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Abstract

Formulas for calculating the Wiener index and Schultz index in nanotubes
covered by Cjy are provided in this report.

1 Introduction

The information on the chemical constitution of molecule is conventionally represented
by a molecular graph. In addition, graph theory was successfully provided the chemist
with a variety of very useful tools, namely, topological index. Numbers reflecting certain
structural features of organic molecules that are obtained from the molecular graph are
usually called graph invariants or more commonly topological indices. The oldest and
most thoroughly examined use of a topological index in chemistry was by Wiener [1] in
the study of paraffin boiling points,and the topological index was called Wiener index or

Wiener number. The conventional generalization of W for an arbitrary molecular graph
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is due to Hosoya [2]. Let G = (V, E) be a simple connected graph with the vertex set V'
and the edge set E. For any i, j € V, d; (or d(i)) and D;; denote the degree of i and the
distance (i.e.,the number of edges on the shortest path) between i and j, respectively.
Then the Wiener index of the graph G, is equals to the sum of distances between all
pairs of vertices of the respective molecular graph, i.e.,

n

=> Dij= %ZZD@ (1)
(4.4) i=1j=1

The Schultz molecular topological index of a (chemical) graph G introduced by Schultz
[3] in 1989 was a graph-theoretical descriptor for characterizing alkanes by an integer.
He named this descriptor the molecular topological index and denoted it by MTI. Later,

MTT became much better known under the name the Schultz index, defined as

MTI(G) = ZZ (A;j + Dyj)l,
i=1 j=1

where n is the number of vertices of G, A is the n x n adjacency matrix [3] of G and A;;
is the (i,j)-th entry of the adjacent matrix A. d = (dy,ds,- -, d,) is the 1 x n vector of
the degrees of the vertices of the molecular graph G. While Schultz in his initial paper
only described MTI, von Knop and his group [4] gave the mathematical formulation of
MTT in the same year (1989).

Let D; = i D;; be the sum of distances between vertex i and all other vertices.

j=1
Therefore, we can simplify the Schultz index in the following way.

MTI(G) = _}nj(di)Q + Z d;D;, (2)

i=1
which holds for all molecular graphs.

It has been demonstrated that MTI and W are closely mutually related for certain
classes of molecular graphs [6-11]. Klein et al derived an explicit relation between MTT

and W for trees [5]:

MTI(G) = 4W(G) + i(dm —n(n—1).

i=1

A. A. Dobrynin et al [6] get the explicit relation between the Wiener index and the

Schultz index of Catacondensed Benzenoid graphs:
MTI(G) = 5W(G) — (12h* — 14h + 5),

where G is an arbitrary catacondensed benzenoid graphs with h hexagons. A. A. Do-

brynin et al [7] showed that the Schultz index has the same discriminating power with
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the Wiener index, i.e., MTI(G;)=MTI(G5) if and only if W(G)=W(Gs) for an arbitrary
catacondensed benzenoid graph pair.

Single walled carbon nanotubes as all-carbon molecules of tubular form exemplify
modern nanometre scale material structures, where the number of atoms range from less
than a million up to few millions. Such system are quite ideal for computational studies
like Molecular Dynamics simulations because the studies can be done at the realistic
limit, rendering them in a predictive way. This point of view we try to explore through
simulations of novel ring-like carbon nanotubes, observed experimentally. Carbon nan-
otubes were discovered in 1992 by lijima [11] as multi-walled structures. Two years
later, two groups independently discovered the single-walled carbon nanotubes [12,13].
In 1996, Smalley’s group synthesized the aligned single-wall nanotubes [14]. As pointed
out by Smalley, a carbon nanotube is a carbon molecule with almost alien property of
electrical conductivity and super-steel strength. It is expected that carbon nanotubes
can be widely used in many fields. Nanotubes and fullerenes are promising candidates
in the development of nanodevices and super-strong composites. They have aroused
both theoretical and experimental interests either. The Wiener index of several nan-
otubes have been calculated [15-18]. In addition, in References [19-22] the formulas for
computing the PI index of polyhex nanotubes were derived. In the present report, we
shall get an explicit formula for computing the Wiener index and the Schultz index of

nanotubes covered by Cj.

2 The Wiener index of nanotubes TUC|[p, |

In the following, our notation for nanotubes covered by Cj will be denote by G =
TUC,[p,q] (see figure 1). Let us denoted by p, ¢ the number of squares at level 1 and
the level number in the tube, respectively. i.e, the various levels (i.e. the length) of the
tube.

Figure 1. TUC4(6, q), a nanotube covered by Cl.



- 432 -

p=8q=7

v 2 2
So1 = 16
01 A—g
120 3 4 5 4 3 2 1, _oy
A=38
234565432503:32
=8
34l 5l 6l 7 6 5 4 3. 40
A=38
Al 5| 6l 71 8 7 6 5 4. g
A=38
5.6 7 8 9 8 7 6 5 o _56
A=38
67 8 9 10 9 8 7 6o _g
A=3
(S T N T S

Figure 2. The distance sum from the vertex v to all other vertices

The sum from a vertex v lying at level 1 to all other vertices on the same level 1 is
given by:

2
p? 1= (=1) .
—_— - 3
1 3 3)

Then the total distance from all vertices lying at level 1 to all other vertices is given
by:

S1p =

SﬂmZPM+UBﬁ+§w+GJV*H @)

The total distance from all vertices lying at level 2 to all other vertices is given by:

_ pla+D)[2p° +4pg + (=1)” — 1]
8

s2(p) —p’(g—1). (5)

The total distance from all vertices lying at level i (i < § for 7 is even, and i < % for

i is odd) to all other vertices is given by:

~ plg+1)[2p° + 4pg + (—1)P — 1]
si(p) = S

By the symmetry of nanotubes, the total distance sums to all vertices can be divided

=p*(i = 1)(g+1—1). (6)

into two cases:
Case 1. ¢ is even.
From figure 2, we know s; = s449-i(i = 1,2,---, 7). Now, the total distances in tube

between vertices is given by:

I

2
shipg) = 25 [s1 =P = Dlg+ 1] + 5541
= Z6p°¢*> + 8pg® + 12p*q + 24pg® + 3(q + 1)*(—1)”
+6p? — 3¢* + 16pq — 6¢ — 3.
Case 2. ¢ is odd.
From figure 2, we know s; = sg42(1 = 1,2, -, %) Now, the total distances in tube

between vertices is given by:
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at1
2
sta(p,q) = 2;[51 —p*i—1(g+1—1)]
= LZ[6p°¢* + 8pg® + 12p%q + 24pg® + 3(q + 1)*(—-1)”

+6p? — 3¢ + 16pq — 6q — 3].
From two cases two, we get the total distances are the same when ¢ is even or odd.
Note that W(G) = X D;; = 5 Z Z D;;. Therefore, the Wiener index of nonatubes

(4.5)

i=1j=
covered by Cy is:

W(G) = [Gp + 8pg® + 12p%q + 24pg® + 3(q + 1)*(=1)? + 6p® — 3¢> + 16pg — 6 — 3].

48
Theorem 1 (i)W(G) = Z[6p*¢* + 8pq® + 12p%q + 24pg® + 3(q + 1)® 4 6p® + 16pq] if p
18 even;

(i)W (G) = £ [6p°¢* + 8pq® + 12p°q + 24pg® + 6p* — 6¢° + 16pg — 12 — 6] if p is odd.

3 The Schultz index of nanotubes TUC,[p, ¢

Let G = TUCY[p, q] be the nanotubes covered by Cj defined as above. In view of the
fact that TUC4[p, q] have only degree three and degree four vertices, the Wiener index

may be decomposed into two parts: 2W(G) = W3(G) + Wy(G), where W3(G) = > D;
i,d;=3

and Wy(G) = Y. D;. The summation Y. goes over all vertices of G with degree k.
idi=4 di=k

Note that the number of vertices with degree 3 and 4 in the graph G = TUCy[p, q] are
2p, p(qg—1) rLschthdy The equation (2) can be further expressed as:
MTI = Z d? + E d; D;
0216 plg— 1)+ S — » D

i,d;=.
= 16pg+2p+8W — > D,.
i,di=3
Let s, = > D, be the sum of distances from v to all other vertices at level k,

z is at level k
where v is a vertex of degree 3 at level 1 (see Figure 2). By the symmetry of G,

a
W3(G) =2p>_ sy
=1
From (4) we know that

plg + 1)[2p* +4pg + (=1) — 1]

z": (
Py Sk =
i=1 g 8

Therefore,

W3(G) = 2x plg+1)[2p? +4pq+( HP—1]
pla+1)[2p? +4m+( nr-1]
1




Lemma 2 (i) W3(G) = %”2*2’"‘) if p is even;
(ii) Wi(G) = PeteZ200=1) ), s odd.

Now, we are ready to calculate the Schultz index of G = TUC}[p,q]. By combining

Theorem 1 and Lemma 2, we get

Theorem 3 Let G = TUCY[p, q] be the nanotubes covered by Cy. Then the Schultz index
of G is

(i)216p*q* + 8pg® + 9p*q + 18pg® + 3p* + 10pq + 90q + 12] if p is even;

(it)2[6p*q* + 8pg® + 9p>q + 18pq® + 3p* — 6¢> + 10pq + 87q + 15] if p is odd.

The relationship between the Wiener index and the Schultz index has been explicated
for several family of graphs. In this report, the Wiener index and the Schultz index
are calculated by using the relationship between Wiener and Schultz index of nanotubes
covered by C,. In fact, we can utilize this relationship to calculate the Wiener and

Schultz index for more graphs.

Acknowledgements: This work was supported by Scientific Research Fund of Hunan
Provincial Education Department(06A037).

References

[1] H. Wiener, Structural determination of paraffin boiling points, J. Am. Chem. Soc.,
69 (1947), 17-20.

[2] H. Hosoya, Topological index,a newly proposed quantity characterizing the topo-
logical nature of structural isomers of saturated hydrocarbons, Bull. Chem. Soc.
Jpn., 44 (1971), 2322-2339.

[3] H. P. Schultz, Topological Organic Chemistry. 1. Graph Theory and Topological
Indices of Alkanes, J. Chem. Inf. Comput. Sci., 29 (1989), 227-228.

[4] W. R. Miiller, K. Szymanski, J. von Knop and N. Trinajsti¢, Molecular Topological
Index, J. Chem. Inf. Comput. Sci., 30 (1990), 160-163.

[5] S. Klavzar, I. Gutman, A Comparison of the Schultz molecular topological index
with the Wiener index, J. Chem. Inf. Comput. Sci., 36 (1996), 1001-1003.

[6] D. Klein, Z. Mihali¢, D. Plavsi¢, N. Trinajsti¢, Molecular topological index: a
relation with the Wiener index, J. Chem. Inform. Comput. Sci., 32 (1992), 304-305.

[7] A. A. Dobrynin, Expilicit relation between the Wiener index and the Schultz index
of catacondensed benzenoid graphs, Croat. Chem. Acta, 72 (2001), 143-150.



(8]

(9]

(10]

[11]

[12]

(13]

(14]

[15]

[16]

[17]

(18]

(19]

[20]

[21]

22]

- 435 -

A. A. Dobrynin, Discriminating power of the Schultz index for catacondensed
benzenoid graphs, MATCH Commun. Math. Comput. Chem., 38 (1998), 19-35.

1. Gutman, Selected properties of the Schultz molecular topological index, J. Chem.
Inform. Comput. Sci., 34 (1994), 1087-1089.

I. Gutman, S. Klavzar, Bounds for the Schultz molecular topological index of
benzenoid systems in terms of the Wiener index, J. Chem. Inform. Comput. Sci.,
37 (1997), 741-744.

S. lijima, Helical microtubles of graphitic carbon, Nature (London), (1991), 56-58.

S. lijima and T. Ichlhashi, Single-shell carbon nanotube of 1-nm diameter, Nature
(London), 363 (1993), 603-605.

D. S. Bethune, C. H. Kiang, M. S. Deries, G. Gorman, R. Savoy, J. Vazquez, and
R. Beters, Cobalt-catalysed growth of carbon nanotubes with single-atomic-layer
walls, Nature (London), 363 (1993), 605-607.

A. Thess, et al., Crystalline ropes of metallic carbon nanotubes, Science, 273 (1996),
483-487.

M. V. Diudea, M. Stefu, B. Parv, and P. E. John, Wiener index of armchair polyhex
nanotubes, Croat. Chim. Acta, 77 (2004), 111-115.

P. E. John, M. V. Diudea, Wiener index of zig-zag polyhex nanotubes, Croat.
Chem. Acta, 77 (2004), 127-134.

M. Stefu and M. V. Diudea, Wiener index of C;Cs nanotubes, MATCH Commun.
Math. Comput. Chem., 50 (2004), 133-144.

H. Deng, Wiener index of Tori T), 4[Cy, Cs] covered by Cy and Cs, MATCH Commun.
Math. Comput. Chem., 56 (2006), 357-374.

A. R. Ashrafi and A. Loghman, PI index of zig-zag polyhex nanotubes, MATCH
Commun. Math. Comput. Chem., 55 (2006), 447-452.

H. Deng, The PIIndex of TUV Cs[2p, q], MATCH Commun. Math. Comput. Chem.,
55 (2006), 461-476.

H. Deng, J. Hou, PI indices of nanotubes SC4Cs[q,2p] covering by C, and Cj,
MATCH Commun. Math. Comput. Chem., 57(2007), 503-516.

L. Xu, H. Deng, PI indices of tori T} ,[C4, Cs] covered by Cy and Cs, MATCH
Commun. Math. Comput. Chem., 57(2007), 485-502.



