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Abstract

A C4Cg net is a trivalent decoration made by alternating squares
Cy and octagons Cg. It can cover either a cylinder or a torus. Such a
covering can be derived from a square net by the leapfrog operation.
This paper presents a method for calculating the Schultz molecular
topological index (MTI) of C4Cs nanotubes.
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1 Introduction

Let G = (V, E) be a simple connected graph with the vertex set V(G) and
the edge set E(G). For any 4,j € V(G), d; and D;; denote the degree of i
and the distance (i.e., the number of edges on the shortest path) between i
and j, respectively.

The Schultz molecular topological index (MTI) of a (chemical) graph G
introduced by Schultz [1] in 1989 is defined as

MTI = MTI(G) =>_> di(4;; + Dyj)
i=1j=1
where n is the number of vertices of G, d = (dy,ds, -+ ,d,) is the degree

vector of vertices of G. A;; is the (7, j)-th entry of the adjacency matrix A
of G and A;; is 1 if vertices ¢ and j are adjacent and 0 otherwise.

Let D; = 3° D;; be the sum of distances between vertex ¢ and all other
i=1

j=
vertices. The Schultz molecular topological index can be expressed in the
following manner [5]:

n n

MTI(G)=Y"d? +Y_d;D; (1)
i=1 i=1

The Wiener index W(G) of a connected graph G is equal to the sum of
distances between all pairs of vertices of G, i.e.

WG =13y, @)

For details on the Wiener index, which is among the most frequently used
molecular-structure-descriptors in chemical graph theory, see the recent sur-
vey [2,3].

It has been demonstrated that MTI and W are closely mutually related
for certain classes of molecular graphs [4-10]. [10] derived an explicit relation
between MTI and W for a tree T' with n vertices

MTI(T) =AW(T) + Y d; —n(n—1).
i=1
Dobrynin [8] gave the explicit relation between the Wiener index and the
Schultz molecular topological index of a catacondensed benzenoid graph with
h hexagons

MTI(G) = 5W(G) — (12h* — 14h + 5).

Also, [8,9] showed that the Schultz molecular topological index has the
same discriminating power with the Wiener index
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MTI(Gy) = MTI(G>) if and only if W(G1) = W(G»)

for an arbitrary catacondensed benzenoid graphs.

A C4Csg net is a trivalent decoration made by alternating squares C; and
octagons Cy. It can cover either a cylinder or a torus. Such a covering can
be derived from a square net by the leapfrog operation. Let SC,Cs and
RC,Cg denote the C,Cy square nanotube and C,Cs rhomboidal nanotube,
respectively. For the construction of CyCs nanotubes, see [11], where the
Wiener indices of SCyCs and RC,Cg are computed. The Wiener index and
the PI index of tori 7},4[Cy, Cs] and nanotube SC4Cslg, 2p] were given in
[12-14].

In this paper, we will investigate the relation between the Schultz molecu-
lar topological index MT'I and the Wiener index W for the C,C nanotubes,
and calculate the Schultz molecular topological index of C;Cs nanotubes by
the Wiener index of C,;Cg nanotubes.

2 The Schultz molecular topological index of
C4Cs square nanotubes

Note that the degrees of vertices in an arbitrary C4yCs nanotube G are two
or three. The Wiener index W(G) can be written as

W(G) = %(WQ(G) + Wa(@)),

where W(G) = Y D; and W3(G) = Y. D;, the summation Y goes over
di=2 4i=3 di=k
all vertices of G with degree k.

Let G = SC,Cs]p, q] be the C4Cy square nanotube with p squares at each
level and ¢ levels (see Figure 1). Then the Wiener index of G was given in [11]:

Lemma 1([11]). The Wiener index of the nanotube G = SC4Cs(S)[p, q]

w(G) = | 374t D@ +4pg—dp—q +12°) = 8p’q, 1<q<p+1;
2p*(8¢* — p* + 4p°q + 6pg® + p — 6q, q>p+2.
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Figure 1. The distance sums from the vertex v to the vertices
at levels k =1,2,---,6.

Now, we derive a formula for calculating the Schultz molecular topological
index of SC4Cs[p, ¢] nanotube.

Note that the numbers of vertices with degree 2 and 3 in the graph G =
SCyCslp, q] are 4p and 4p(q—1), respectively. The equation (1) can be further
expressed as:

MTI(G) = ¥ d2+ % diD;
— Tapt0.4plg- 1)+ 6W(G) — ¥ D, (3)
GG + 3600 — 20p— Wa(G)
Let sop = > D, be the sum of distances from v to all other

z is at level k
vertices at level k, where v is a vertex of degree 2 at level 1 (see Figure 1).

q
By the symmetry of G, Wo(G) =4p 3> so-
k=1
From [11,14], we know that

4p? +2(k — 1)(2p + k), 1<k<p+1;
Sok = 2
Sopt1 +8p(k—p—1)=2p* —6p+8pk, p+2<k<gq

So,

—Spq — §p2q +16p°q + 8p*¢* + Sp¢®, 1<q<p+1;
=30+ 3 = 8PP+ 8P+ 16p°¢%, g >p+2.

Wy (G) = {
Combining the equation (3) with Lemma 1, we have

Theorem 2. The Schultz molecular topological index MTI(G) of the
nanotube G = SC,Cs[p, q] is

(i) —20p + 20pq — 8p*q — 64p°q + 44pg® — 8p*¢* — Spg® + 16p*¢° + 4pq*,
for1<qg<p+1;
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(il) —20p + §p2 +4p® — %p‘* — 4p° + 36pq — 16p>q — 8p>q + 16p*q — 16p%¢> +
24p3q® + 32p¢°, for ¢ > p+ 2.

3 The Schultz molecular topological index of

C4Cs rhomboidal nanotubes
Let G = RC,Cs[p, q] be the C4Cs rthomboidal nanotube with p rhombuses at
each level and ¢ levels (see Figure 2). Then the Wiener index of G was given

in [11]:

Lemma 3([11]). The Wiener index W (G) of the nanotube G = RC,Cs[p, ¢]
is

(i) 1pa(164° + 16pg? + 36p°q + 3q(—1)? — Tq — 6p), for 1 < q < int[Z];
(ii)—;jp[4p4 —48p%¢* —192pq® — 32p3q + 24¢*[1 — (—=1)P] — p? = 3p*(—=1)P +
68pg + 12pg(—1)7 — 3[1 — (=1)7]], for ¢ > int[ 5] +1,
where int[z] is the greatest integer no more than . i.e.,
(i)%pq(lfiq3 + 16pg® + 36p°q — 4q — 6p), for 1 < ¢ < & and p is even;

(i) 1pq(16¢° + 16pg® + 36p*q — 10g — 6p), for 1 < ¢ < 2 and p is odd;

(iii) — 35 p(4p* — 48p?¢* — 192pg® — 32p3q — 4p* + 80pq), for ¢ > £+ 1 and
p is even;

(iv);ip(élp4 — 48p%¢? — 192pg® — 32p3q + 48¢> + 2p* + 56pq — 6), for
q > "=+ 1 and p is odd.
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Figure 2. Distance sums from the vertex v to
vertices at levels k =1,2,--- 5.

As in the section two, we derive a formula for calculating the Schultz
molecular topological index of RCyCs|p, q] nanotube.

Note that the numbers of vertices with degree 2 and 3 in the graph G =
RC,Cy are 2p and 2p(2q — 1), respectively. The equation (1) can be further
expressed as:

MTI(G) =Y "d>+> d;D; = 6W(G) + 36pg — 10p — Wa(G)  (4)
i=1 i=1
Let s = > D,, be the sum of distances from v to all other

z is at level k&
vertices at level k, where v is a vertex of degree 2 at level 1 (see Figure 2).

By the symmetry of G,

q
Ws(G) =2pY " su. (5)
k=1
And
— 3P +2+4(k—1)(2k+p), 1<k <Zandpiseven;
T3P+ 144k —1)(2k+p), 1<k< 2L and p is odd.
s1,2 + 12(p — 1) + 10, =2 +1and p is even;
stk =4 S1zpt 12p(k =8 —1), k>%+2andpis even;
Spes 12p(k —25),  k>P2 4+ 1 and pis odd;
p? + 12pk — 8p, k>%+1and pis even;

2 +1 P iq
p*+12pk —8p—1, k>~ +1and pis odd.
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From (5), we have
(i) If pis even and 1 < ¢ < &, then

4 16
Wa(G) = —2pg - 4p’q + 6p°q + 4p°¢° + gpqs;
(ii) If p is even and ¢ > § + 1, then
2 2 2 4 2 3 2 2
Wy(G) = —gP 3P A+ 207 1207
(iii) If p is odd and 1 < g < 22, then
10 16
Wa(G) = —5pa = 4p*q + 6p°q + 4p°¢* + gpq:‘;
(iv) If p is odd and ¢ > p—;l + 1, then

2., 2
W(G) = —§p2 + gp“ — 2pq — 4p*q + 2p°q + 12p°¢".

Combining the equation (4) and Lemma 3, we have

Theorem 4. The Schultz molecular topological index MTI(G) of the
nanotube G = RC4Cs[p, q] is

(1) =10p+ 12 pg—2p*q—6p*q—4pg® —4p*¢* 4+ 36p°¢> — 2 pg® +16p* >+ 16pg*
for 1 < ¢ <% and p is even;

(il)—10p + 52pq — 2p°q — 6p°q — 10pqg® — 4p*¢* + 36p°¢> — Lpg® + 16p%¢ +
16pg* for 1 < ¢ < 2! and p is odd;

(iii) =10p + 3p* + p® — Sp* — p° + 36pq — 16p°q — 2p°q + 8p'q — 12p%¢* +
12p%¢% + 48p%¢® for ¢ > £ + 1 and p is even;

(iv)—4p+ 3p* — 3p° — 2p* — p° + 38pg — 10p>q — 2p*q + 8p*q — 12pg* —
12p%¢% + 12p%¢* + 48p?¢® for ¢ > P2 + 1 and p is odd.
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