1 (’ltm,l) + |Glz,m| - 17
W(G;;rl,mfl) = W(GZ,mfl) + Dg; (vx) + |G1:+1,m71‘ -1

kym—1

Therefore W(Gy, ,,,) = W(G}i1,,-1) = De:

k,m—1

(um—l) - D('*

Tk,m—1

(Uk) < 0. | ]
Lemma 2.5. Let P = vgvy - - - vg be a path of order d+ 1. Then

252 —2dj + d* +d

2
for1 < j <d—1. Moreover, if 1 < i < j < d/2, then Dp(v;) > Dp(v;), and if
d/2 <1 <j < d— 1, then DP(UZ') < DP(’U]').

Dp(v;) =

Proof. By the definition of the function D, we have

22 —2dj+d*+d

Dpvj)=(1+2+---4+j)+(1+2+ -+ (d—7)) 5

Thus the result holds. [ ]
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3. Conclusions

In this section, we will give the minimum and the second minimum Wiener index
in the set 7,4 (3 < d <n —2). In order to formulate our results, we need to define

some trees (see Fig. 2) as follows.

Let Th.a(p1, - - -, pa—1) be a tree of order n created from a path Py = vgv; ... v4-10g
by attaching p; pendant vertices to v;, 1 <7 < d— 1, respectively, where n = d+1+
S, pi >0, i=1,2,...,d — 1. Denote Ty, 4; = Ta(0,...,0,n —d—1,0,...,0)

——

i—1

and Zn,d,i,,j = Tn,d(O, ey 0, n—d-— 27 07 ey 0, 1, 0, A ,0) Then Tn,d,i = dndd—i-

i—1 j—i—1
n —d—2 n—d-—1
Vd+1 ——
H...M . N
Vo U1 U Ud 1 Vd Vo U1 4 Vg—1 Ud
ZnA,de T'ru,d;i
n—d—2
AN n—d—3
Vd+2 AN Vd+2
Vd+1 Ud+1
Vo U1 Vi V-1 Ud Vo U1 Vi Ud 1 Vd
Yn,d,i Xn.,d,i
Fig. 2

For 2 < i <d—2, let X, 4; be a graph obtained from 7,,_; 4, by attaching a
pendant vertex to one pendant vertex of T), 4, except for vy, vq, and let Y, 4, be a
graph obtained from Ty 4; by attaching n — d — 2 pendant vertices to one pendant
vertex of T4, except for vy, vq. Then X, q; = Xy ad—; and Y, 4, = Y, a.4--

Denote 70y = {Tha;i : 1 <i<d—=1}, Ty = {Xpai : 2<1<d-2},

Ihg={Ynai : 2<i<d=2}and F) = {Zp4s; : 1<i<j<d—1}

Lemma 3.1. For any 1 < j < 1
Therefore, for any tree T € Z‘?d, W(T)
if T = Tn,d,ng

LgJ, we have W (T, q;) < W(Tha,)-

<
> W(Tn,d,LgJ) with equality if and only

Proof.  We only need to prove the case j =i — 1. Take v = v; and take two

paths P = vy - - - v;, Q@ = v;v541 - - - vg in Lemma 2.4, we obtain the desired result. m
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Note that the analogous inequality hold for X, 4; and Y, 4;, and hence W(T') >
W(X, 4 ) for T € 7 and W(T') > W(Yn,d,L%J) for T € 7, .

By Lemma 3.1, we have the following result.

Corollary 3.2. The last | 4] Wiener indices of trees in the set Fy, 4 withd = n—2

are as follows:

Toaep Toaydy-rs - s Toazs Toan
Note that .7, ,_» contains no other trees than the above listed.

Lemma 3.3. Suppose that 3 < d <n —3. Then

(1) W(Zy a2y, 18141) < WX, q1a) SW (Y, 44));
(i) for d is odd, W(Z, nd,[4],2 J+1) < W(T, nd, 4] NE
(iii) for d is even, W(Zn’d’[gjythﬁq) =W(T, digjfl)'

my

Proof. By Lemma 2.3, we have

W(Zn,d,[gMgJH) W(T,_,, gJ) +Dr Lald J(UL%jJrl) +n—1,
= W(T,_,, gJ)+DPd+1(”L§j+1)+2(”_d_2)+’”_ 1,
W(Xn,d,gj) = W(T,_ 1,d,LgJ)+D Crald J(Ual+l)+”*1:
= W(T,_ .4 gJ)+Dde(vl )+d+1+2(n—d—-3)+n—1

Thus by Lemma 2.5, we have

W(Zn,d,LgJ,LgJH)—W(Xn,d,tgj) = DPd+1(UI_gJ+1) DPd+1( ) d+1

d
2L§j+272d
< 2-d<0.

Note that X, 54 4) =Y, 54 4/, and hence by Lemmas 2.3 and 2.5, we have

W(X,42) — W(Yn,d,\_gj) = W(an,d,LgJ) - W(Yn—l,d,gj) —d+1

< W(Xd+3,d,tgj) - W(Y:i+3,d,[%J) =0.
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Thus (i) holds.
By Lemma 2.5, Dde(ULgH]) < Dpd+l(’UL%J71). Thus by Lemma 2.3,

W( nd, 4], j+1) W(Tndwﬂ)
WAT,_, 14,14 41) + Dp,,, (UL J+1) — W(Tn—l,d,LgJ—l) — Dp,,, (Ungfl)"‘”_d_Q
(

< WT 14 )_W(ﬂL—l,d,LEJ,1)+n—d—2

- DTn,fz,d—l,L%j—l(rUO) - DTn,72,d—1,[%J71<Ud71) +n—d-—2

= (nfde)(QLngd). (+)
Hence (ii) and (iii) hold by (x). .

Lemma 3.4. LetTeﬂ”d\{anL J+1} 3<d<n-—3. Then

W(T) >W(Z d,L%j,[%J+1)'

T,

Proof. Denote T' = Z, 4;;. Let P = vyv1...v4-1v4 be a path of length d in
T with d(vg) = d(vq) = 1, and let v44q be a pendant vertex of T' adjacent to v;. We
choose T such that W(T) is as small as possible. We first show the following facts.

Fact 1. i < [4].

Proof of Fact 1. Assume that i > [£]. Then j > [4]+1. Note that Z, 4 ;—vy =
Zn,dyi—l,j—l — Vq = Zn—l,d—lyi—l,j—b Thus by Lemma 23,

W(Znaij) = W(Znai-15-1) = Dz, 1yrin; 1(00) =Dz, yyyin;(Va-1)
(n—d—2)2i—d—1)+(2j —d—1) >0,

a contradiction with our choice. [ ]
Fact 2. W( ndl]) > W( ndzL j+1)

Proof of Fact 2. Note that Z, 4;; — Vap1 = Tho1,4. If j > Lg] + 1, then by
Lemmas 2.3 and 2.5,

W(Zn,45) — W(Zn,d,i,L%jJrl) = Dr, ., (v) — DTn—l,d,i(U[%J+l)
> DP(U]‘) — DP(U\_%J+1) > 0.
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Fact 3. W(Z, 45 14)41) > W(Z, qy4)14)41)-

Proof of Fact 3. Note that Z, 4, —vVay1 = Tho14:. Ifi < LgJ, then by Lemmas
2.3 and 3.1,

WAZ,, i 8)41) — W(an 14),14)41)
= (W(Tn—l,d,i) T vae) ) ( T 1,0, ”L%JH) _DT,L,l,d_LgJ(”L%JH))
> Dr,,,.(v4 J+1) T 1ad J( J+1)
| ]
By Facts 1, 2 and 3, the proof of the lemma is complete. [
Lemma 3.5. Let T € Za\ (70 U{Z, 4 4) 4):1}) with3 < d <n—3. Then

W(T) > W(Z d,L%j,[%JJrl)'

my

Proof. Let Py1 = vovy - vg_1v4 be a path of length d of T with d(vy) =
d(vg) = 1. Let Vg = {v; : d(v;) > 3,1 <i<d—1}. Sincen >d+ 3, Vy # (). We

consider two cases.
Case 1. |Vy| > 2.

In this case, we first obtain a tree Ty = T, 4(p1,...,ps—1) such that W(T) >
W (T}) and equality holds if and only if 7= T} by Lemma 2.2.

Since T' & Z?d, we have p;,p; #0, 1 <i< j <d—1. Thus by Corollary 2.1, we
can obtain a tree T = Z,, 4, ; such that W (1) > W(75), and by Lemma 3.4, we have
W(Ty) > W(Zn,d,LgJ,ngH)' Therefore W(T) > W(Ty) > W(Ty) > W(Z nd, 4,14 d)41)-

Case 2. |V =1.

In this case, we let v; € Vg and N(v;) \ {vi—1,viy1} = {21,..., 25} with d(z;) >
2, 1<j<r andd(z,41) = =d(x,) =1. Thenr >1as T ¢ 770, Let T;(z;)
be subtrees of 7' — v; which contain z;, and |V (T;(z;))] = s; +1, 1 < j <r. By
Lemma 2.2, we can obtain a tree T3 created from Tyys41,4; by attaching s; pendant
vertices to z;, 1 < j <'s, respectively, such that W(T') > W (T3). By Corollary 2.1,
we can obtained a tree Ty € 5, U 7, , such that W(T3) > W(Ty). If T, € 7},
then, by Lemma 3.3, W(T) > W(T3) > W(Ty) > W(X,,, ) > W(Z, di%M%Hl)'

m,
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I/V(Zn,d,L%j,[%jJrl)' .

If Ty € J,, then, by Lemma 3.3, W(T) > W(T3) > W(Ty) > W(Ynydyth) >

By Lemmas 3.1, 3.3 and 3.5, we have the following results.

Theorem 3.6. (i) The minimum Wiener index of trees in the set ., 4 with
3<d<n-—2is Tn,d,Lng

(ii) For d is odd, the second-minimum Wiener index of trees in the set I, 4 with
3<d<n-3is and%J,LgJﬂ;

(iii) For d is even, the second-minimum Wiener index of trees in the set T, 4
with3 <d<n—3is Toady—1 O Zpg ) g1

n
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