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Abstract

The energy of a graph is defined as the sum of the absolute values of all the
eigenvalues of the graph. Let B(n) be the class of bipartite bicyclic graphs on n
vertices containing a cycle with length congruent to 2 modulo 4. We determine
respectively the graphs with minimal energies in the class of graphs in B(n) with
exactly three cycles, in the class of graphs in B(n) with exactly two cycles of a
common vertex, and in the class of graphs in B(n) with exactly two vertex-disjoint
cycles.

INTRODUCTION

We consider simple graphs. Let G be a graph on n vertices. The characteristic
polynomial of G is
&(G,x) = det[z] — A(G)],
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where I is the identity matrix of order n and A(G) is the adjacency matrix of G. The
roots Ap, Ag, -+, A, of (G, x) = 0 are called the eigenvalues of G [1]. Since A(G) is
symmetric, all the eigenvalues of G are real. The energy [2] of G, denoted by E(G),

is then defined as .
E(G) =Y\l
i=1

In chemistry, the energy of a molecular graph can be used to approximate the total
m-electron energy of the molecule represented by that graph. For more details, see
the book [3] and the recent reviews [4, 5].

Let G be a bipartite graph on n vertices. The characteristic polynomial of G can

be written as
[n/2]

o(C, ) = 3 (~1)by(G)a" 2,

k=0
where by (G) > 0 (see [1, 3]). The energy of G can be expressed as the Coulson integral

formula [3]

o [+ 1 n/2)
— _ 2k
E(G) = TF/O —log kZ:O be(G)z?* | d. (1)

Let b,(G) = 0 if £ > [n/2]. In view of the expression for ¢(G,x), a quasi-order
relation can be introduced over the class of all bipartite graphs [6]: For bipartite
graphs Gy and G, if b(G1) > bp(Gs) for all k& > 0, then we write G; = Gy. If
G1 = G4 and there is a kg such that by, (G1) > by, (G2), then we write Gy = Go. From

(1) we have the following increasing property of energy:
G = Gy = E(Gl) > E(GQ) (2)

A connected graph with n vertices and n edges is called a unicyclic graph, and a
connected graph with n vertices and n + 1 edges is called a bicyclic graph.

From a chemical point of view, it is of greatest interest to find the extremal values
of the energy for significant classes of graphs. For instance, Gutman [6] determined
the trees with minimal and maximal energies. Hou [7] determined the unicyclic graphs
with minimal energy. Hou [8], Zhang and Zhou [9, 10] studied the minimal energies
of bicyclic graphs. More results in this direction can be found in [11-27].

Let G be a bicyclic graph. The bicyclic subgraph of G with no pendent vertices
(i.e., vertices of degree one) is called the base graph of G, denoted by G. It G
contains exactly three cycles, then we say that G is a #-based graph. If G consists of
two cycles with exactly one common vertex, then we say that G is a co;-based graph.

If G contains two vertex-disjoint cycles, then we say that G is a cos-based graph.
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If an edge is introduced between one end vertex of a path and a vertex v of a
graph G, we say that the path is attached to vertex v of G. Let B be the graph with
6 vertices formed by identifying an edge of two quadrangles. Let B! be the graph
formed by attaching n — 6 pendent vertices to a vertex of degree two of B, B2 be
the graph formed by attaching n — 6 pendent vertices to a vertex of degree three of
B, B2 be the graph formed by identifying a vertex of a hexagon and a vertex of a
quadrangle, and attaching n — 9 pendent vertices to this common vertex, B be the
graph formed by introducing an edge between a vertex of a hexagon and a vertex of
a quadrangle, and attaching n — 10 pendent vertices to the vertex of degree three in
the hexagon. See Fig. 1 for the graphs B!, i = 1,2,3, 4.

B3 B}

Fig. 1. Graphs Bj, i = 1,2,3,4.

BQ

By aresult in [9], the graph formed by attaching n—>5 pendent vertices to a vertex
of degree three of the complete bipartite graph K 3 is the unique graph with minimal
energy in the class of n-vertex bipartite bicyclic graphs. In [10], it is shown that the
graph formed by attaching n — 7 pendent vertices to the vertex of degree four of the
graph consisting of two quadrangles with exactly one common vertex is the unique
graph with minimal energy in the class of n-vertex bipartite bicyclic graphs of exactly
two cycles. Note that in both extremal graphs all cycle lengths are = 0 (mod 4). Let
B(n) be the class of n-vertex bipartite bicyclic graphs containing a cycle of length
= 2 (mod 4). Let By(n), Bu,(n) and By, (n) be respectively the class of -, cos-,
and cog-based graphs in B(n). It is a natural question to ask which graphs achieve
the minimal energy in By(n), Be, (n) and By, (n), respectively. The main result of
this work is that in the three classes By(n), Boo,(n) and By,(n), the graphs Bl or
B2, B3, and B! have minimal energy, respectively. A more precise statement of our

results is given in Theorem 4.
PRELIMINARIES

Let G be a bipartite graph on n vertices. Sachs theorem states that [1, 3] for
kE>1,
(—1)RR(G) = 3 (=124,

SE€Ly
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where Lo denotes the set of Sachs graph of G with 2k vertices, in which every
component is either a complete graph with two vertices or a cycle, p(S) is the number
of components and ¢(S) is the number of cycles in S. Clearly, by(G) = 1, b1(G) equals
the number of edges of G. For convenience, let b, (G) =0 if k£ < 0.

Let m(G, k) be number of k-matchings of G. If G is acyclic, then by (G) = m(G, k)
for all k (see [1, 3]). Let P, and C,, be respectively the path and cycle on n vertices.
Note that m(P,,2) = w and m(C,,2) = @

If G is a bipartite graph containing exactly one quadrangle, then by Sachs theorem,
we have by(G) = m(G,2) — 2, and b3(G) > m(G,3) —2m(G — Cy, 1).

Let G be a bipartite graph. Let C'(uv) denote the set of cycles containing the edge

wv in G. By [1], we have ¢(G,z) = ¢(G—uv,2)—d(G—u—v,2)—-2 >, ¢(G-C, ),
CceC(uv)
from which the following result follows easily.

Lemma 1. Let G be a bipartite graph.
(1) If uv is a bridge in G, then

be(G) = be(G — wv) + b1 (G —u — v),
in particular, if u is a pendent vertez, being adjacent to v, then
be(G) = bp(G — u) + bp—1 (G — u —v).
(#) If uv is an edge on some cycle, then

be(G) = bp(G — uv) + b1 (G —u—v) — 2 Z (—1)$bk,%(G —C,).

CreC(uv)

From Lemma 1 (i), we have

Lemma 2. Let G be a bipartite graph. If H is obtained from G by deleting some
bridges and/or pendent vertices, then by(G) > by(H) for all k > 0.

Lemma 3. [3] For1<i< \_%J,PHEPQiUPn,%tPlUPn,l.

Let U] be the unicyclic graph formed by attaching the path P,_, to a vertex of
the cycle C,. Let U,; be the graph obtained from B by deleting an edge incident
with the vertex of maximal degree and a vertex of degree 2 in the hexagon, where
1=2,3,4.

Lemma 4. Let b be an even integer with 4 <b<n—1 andi=2,3,4, wheren > 7
ifi=2,n>9ifi=3andn > 10 ifi = 4. Then by(UY) > byp(U,;) for k =2,3,4.
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Proof. By Lemma 1,
bi(Uy)

bi(Pr) + be—1(Prea U Py) — 2by_o(Pp—s)

= bp(Po1) + b 1(Pos) + bk o(Poa) +bp1(Poa)
+bp—2(Py—sa) — 2bg_2(Py—4)

= bp(Pae1) + bi—1(Pas) + bp—1(Pry).

Let P, ;s be the tree obtained by attaching s pendent vertices to the i-th vertex of
the path P, labelled consecutively by 1,2,...,n. Obviously, P, ;o = P,. Similarly,

be(Un2) = bp(Posan—1) + bi—1(Ps) + bp—1(P2) + be—s(P1),

bi(Ps3n—9) + bi—1(FPos1,n—9) + br—1(Ps),
be(Una) = bp(Poan—10) + be—1(Pran-10) + bk—1(Fs1,n-10)-

=
e
—~
S
w
=
I

Note that b (P,) > bi(T) for any tree T' with n vertices and all k > 0 (see [6]). By

Lemma 2, we have b (U2) > bp(U) for k = 2,3,4, where U € {Up2,Up 3, Upa}-
Suppose that b > 6. We need only to show that b (U?) > b, (U2) for k = 2,3, 4.
First suppose that (k,b) # (4,8). Then for k = 2,3,4, by Lemma 1,

be(UR) = bu(P) + b1 (Pay U Pys) — (=1)32b, 5 (Poy)
bi(Pp) + bi—1(Pr—p U Py_s)
bi(Pr—1) + bi—1(Pr—2) + bp—1(Pr—p U Py_s).

v

By Lemma 3, we have by_1(P,—2) > by_1(Pn—3), bp—1(Prp U Pos) > by_1(Py_3) >
br—1(P,—4). Then we have by (UY) > by (U2).
Now suppose that (k,b) = (4,8). By Lemma 1, we have

ba(UY) bs(P,) + b3(P,_s U Pg) — 2
ba(Pr—1) + b3(Pr_2) + b3(Pr_g U Ps) — 2

by(Po—1) + b3(Pr_3) + ba(Py_y) + b3(Pr_g U Ps) — 2.

By Lemma 3, bg(Pn,g U Pg) Z bg(Pn,;;) Z bg(Pn,4). Note that bQ(Pn,4) 2 2. Thus
by(US) > by (UH). O

Lemma 5. Let Gy, Gy be two vertez-disjoint bipartite graphs with |V (G1)|+|V (G2)| =
k
n. Then bk(Gl U Gz) = E bl(Gl)bkfl(Gg) fO'I‘ 0 S k S I_%J
i=0

Proof. Let |[V(G;)| =n; for i = 1,2. It is easy to see that
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A(G1UGy, ) = ¢(G1,2)0(Gy,x)
[n1/2] ' _ [n2/2] _ v
= | D0 (CUB(G)am | Y (1) hy(Ga)a"
1=0 j=0
[n/2] k
= Z(*l)k {Z bi(G1)bp—i(Ga) | 22,
k=0 =0

Now the result follows easily. [

Lemma 6. Let a,b and n be integers, where a = 2 (mod 4), a > 6, b is even,
4<b<n—1. Let H be the graph formed by identifying the pendent verter of U? and
a vertex of Cy. Then by(US U C,) > bi(H) for all k > 0.

Proof. Let u be the pendent vertex, being adjacent to v, in U. Let U = U —u —v.

By Lemma 1,

bk(ca U Uf:)
be(H)

b(Co UUL_ ) + b1 (C, U,
bi(Co UUE_ ) + by (Pay UU).

By Lemma 5, we have

br(CaUD) = 3 b(Clbiss (1),
S (P b1 (U).

i=0

bk’—l(Pa—l U U)
Note that @ = 2 (mod 4). By Lemma 1 (ii), we have b;(Cy) > b;(P,) + bi—1(Pa—2) >

b;(Py—1). Tt follows that bg_1(Cy UU) > b1 (Pa—1 UU) for all k£ > 0. Thus the result
follows. [

RESULTS

Now we consider minimal energies of the graphs in the class of By(n), By, (n) and

B, (n), respectively.

Theorem 1. If G € By(n) and G # B}, B, where n > 8, then G = BZ2.
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Proof. Note that by(B2) = 0 for k > 4. We will show that by(G) > by(B2) for
k = 2,3 and it is strict for kK = 2. We use induction on n.

The graphs in By(8) (except B, BZ) are shown in Fig. 2, and the by, bs-values
are listed below the corresponding graphs. Note that by(B2) = 15 and b3(BZ) = 7. It

can be checked that the result is true for n = 8.
.8 18, 9 18, 8 18, 8

1 =

16, 9 18, 11 19, 10 20, 13 21, 17
21, 14 21, 13 22, 16

Fig. 2. Graphs in By(8) (except B}, B2) and their by, bs-values.

Suppose that n > 9 and the result is true for graphs with n — 1 vertices. Let
G € By(n). Then G contains three cycles, say C,, Cj, and C., where a = 2 (mod 4)
and b < c.
Case 1. G = G. Let u be a vertex of degree three of G and v be its neighbor outside
Cy. Since n > 9, we have ¢ > 6. By Lemma 1 (ii),

b(G) = B(UD) + (G = w =) + g (G = Co) = (~1) 525 (G = C.)
> 0p(Up) + b1 (G —u—v),
be(B)) = be(Unz) + be1(Pa) + 2bx—s((n — 6)P1) — 2b_5(P2) = bp(Upn2) + 1

for k = 2,3. By Lemma 4, we have by,(U") > b;,(U,. ) for k = 2,3. Note that G —u—v
is a tree. By Sachs theorem,

b(G—u—v) = n—3>1,

b(G—u—v) = m(G—u—0v,2)>m(P,2,2) =

Hence we have by,(G) > by (B2) for k = 2,3 and it is strict for k = 2.
Case 2. G # G. Since G # B, B2, and n > 9, we can choose a pendent vertex u,

being adjacent to v, in G such that G —u # B} |, B> |. By Lemma 1 (i)

n—1°

bk(G) = bk(G — U) + bk—l(G —u— ’0)7
be(B)) = bu(B)_y)+bp1(P5)
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for k = 2,3, where
4, ifk=2

bea(F5) = {3 if k=3

By the induction hypothesis, by(G — u) > bi(B2_;) for k = 2,3, and it is strict for
k = 2. We need only to show that by_1(G —u —v) > by_1(P5) for k =2,3.
Subcase 2.1. G'—u—w contains G. By Lemma 2, we have b, (G—u—v) > bk,l(@).
So by Sachs theorem,

bh(G—u—v) > b(Cy) =a>4,

bo(G —u—wv) > m(@7 2) —4>m(Cy,2) — 4= M

—4>5>3.

Subcase 2.2. GG — u — v contains exactly one cycle C. If C' is a quadrangle, then
G —u—v contains a subgraph H which is a unicyclic graph with 6 vertices or P, UU,
and so by Lemma 2,

b(G—u—v) > bi(H)=6>4,

bo(G—u—v) > by(H)=m(H,2)—2>3.

Otherwise, we have C' = C,. with » > 6, and by Sachs theorem,
0h(G—u—v) = m(G—-—u—v,1)>m(C,,1)>6>4,
r(r—3)
2

by(G—u—v) = m(G—u—v,2)>m(C,2) = > 3.

Subcase 2.3. G —u — v is acyclic. Then P; is a subgraph of G —u —v. By Lemma
2, we have by_1 (G — u — v) > by_1(P5) for k = 2,3.

Combining Subcases 2.1-2.3, we have by_1(G — u — v) > by_1(Ps) for k = 2,3.
Therefore by (G) > bp(B2) for k = 2,3 and it is strict for &k = 2. Now the result
follows. O

Theorem 2. If G € By, (n) and G # B3, where n > 10, then G = B3.

Proof. Note that ¢(B3,z) = 2" — (n + 1)2" 2 + (6n — 25)z"* — (11n — 71)a™ 5 +
(6n — 46)z" 8. So by(B3) = 0 for k > 5. We will show that by(G) > bi(B2) for

k =2,3,4 and it is strict for k = 2. We use induction on n.
37,43,14 37,45,16 37,43,16 37,47,24 37,45, 18

Fig. 3. Graphs in Bu, (10) (except B3;) and their b, b3, bs-values.
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The graphs in By, (10) (except B3,)) are shown in Fig. 3, and the by, b3, bs-values
are listed below the corresponding graphs. Since the by, bs, by-values of B3, are re-
spectively 35,39, 14, it can be checked that the result is true for n = 10.

Suppose that n > 11, and the result is true for all graphs with n — 1 vertices.
Let G € B, (n) and G # B3. Then G contains two cycles, say C, and Cj, where
a =2 (mod 4).

Case 1. G = G. Thenn =a+b—1, and either a =6,b > 6 or b =4, a > 10. By

Lemma 1 (ii),

bi(G) = bp(UL) + bp1(Paz U Pyy) + 2by—s(Pyy)
> b(UL) + b1 (Paa U Pyoy),
br(B)) = bi(Ung) + b1 (PsU Ps) + 2by_5(Ps),
where it is easy to see that
5 ifk=2
bp—1(PyUPs) +2bp_3(Ps) = ¢ 9, ifk=3,
6, ifk=4

By Lemma 4, by(U%) > by(U,3) for k = 2,3,4. Moreover, b,_1(Py_o U Py_1) =
m(Poy—2 U Py_1,k — 1) and so
bl(Pa,QUPb,l) = a+b—5:n—4> 5.,
bg(Pa,QUPb,l) = ((I*3)(b*2)>97
bg(Pa,Q @] bel) Z (b — Q)M(P,lfz, 2) + (CL — 3)m(Pb,1, 2)
(a=Da-50b-2)  (a—3)(b-3)b-1)
+
2 2
Therefore, by (G) > bp(B3) for k = 2,3, 4.
Case 2. G #G.
Let Gy be the graph obtained by attaching a pendent vertex to the pendent vertex
of BY,. Note that

\Y

> 6.

ba(Go) = 45, b3(Go) = 68, bs(Gp) = 42,
ba(B3) =41, by(B3)) =50, by(B3)) = 20.
If G = Gy, then the result follows.
Suppose that G # Gy. Then we can choose a pendent vertex u, being adjacent to
v, in G such that G —u # B3_,. By Lemma 1 (i),
bk(G) = bk(G - U) + bkfl(G — U — 1})7
bk(Bz) bk(BTBL_l) + bk,l(Pg, U P3)
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for k =2,3,4, and

6, ifk=2,
bk,l(P5UP3): 117 1fk:3,
6, ifk=4.

By the induction hypothesis, bx(G — u) > b(B3_,) for k = 2,3, 4, and it is strict for
k = 2. It suffices to show that by_1(G —u —v) > by_1(Ps U P3) for k = 2,3, 4.
Subcase 2.1. G — u — v contains G. By Lemma 2, by_1(G —u —v) > bk_l(@)7 and

then by Sachs theorem,

bi(G—u—v) > m(G1 )7a—|—b>6

by(G—u—v) > m(G,2)—
= m(C,,2) + m(Cb. 2)+alb—2)+2(a—-2)—2
> a(b-2)+2(e—-2)-2>11,

bs(G—u—v) > m(G,3)—2(a—2)
> (b—2)m(Cy,2) + (a — 2)m(Cy,2) — 2(a — 2)
_ a(a—32)(b—2)+b(a—2;(b—3)_2((1_2)
> a(a732)(b72) 56

Subcase 2.2. G —u—v contains exactly one cycle C,, r € {a,b}. By Sachs theorem,
bi-1(G—u—v) =m(G—u—v,k—1)+2(-1)2"'m(G—u—v—C,,k—1—1%). Then

bi(G—u—v)>a+b—2>6.

Suppose that k = 3,4. If r > 6, then by_1(G—u—v) >m(G—u—v,k—1);if r =4,
then by—1(G —u—v) =m(G —u—v,k—1) = 2m(G —u—v — Cy,k — 3). In either
case, we have by_1(G —u —v) > m(P,—1,k — 1) + 2m(P,—1, k — 2). Thus

—3)(a—4
by(G —u—wv) > @—E§L—2+2m—mzlL
b3(G—u—v) > (a—3)(a—4)>6.

Subcase 2.3 G —u — v is acyclic. Then Ps U Pj is a subgraph of G — u — v. By
Lemma 2, by—1 (G — u — v) > by_1(Ps U P3) for k = 2,3, 4.

Combining Subcases 2.1-2.3, we have b1 (G—u—v) > by_1(PsUPs) for k = 2,3,4.
Therefore b,(G) > by(B2) for k = 2,3,4 and it is strict for k¥ = 2. Now the result
follows. O

Theorem 3. If G € Bw,(n) and G # B2, where n > 11, then G = By,
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Proof. Note that ¢(B2,z) = 2" — (n+ 1)z" "2 4 (8n — 41)z"~* — (19n — 139)z" 6 +
(12n — 98)z™8. So by(B2) = 0 for k > 5. We will show that by(G) > by(B2) for
k =2,3,4, and it is strict for £ = 3. We use induction on n.

The graphs in B, (11) (except Bif;) are shown in Fig. 4, and the by, by, by-values
are listed below the corresponding graphs. Since the by, b3, by-values of By, are re-

spectively 47,70, 34, it can be checked that the result is true for n = 11.

o> o0 o< O

49, 80, 50 47,72, 44 48, 77, 51 48, 76, 47

®<>©<><}<>

48, 75, 41 , 74, 38 48, 74, 39

Fig. 4. Graphs in By, (11) (except Bi;) and their by, b3, by-values.

Suppose n > 12 and the result is true for all graph on n — 1 vertices. Let G €
Booy(n), and G # Bl. Then G contains two vertex-disjoint cycles, say C, and G,
where a = 2 (mod 4).

Suppose that n = a + b. Then G is formed by introducing an edge between a
vertex in C, and a vertex in C}, where either a = 6, b > 6 or b = 4, a > 10. By

Lemma 1 (ii),

b(G) = bi(Up) +bi1(Pa—z U Cy) + 2bx_2(Ch)

> bp(UD) + b1 (Pag U Gy),
bi(B2) = bp(Upna) + be_1(PyU Cy) + 20 _3(Cy),
where
7, if k=2,
b 1(PyUCY) + 2b_5(Cy) = { 15, if k=3,
12, ifk=4.

By Lemma 4, we know that b,(U?) > by (Uy4) for k = 2,3,4. Moreover, by Sachs
theorem,
bi(PosUCy) = n—3>T,
bo(PosUC,) > m(PayUCy,2) —2
m(Py—2,2) + m(Cy, 2) + (a — 3)b — 2
(a—3)b > 15,

vV v

Y



-392 -

b3(Pa—a U CY)

v

m(Pa_y UGy, 3) — 2(a — 3)

= bm(P,_9,2) + m(Pa—2,3) + m(Cy, 3)
+m(Ch, 2)(a — 3) — 2(a — 3)

bm(P,—2,2) + m(Cy,2)(a — 3) — 2(a — 3)

(a—4)(a—5)b b(b —3)
e a-3) {T—Q] > 12,

v

Tt follows that by_1(Pa—a U Cy) > br_1(Py U Cy) + 2b,_3(Cy) for k = 2,3,4. Therefore
bk(G) > bk(B:ll) for k = 2, 3,4.
Now suppose that n > a +b. By Lemma 1 (i),

bi(By) = be(Byy_y) + b1 (P U Cy),

for k =2,3,4, and

8, ifk=2,
by (PsUCY) =< 19, if k=3,
12, ifk=4.

Case 1. G = G. By Lemma 1 (i),
bi(G) = bi(Ca U U, _y) + b1 (Pacy U U,y y).

n—a,) Z bk‘(H) Z bk(B:%—l)
for k = 2,3,4, and b3(C, UUL_,) > by(B2:_;), where H is the graph obtained by

identifying a vertex of C, and the pendent vertex of U®

n—a-

By Lemma 6 and the induction hypothesis, we have by, (C,UU?

Moreover, by Sachs

theorem,

n—3>8,

bi(Par WU, 1)

bo(Paci UUY 4 1) > m(Paci UUL_, 4,2) =2
= m(P1,2) +m(U_, 1,2)+(a—2)(n—a—1)—2
> m(P-1,2)+ (a—2)(n—a—1)
O O,
b3(Pai VU _gy) = m(Paci UU, 4 1,3) = 2(n—b—4)
= m(P-1,3) + (n—a—1)m(P,_1,2)
o= 2y y,2) +m(U21,3) —2n— b 4)
> (n—a—1)m(P1,2) + (n—b—4)m(C,, 2)
—2(n—>b—4)
> (n—a—1m(P,—1,2) > W > 12.
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Therefore by(G) > byp(B2) for k = 2,3,4, and it is strict for k = 3.
Case 2. G #G.

Let Gg be the graph obtained by attaching a pendent vertex to the pendent vertex
of B};. Note that

bz(Go) = 58, b‘g(Gg) = ].097 b4(G0) = 85,
ba(Biy) =55, bs(Bi,) =89, by(Bf,) = 46.

If G = Gy, then the result follows.
Suppose that G # Gy. Then we can choose a pendent vertex u, being adjacent to
v, in G such that G —u # B}_,. By Lemma 1 (i),

bk(G) = bk(G — U) + bk_l(G —Uu— U).

By the induction hypothesis, we have by(G — u) > by(Bi_|) for k = 2,3,4, and it
is strict for £k = 3. So it suffices to show that by_1(G — u — v) > by_1(Ps U Cy) for
k=23, 4.

Subcase 2.1. G —u — v contains G. By Lemma 2, by_1 (G — u —v) > by_1(C, UC)).
By Sachs theorem,

b(G—u—v) > m(C,UC,1)=a+b>38,
bo(G—u—v) > by(CoUCy) >m(CyUCy,2)—22>ab> 19,
b3(G—u—v) > b3(CoUCH) >m(CuUCy,3)—2a
= m(Cq,3) +bm(Cy,2) + am(Cy,2) + m(Cy, 3) — 2a
> m(C,,2) = @ > 12.

Subcase 2.2. G — u — v contains exactly one cycle C,, r € {a,b}. If r = 4, then
P;UCy is a subgraph of G —u—wv, and by Lemma 2, by_1(G —u—v) > bp_1(PsUCy)
for k = 2,3,4. Suppose that » > 6. Then G — u — v contains C, U P;_; where
{r,s} ={a,b}. By Lemma 2 and Sachs theorem,

bi(G—u—v) > b(C,UP))=r+s—2=a+b—2>8,
bo(G—u—1v) > by(CrUPsy) >m(Ch,2) +r(s —2)

_ =3 +r(s—2) > 19,
bs(G —u—v) > bd(C UP,_1) >m(C,UP,_y,3)

> m(C’T,2)(s—2):r(r2 Dis—2)> 12

Combining Subcases 2.1 and 2.2, by_1(G — u — v) > bp_1(P5 U Cy) for k = 2,3, 4.
Therefore by (G) > by(BL) for k = 2,3,4, and it is strict for £ = 3. Now the result
follows. O
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Using the increasing property (2) of energy, and Theorems 1, 2 and 3, we have

Theorem 4. Let G € B(n).
(i) if G € Bg(n) and G # BL, B, where n > 8, then E(G) > E(B?);
(ii) if G € Boo,(n) and G # B2, where n > 10, then E(G) > E(B2);
(ii1) if G € Baoy(n) and G # B2, where n > 11, then E(G) > E(B2).
We list the by-values, k > 2, for B, B% and B2 in Table 1, from which we have

n

Lemma 7. B} > BZ and Bl ~ B2 > B2 forn > 10.

G| wG)  b(G) (@) be(G) for k > 4
BY| 8n—41 19n—139 12n—98 0
B3| 6n—25 1ln—71 6n — 46 0
B2| 4n—17  3n-—17 0 0

Table 1. by-values, k > 2, for graphs B2, B3 and B2.

Let G € B(n) and G # B}, B%, where n > 8. By Lemma 7 and Theorems 1, 2

n’

and 3, we have G = B2. Thus we have
Theorem 5. If G € B(n) and G # B}, B2, where n > 8, then E(G) > E(B2).

Remark. By direct calculation, we find E(B}) < E(B2) for 7 < n < 20. However,
forn > 7,

ba(B) = 5n — 23 > dn — 17 = by(B2), bs(B}) =2n — 11 < 3n — 17 = by(B?),
and so the relation “~" cannot be used to order B! and B2.
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