
EXTREMAL ENERGY TREES

Ivan Gutman,a Slavko Radenković,a
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Abstract

The results of the preceding paper [N. Li, S. Li, MATCH Commun. Math. Comput.

Chem. 59 (2008) 000–000] are completed by determining the n-vertex trees with second–,

third–, fourth–, fifth–, sixth–, and seventh–minimal energy, as well as those with second–,

third–, and fourth–maximal energy, for all values of n .
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INTRODUCTION

If G is a graph on n vertices, and λ1, λ2, . . . , λn are its eigenvalues, then the energy

of G is defined as [1, 2]

E = E(G) =
n∑

i=1

|λi| . (1)

In a paper published long time ago [3] the n-vertex trees with maximal and second–

maximal energy were determined, as well as the n-vertex trees with minimal, second–

minimal, third–minimal, and fourth–minimal energy. In a recent work [4] these results

were extended by determining the n-vertex trees with third–maximal, fifth–minimal,

sixth–minimal, and seventh–minimal energy. However, all these results were stated

under the assumption that n is sufficiently large, whereas the extremal–energy trees

with smaller number of vertices have not been characterized. The aim of the present

note is to fill this gap.

The results reported in this paper are obtained by combining the (mathematically

proven) claims from [3, 4] with a systematic computer–aided search, performed on all

n-vertex trees with small values of n .

SOME EXTREMAL TREES

The n-vertex path Pn is the n-vertex tree in which no vertex has degree greater

than two. The vertices of Pn are labelled consecutively by 1, 2, . . . , n . It is known

[3] that Pn has the greatest energy among n-vertex trees, and that this holds for all

n ≥ 1 .

The n-vertex star Sn is the n-vertex tree in which one vertex has degree n−1 and

(therefore) all other vertices are pendent. The vertex of degree n− 1 is said to be the

center of Sn . It is known [3] that Sn has the smallest energy among n-vertex trees,

and that this holds for all n ≥ 1 .

Adopting the notation from the paper [4] we define the following trees:

• For n ≥ 3 , the tree Yn is obtained by attaching a pendent vertex to a pendent

vertex of Sn−1 .

• For n ≥ 5 , the tree Zn is obtained by connecting the central vertices of Sn−3

and S3 .
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• For n ≥ 5 , the tree Wn is obtained by connecting the central vertex of Sn−3

with vertex 1 of P3 .

• For n ≥ 6 , the tree Dn is obtained by connecting the central vertices of Sn−4

and S4 .

• For n ≥ 6 , the tree Un is obtained by connecting the central vertex of Sn−4

with a pendent vertex of S4 .

• For n ≥ 7 , the tree Qn is obtained by connecting the central vertices of Sn−5

and S5 .

• For n ≥ 6 , the tree Q ′
n is obtained by connecting the central vertex of Sn−4

with vertex 2 of P4 .

• For n ≥ 5 , the tree Pn−2(3)2 is obtained by connecting vertex 3 of Pn−2 with

vertex 1 of P2 .

• For n ≥ 7 , the tree Pn−2(5)2 is obtained by connecting vertex 5 of Pn−2 with

vertex 1 of P2 .

• For n ≥ 9 , the tree Pn−2(7)2 is obtained by connecting vertex 7 of Pn−2 with

vertex 1 of P2 .

MINIMAL–ENERGY TREES

In [3, 4] the first few trees with minimal energy were determined. We are now

able to slightly sharpen these results. For the sake of brevity, instead of “tree with

k-th minimal energy” we will say “k-th minimal tree”. Further, all trees considered

below are assumed to have n vertices.

Theorem 1. For n ≤ 3 there is no second–minimal tree. For n ≥ 4 the second–

minimal tree is Yn .

Theorem 2. For n ≤ 4 there is no third–minimal tree. For n = 5 the third–minimal

tree is T1 depicted in Fig. 1 (which is just the 5-vertex path). For n ≥ 6 the third–

minimal tree is Zn .
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Theorem 3. For n ≤ 5 there is no fourth–minimal tree. For n ≥ 6 the fourth–

minimal tree is Wn . Exceptionally, for n = 8 the trees Wn and Dn are cospectral,

and therefore W8 and D8 share the fourth– and fifth–minimal position.

Theorem 4. For n ≤ 5 there is no fifth–minimal tree. For n = 6 and n = 7 the

fifth–minimal trees are T2 and T3 , respectively, depicted in Fig. 1. As mentioned in

Theorem 3, for n = 8 the cospectral trees W8 and D8 are fourth/fifth–minimal. For

n ≥ 9 the fifth–minimal tree is Dn .

Theorem 4 provides a slight correction of the claim in [4] that Dn is fifth–minimal

already for n ≥ 6 .

Theorem 5. For n ≤ 5 there is no sixth–minimal tree. For n = 6 , n = 7 , and

n = 10 the sixth–minimal trees are T4 , T5 , and T6 , respectively, depicted in Fig.

1. For n = 11 the trees Un and Qn are cospectral, and therefore U11 and Q11 share

the sixth– and seventh–minimal position. For n = 8 , n = 9 , and n ≥ 12 the sixth–

minimal tree is Un .

In the preceding work [4] it was established that (for sufficiently large n) the

seventh–minimal tree is either Qn or Q ′
n . Our numerical calculations clearly indicate

that Q ′
n is not seventh–minimal for any value of n . More specifically, we obtained

the following:

Theorem 6. For n ≤ 6 there is no seventh–minimal tree. For n = 7 , n = 8 , n = 9 ,

and n = 10 the seventh–minimal trees are T7 , T8 , T9 , and T10 , respectively, depicted

in Fig. 1. As mentioned in Theorem 5, for n = 11 the cospectral trees W11 and Q11

are sixth/seventh–minimal. For n ≥ 12 the seventh–minimal tree is Qn .

MAXIMAL–ENERGY TREES

In this section, for the sake of brevity, instead of “tree with k-th maximal energy”

we will say “k-th maximal tree”. Again, all trees considered are assumed to have n

vertices.

In [3] the maximal and second–maximal trees were determined, and in [4] also the

third–maximal. We are now going to slightly sharpen these results and, in addition,
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to conjecture which the fourth–maximal tree could be.

Theorem 7. For n ≤ 3 there is no second–maximal tree. For n = 4 and n = 5 the

second–maximal trees are T11 and T12 , respectively, depicted in Fig. 1. For n ≥ 6

the second–maximal tree is Pn−2(3)2 .

Theorem 8. For n ≤ 4 there is no third–maximal tree. For n = 5 , n = 6 , n = 7 ,

and n = 9 the third–maximal trees are T13 , T14 , T15 , and T16 , respectively, depicted

in Fig. 1. For n = 8 and n ≥ 10 the third–maximal tree is Pn−2(5)2 .

Conjecture 9. For n ≤ 5 there is no fourth–maximal tree. For n = 6 , n = 7 ,

n = 8 , n = 11 , and n = 13 the fourth–maximal trees are T17 , T18 , T19 , T20 , and T21 ,

respectively, depicted in Fig. 1. For n = 9 there are two cospectral trees, T22 and T23

sharing the fourth– and fifth–maximal position. For n = 10 , n = 12 , and n ≥ 14 the

fourth–maximal tree is Pn−2(7)2 .
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