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1. Introduction

All graphs in this paper are finite, undirected and simple. Let G be a graph on n vertices.
We denote the number of vertices in G by |G|, the number of edges in G by ||G||, and the
diameter of G by d(G). The characteristic polynomial of G, denoted here by P(G,z), is
defined as P(G,z) = det(zI — A), where I is the identity matrix of order n and A(G) is
the adjacency matrix of G. The eigenvalues x1, o, ..., z, of the adjacency matrix of G

are called the eigenvalues of G. The energy of G, denoted by F(G), is defined as

n

E(G) = |z

i=1

Historically chemists used the model in which the experimental heats of formation of
conjugated hydrocarbons are closely related to the total m-electron energy. Today such a
model is over-simplistic, but nevertheless HMO has some value as it points to that part of
the experimental heats of formation of conjugated hydrocarbons that can be viewed as due
to molecular connectivity (molecular topology). The calculation of the total m-electron
energy in a conjugated hydrocarbon can be reduced (within the framework of the HMO
approximation; see e. g., [10, 11]) to E(G) of the corresponding graph G. There are
numerous results on E(G) (e.g., see, [1, 3, 5-10, 12-24, 26-31, 33-38]), including on graphs
with extremal energies [3,6,15,16,19,22-24,28,29,31,33-37,40-43].

For a graph G, let m(G, k) be the number of the k-matchings of G, k > 1, and define
m(G,0) = 1. If G is an acyclic graph on n vertices, then the energy of G can be expressed

in terms of the Coulson integral formula [11] as

9 [teo [n/2]
E(G) = f/ [ Y m(G k)™ da, (1.1)
TJo =
where
P(G,z) = 2" —m(G, 1)z" 2 + m(G,2)z" % — - + (—=1)*m(G, k)z" 2k (1.2)

is the characteristic polynomial of the corresponding acyclic graph G and n is the number

of vertices in G.
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Thus, by (1.1), E(G) is a strictly monotonically increasing function of m(G, k), k =
1,...,|n/2]. This observation led Gutman [6] to define a quasi-order over the set of all

acyclic graphs: if G; and G2 are two acyclic graphs, then
G1 = Go & m(G1,k) = m(Ga, k) for all k > 1.

If G1 = Ga, and there is a j such that m(G1,7) > m(Ga,j), then we write G1 > Ga.
Therefore,

G- Gy = E(Gl) > E(Gg)

If neither G; < G5 nor Gy < Gy, then Gy and G4 are said to be incomparable. This
increasing property of energy has been used in the study of extremal values of energy
over some significant classes of graphs. For instance, Gutman [6] determined trees with
minimal, second-minimal, third-minimal and fourth-minimal energies, Zhang and Li char-
acterized the trees with minimal energy [33] and maximal energy [34], respectively, among
the trees with perfect matchings. Hou determined the graphs with minimal energy among
all the trees with a given size of perfect matching [16] and all unicyclic graphs [15], re-
spectively. Zhang et al. determined the graphs with maximal energy [35] and minimal
energy [36], respectively, among the hexagonal chains. Yan and Ye characterized the tree
with maximal energy among the trees with order n and at least L%J pendent vertices
[29]. Lin et al. [24] determined the tree with maximal energy among the trees with order
n and maximum degree A(3 < A < n — 2) and the tree with minimal energy among the
trees with order n and maximum degree A([”TH-‘ < A < n—2). Recently, Yu and Lv

[31] characterized the tree with minimal energy among the trees with & pendent vertices.

Some most recent results along these lines are found in [40-43].
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Figure 1: X, Yy, Zg, and Wy.
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Let P, denote the path with n vertices, where the vertices 1,2,...,n are labelled
so that the vertices 1 and n are the terminal and the vertices j and j + 1 are adjacent
(j=1,2,...,n—1), P,(i)m denote the graph obtained by joining the terminal vertex of
P, to the i-th vertex of P,, where 1 < ¢ < [§]. For convenience we denote P, (i)m in
an abbreviated manner as n(i)m. Let ., be the collection of all trees with (exactly) n

vertices. Gutman [6] proved that
E(X,) < E(Y,) < E(Zy) < E(W,) < E(T) < E(n—2(3)2) < E(P,)

for any tree T € F,, and T # X,,, Yy, Zp, Wy, n — 2(3)2, P, where X, is the star K1 ,1,Y,
is the graph obtained by attaching a pendent edge to a pendent vertex of K1 ,—2, 2, by
attaching two pendent edges to a pendent vertex of Ky ,_3, and W,, by attaching a P
to a pendent vertex of K ,—3. Figure 1 shows Xy, Yy, Zg, and Wy. A pendent vertex is
a vertex of degree one, and a pendent edge is an edge incident with a pendent vertex.
A caterpillar is a tree in which a removal of all pendent vertices makes a path. Let
T(n,d;ni,...,n4—1) € Iy.q be a caterpillar obtained from a path vp,v1,. .., v by adding
n;(n; > 0) pendent edges to v;(z = 1,...,d — 1). And in this paper, if T} and T are
isomorphic, we denote it by 71 = T5. Let .7, 4 denote the set of trees on n vertices and
diameter d, where 2 < d < n — 1. Obviously, T € F, 5 is a star Ky ,_1, while T € 7, ,_1
is a path P,. So we assume in the following that 3 < d <n — 2.

Yan and Ye [28] proved that T'(n,d;n—d—1,0,...,0) is the unique tree with minimal
energy in 7, 4. Zhou and Li [37] proved that the trees with the second-minimal energy in
Ina are T(n,d;0,0,n—d—1,0,...,0)ifd > 6, T(n,3;1,n—5) if d = 3, T'(n,4;1,0,n—6)
or T'(n,4;0,n—5,0)ifd=4, (n>7), T(n,5;1,0,0,n—7) or T'(n,5;0,n—6,0,0) if d =5
(n > 8), and they also proposed the following conjecture
Conjecture 1.1. T'(n,4;1,0,n—6) (n > 7) and T(n,5;0,n —6,0,0) (n > 9) achieve the
second-minimal energy in the class of trees on n vertices and diameter d for d = 4 and

d = b5, respectively.

In this paper, we show that the Conjecture 1.1 is true for d = 4; while for d = 5 we

has showed that the conjecture is also true [23].
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Let G be a graph and st an edge of G, we denote by G — st (respectively, G — s) the
graph obtained from G by deleting the edge st (respectively, by deleting the vertex s and

the edges incident with it).
Lemma 1.2 ([6]). Let T be a tree with n vertices and uv an edge of T. Then
m(T, k) =m(T —w, k) + m(T —u—v,k—1),

especially, if v is a pendent vertex of T with pendent edge uv, then m(T, k) = m(T —v, k) +
m(T —u—wv,k—1), where k =1,2,...,[5].

Lemma 1.3 ([6]). n—1()1 <n—1(3)1, if i # 1,3 and 1 <i < [251].

Lemma 1.4 ([6]). P, = P,UP_3 > -+ > Pop UP_9p > Popy1 UP_op_1 = Py U

Piogy1 >+ = PIUP_y, where l =4k + 7,0 <r < 3.

Lemma 1.5 ([6]). If T is a tree with n vertices and T # Xy, Yy, Zn, Wy, Pn—2(3)2, Py,
then E(X,) < E(Y,) < E(Z,) < E(W,) < E(T) < E(P,—2(3)2) < E(P,). Furthermore,
X, =Y, <Z, < W, <T <P,_2(3)2 < P,.

It is easy to see that m(X,,1) = m(Yy, 1) = m(Zy,, 1) = m(Wy,1) = n—1, m(X,, k) =
0if k > 2, m(Yy,2) =n—3, m(Yp, k) =0if k > 3, m(Z,,2) = 2n — 8, m(Z,,k) = 0 if
k=3 m(Wp2)=2n—7 m(Wyk)=0if k > 3.

Lemma 1.6 ([28]). Let G be a forest of order n(n > 1) and G’ be a spanning subgraph

(respectively, a proper spanning subgraph) of G, then G = G’ (respectively, G = G').

This paper is organized as follows. In Section 1 we give the introduction and prelim-
inary results. In Section 2 we determine the trees with n vertices having fifth-minimal,
sixth-minimal, seventh-minimal energies and show that Conjecture 1.1 is true for d = 4.
In Section 3 we characterize the tree with n vertices having the third-maximal energy. In

the last section we study the trees with n vertices having extremal Hosoya index.
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2. Trees with minimal energy

In this section we determine the trees in .7, with fifth-minimal, sixth-minimal, and seventh-
minimal energies.

Let G = (V4, E1) and Go = (Va, E») be graphs with V3 (V2 = 0. If G is obtained by
joining a vertex u of G to a vertex v of Gy by an edge, we denote it by G = Gu : vGa,
that is to say, G = (V, E) for V =V;UV; and E = EyUE;U{uv}. We denote the star of n
vertices by K1 ,—1 and denote the degree of a vertex v in G by dg(v). If e is an edge of the
graph G, we denote it by e € G. Let T be a tree and e € T, then T'— e = T, UT/, where
T! and T! are the two components of T'— e. Let ||T%|| = a. and ||T/|| = b.. Without loss

of generality, we always assume that ae > be, € = uv, u € T, and v € T/,

Theorem 2.1. Among trees with n (n > 6) vertices, the graph with the fifth-minimal

energy is Dy, where Dy, = K1, _su : vK 3; see Figure 2.
Proof. By Lemma 1.2, we have

m(Dp, k) = m(Dy —uv,k) +m(Dp —u—v,k—1)
= m(K17n75 UKl,g,k)-‘rm((n—Q)Pl,k—l)

= TIL(KLTL,5 U 1(1737 k)
So, m(Dy,1) =n—1, m(Dy,2) = 3n — 15 and m(Dyp, k) = 0 if k > 3. Similarly, we have

m(Hp,1) =n—1,m(H,,2) =2n—7,m(H,,3) =n—>5 and m(Hy, k) =0 if k >4,
@.1)
where H, = X,_ou : vP»; see Figure 2. At first we show that if T # X,,,Y,,Z,,
Wi, Dy, Hy, then either E(T) > E(D,) or E(T) > E(H,). Finally, we will compare
the energy of D, and H,. We distinguish between the following three cases to show
E(T) > E(D,) or E(T) > E(H,).
Case 1. There exists an edge e € T such that b, > 3. Note that a. + b, = n — 2 for all

e € T, and each edge in T/ with an edge in T/ form a 2-matching of 7. Then

m(T,2) > 3(n—5) =3n— 15 =m(D,,2).
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Figure 2: D,, and H,

Since T' # D, if m(T,2) = m(Dy,2), then either T, # Ki,_5 or T # Ki3. So we
have m(T,3) > m(Dy,3). Then T > D, follows easily, therefore E(T) > E(D,), and
E(T) = E(Dy,) if and only if T = D,,.

Case 2. There exists an edge e = uwv € T such that b, = 2, i.e., T = Ps. In order to
prove the theorem in this case, we distinguish between the following two subcases.

Subcase 2.1. T) # K1 n—4. By Lemma 1.5, we have m(T}, k) > m(Y,—3,k) and m(T, —
u, k) = m(Py, k) for all k and for any u € T..

If d7v(v) = 1, then by Lemma 1.1, we have

m(T,k) = m(T—ek)+m(T —-u—v,k—1)
= (T/ UTY k) +m((T, —u) U(T) —v),k—1)
k-1
- Zm m(Ps,k — ) + > m(T, —u, j)m(Pa, k — 1 — j)
j=0
k k-1
> Zrn n—3,7)m(Ps, k +Zm Py, j)m(Pe,k —1—j)
=0 J=
= m(Ap, k),

where A, =Y, _su: vP3, dy, ,(u) =n—5anddp,(v) 1. SoT = A, and E(T) > E(A,).
Note that m(Ay,1) =n —1, m(Ay,2) = 3n — 12, m(4,,3) = 2n — 11, and m(A4,,k) =0
if £ > 4. Then m(Hy, k) < m(Ay, k), together with m(Hy,2) < m(Ay,2). So it follows
easily that H,, < A,. Namely that E(T) > E(A4,) > E(H,).

Similarly, if dzv(v) = 2, then we have E(T) > E(By), where B, = Y, 3u : vP3,
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dy, ,(u) =n—>5 and dp,(v) = 2. So we have

k
m(Bn, k) = Zm(Yn,g,j)m(Pg, k—j)+m(Py,k—1).
Jj=0

Then it follows easily that m(By,1) =n—1, m(B,,2) = 3n—13, m(B,,3) = 2n—12 and

m(Bn, k) =01if k > 4. Hence H,, < B, and it is easy to see that B,, < A, therefore
E(T) > E(B,) > E(H,) and E(A,) > E(B,).

Subcase 2.2. T, = Ki,-4. Note that T # Z,,W,. Then u is a pendent vertex of
Kin—4. Let v/ be the center vertex of K7 ,_4, it is easy to see that by, = 3. Similar to
Case 1, we have E(T') > E(D,,) and E(T) = E(D,,) if and only if T = D,,.

Case 3. There exists an edge ¢ = uv € T such that b, = 1. That is to say, T/ = Ps.
Note that T # Yy, Z,, then T] # K ;3. By Lemma 1.5, we have m(T, k) > m(Y,—2,k)

and m(T, — u, k) = m(Ps, k) for all k and for any u € T.. Then we have

m(T,k) = m(T—-ek)+m(T—-u—v,k—1)

= m(T,UT! k) +m(T, —u,k—1)

m(To, j)m(T) k — 5) + m(T, — u, k — 1)

WV

M- 1M

7n(Yn—27j)m(P27 k— j) + m(P27 k— 1)

7=0

= m(Hy, k).

Hence E(T) > E(H,), if T # H,.

It is not difficult to calculate the spectra of the trees D,, and H,. Then we get

E(D,) =2\/n—1+V12n—60, E(H,)=2+2\/n— 2+ 4n — 20.

(From these formulas it is immediate to show that
E(D,) < E(H,,)

holds for all n > 5. Hence, the fifth-minimal tree is D,. O
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Theorem 2.2. Among trees with n(n > 14) vertices, the graph of the sizth smallest

energy is Uy, where U, = K1 n—5u : vK13; see Figure 3.
Proof. Note that U,, = K; ,_5u : vK; 3, where u is the center vertex of Ky ,_5 and v is
the pendent vertex of Ki 3. Thus we have
m(Un, k) = mU, —w,k)+m{U, —u—v,k—1)
= m(Kin-sUKi3,k) +m(Ps, k—1).
Then m(Uy,,1) =n —1, m(Uy,2) = 3n — 13, and m(Uy,, k) =0if k& > 3.

At first, we will show that if T € ., and T # X,,, Yo, Zn, Wy, Dy, Hy,, Uy, then E(T) >

E(Uy,). We distinguish between the following three cases to prove it.

n—>5

Figure 3: U,

Case 1. There exists an edge e € T such that b = 1. Note that T' # Y,,, W, then
T! # X,—2. We distinguish between the following two subcases in order to prove our
result.
Subcase 1.1. T; = Yp_o. If dr/(u) = n — 4, then T = H,. Otherwise, we have
m(T, — u, k) = m(Ki s, k) for all k and for any u € T.. So,
m(T,k) = m(T—ek)+m(T—u—v,k—1)
= m(Yp—2UPs, k) +m(T, —u,k—1)
> m(Yp—2UPy, k) +m(Kqp-5k—1)
= m(Ly, k),
where L, = Y,_ou : vP, and dy, ,(u) = 2. Therefore, m(Ly,,1) = n — 1, m(L,,2) =
3n — 13, m(Ly,3) = n—>5 and m(Ly, k) = 0 if k > 4. It is easy to see that U, < L, < T,
hence E(Uy,) < E(L,) < E(T).
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Subcase 1.2. T # Y,_2. By Lemma 1.5, we have m(T, k) = m(Z,—2,k) for all k and
m(T! — u, k) > m(Ps, k) for any u € T,.. Therefore

m(T, k) = m(T —e,k)+m(T —u—v,k—1)

= m(TLUT! k) +m((T, —u) U(T) —v),k—1)

k
= Z n(T., 5)ym(Pe, k — 5) + m(Th — u, k — 1)

WV

k
> m(Zn-a,5)m(Pa,k — j) +m(Ps, k — 1)
j=0

= m(ank)v

<.

where R, = Z,_ou : vP,, and dz, ,(u) =n —5. It is easy to see that m(R,,1) =n —1,
m(Ry,2) = 3n—13, m(Ry,3) = 2n — 12, and m(R,, k) = 0 if £ > 4. Hence R,, > U,, and
E(R,) > E(Uy).

Case 2. There exists an edge e € T such that b, = 2, i.e., T = Ps.

If T) # Kin-4, then, by the proof of Subcase 2.1 in Theorem 2.1, we have E(T) >
E(B,) for T # X,,,Ys, Zn, Wy, Dy, and H,,. 1t is easy to see that B, > U,, then E(T) >
E(By) > E(U,).

If T, = Kipn—4, according to T # Z,,W,, then u is a pendent vertex of K ,_4.
Furthermore, if dpw(v) = 2, then T' = U,; otherwise, dr»(v) = 1, and we denote the

resulting graph by T. Then

m(T, k) = m(T—ek)+m(T —u—vk—1)

= m/(K17n_4 U P37 k‘) + m(Kl’n_5 U Pz, k — 1)

k k-1
= Y m(Kinea, f)m(Psk = 5)+ > m(Kinos, j)m(Po, k —1— ).
j=0 j=0

Then, m(T,1) = n — 1, m(T,2) = 3n — 12, m(T,3) = n—5 and m(T, k) = 0if k > 4
Hence T > U,, and E(T) > E(Uy).
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Case 3. There exists an edge e € T such that bo = 3. Then T/ is either Py or K 3.

By Lemma 1.2, we have

m(T,k) = m(T—ek)+m(T—-u—v,k—1)
= m(T,UT k) +m((T —u) U (T —v),k - 1)

k
= > m(TLH)m(T! k= §) + m((T, — u) U (T) = v),k — 1)
=0
k
> > m(Kins,d)m(Kig,k = 5) + m((T, —u) U (T = v),k - 1).
j=0

Subcase 3.1. T/ = K3 and T) = K1 ,_5. In this subcase if dyv(u) = n — 5, then

T = Dy, or T = U,. So we may assume that drs(u) = 1, thus

m(T, k) m(T —e, k) +m(T —u—v,k—1)

k
> m(TLjm(Te k= §) +m((T = u) U (T =),k = 1)
j=0

k

> m(Kyn-s, )m(Kis, k= 5) + m(Kin¢,k — 1)
=
= m(Mp, k),

WV
~

where M, = K1,-5u : vK13, di,,,_;(u) = 1 and di, 5(v) = 3. Since m(My,1) =n —1,
m(M,,2) = 4n — 21, and m(My, k) = 0 if k > 3, we have U, < M,, < T and E(U,) <
E(M,) < E(T).

Subcase 3.2. T = Ky 3 and T, # Kj pn—5. Then by Lemma 1.5, we have m(T}, k) >
m(Yn—4,k) and m(T. — u, k) = m(Ps, k) for all k and for any u € T).. Thus

m(T,k) = m(T—ek)+m(T —-u—v,k—1)

Tn(Tc’7j)7n(Té', k— J) + nl((Te, - U’) U (TE” - 0)7 k— 1)

where R, = Y, _qu : vK13, dy,_,(u) = n — 6 and df, 4(v) = 3. Since m(R,,1) =n —1,
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m(Ry,2) = 4n — 21 and m(R,, k) = 0 if k > 3, we have U,, < R,, < T, then E(U,) <
E(R,) < E(T).

Subcase 3.3. T = Py and dgv(v) = 2. Denote the tree with the minimal energy in
this case by Q/,. Then @], = K1 n—su : vPs; see Figure 4. So,

k
m(@Q, k) =Y m(Kin-s,§)m(Py, k — j) +m(Pa, k= 1).
Jj=0

Hence, we have

m(@Q,,1) =n—1,m(Q,,2) =3n—13,m(Q,,3) =n—5 and m(Q,,k) =0 if k > 4.
(22)
Obviously, U, < Q), and E(U,) < E(Q),)-
Subcase 3.4. T = Py and dry(v) = 1. Denote the tree with the minimal energy in
this case by I,,. Then I, = K1 »—su : vPy, where dg, ,_;(u) =n—>5 and dp,(v) = 1. So,

k
TTL(I", k) = Zm(KI,nff)vj)'rn(P% k— .7) + m(P37 k— 1)
Jj=0

Therefore m(I,,1) = n — 1, m(I,,2) = 3n — 12, m(I1,,3) = n — 5 and m(I,, k) = 0 if
k > 4. Hence, U,, < I,, and E(U,,) < E(I,,).

Case 4. There exists an edge e € T such that b, > 4. Since a. + b = n — 2, we have
m(T,2) > 4(n—2—4) =4n — 24 > 3n — 11, if n > 13. Note that m(T,3) > 0. Then
T > Uy, hence E(T) > E(U,).

On the other hand, we have to demonstrate that E(U,) < E(H,). In fact, the spectrum

of U, can be calculated, resulting in
E(U,) =2y/n—1++V12n - 52.
Knowing this, the fact E(U,) < E(Hy) is immediate. Thus our result holds. O

Theorem 2.3 ([37]). Let T € Ip 4 withn > 7, If T # T(n,4;n—5,0,0), T(n,4;1,0,n —
6), T(n,4;0,n —5,0), then T > T(n,4;1,0,6).

In the following we show that Conjecture 1.1 is true for d = 4, namely that the

following holds:
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Theorem 2.4. T(n,4;1,0,n—6)(n > 7) achieves the second-minimal energy in the class

of trees on n wvertices and diameter d for d = 4.

Proof. Note that the fact d(X,,) = 2, d(Y,)) = d(Z,) = 3, d(W,,) =4, d(D,,) = d(H,) = 3,
dy, = 4. Hence, by Lemma 1.2, Theorems 2.1, 2.2, we obtain that for n > 14, U, =
T(n,4;n — 6,0,1) is the tree with the second-minimal energy of a prescribed diameter
d = 4. So, by Theorem 2.3, it suffices to show that if 7 < n < 13, E(T(n,4;n—6,0,1)) <

E(T(n,4;0,n — 5,0)). By direct calculation (rounded to three decimal places), we have

E(T(7,4;0,2,0)) = 7.596, E(T(7,4;1,0,1)) = 6.828,
E(T(8,4;0,3,0)) = 8.152, E(T(8,4;2,0,1)) = 7.384,
E(T(9,4;0,4,0)) = 8.632, E(T(9,4;3,0,1)) = 7.870,
E(T(10,4;0,5,0)) = 9.064, E(T(10,4;4,0,1)) = 8.306,
E(T(11,4;0,6,0)) = 8.899, F(T(11,4;5,0,1)) = 8.705,
E(T(12,4;0,7,0)) = 9.292, FE(T(11,4;6,0,1)) = 9.076,
E(T(13,4;0,8,0)) = 9.657, FE(T(13,4;7,0,1)) =9.423.
Thus, our result holds. O

Remark. In fact, Conjecture 1.1 for d = 5 is also true; see [23].

Theorem 2.5. Among trees with n (n > 14) vertices, the graph of the seventh smallest
energy is either Qn or Ql,, where Qn = Kiy—¢u : vK14, and Ql, = K n_s5u : vPy; see
Figure 4. Furthermore, Q,, and Q) are incomparable.

Proof. Tt is easy to see that m(Qn,1) = n — 1, m(Qn,2) = 4n — 24 and m(Qn, k) = 0 if
k > 3. By (2.2), we have @Q,, and @/, are incomparable. For any tree T € .7, and
T+#X,,Y,, Z,,W,, D, H,, U,, We distinguish between the following three cases to
show our result.

Case 1. There exists an edge e € T such that b, > 4. Similar to the proof of
Case 1 in Theorem 2.1, we have E(T) > E(Q,), and

E(T)=E@Q,) < T=Q,.

Case 2. There exists an edge e € T such that b, = 3. By the proof of Case 3 in
Theorem 2.2, we have E(T) > E(Q,) and

E(T) :E(Qn) & T =Qy,

or E(T) > E(Ql,), and
E(T)=E(@Q,) «T=0Q,
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Qn Q

Figure 4: @, and @/,

Case 3. There exists an edge e € T such that b, < 2. By the proof of Cases 1
and 2 in Theorem 2.2, we have

E(T) > E(Q,).

Finally we must demonstrate that £(Q,,) < E(H,) and E(Q),) < E(H,). In fact,

the spectrum of @, can be calculated, resulting in E(Q,) = 2v/n — 1+ 4y/n — 6.
Knowing this, the fact E(Q,) < E(H,) is immediate. On the other hand, by (2.1)
and (2.2), we have E(Q!,) < E(H,). Thereby, the theorem follows. O

3. The third maximal energy among all n-vertex trees

In this section we determine the tree in .7, with the third-maximal energy.

Lemma 3.1. n—1(i)1 <n—2(5)2, ifi #1,n — 1.

Proof. By Lemma 1.3, it suffices to prove that n—1(3)1 < n—2(5)2. It is easy to see that

m(n —2(4)2,k) = m(n—2(4)1,k) +m(Pp_2,k — 1),

m(n—2(5)2,k) = m(n —2(5)1,k) + m(Pa_s, k — 1).

Since m(n — 2(4)1,k) = m(Pp—2,k) + m(Ps U Po_g,k — 1), while m(n — 2(5)1,k) =
m(Py—2,k)+m(PyUP,_7,k—1), by Lemma 1.4 we have m(n—2(4)1, k) < m(n—2(5)1, k).
Thus

n—2(4)2 <n—2(5)2. (3.1)
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Since

m(n—1(3)1,k) =m(PU (n—3(3)1),k) + m(n — 4(3)1,k — 1),

m(n —2(4)2,k) = m(Py U (n — 3(3)1),k) + m(Pp_3,k — 1).
Hence by Lemma 1.5, m(n — 1(3)1, k) < m(n —2(4)2, k). Therefore,
n—1(3)1 <n—2(4)2. (3.2)

By Inequalities (3.1) and (3.2), we have n — 1(3)1 < n —2(5)2. Thus our results hold. [

Un—4 VUp—3 Un—5 Un—4  Un—3

T

Figure 5: Ty, Ty and T}

Lemma 3.2. Let Ty, Ty and T3 be as in Figure 5. Then Ty < Ty < T3 forn > 9.
Proof. By Lemma 1.2, we have

m(Th, k) = m(Th —vp—av, k) + m(Ty —vp—ga — v,k —1)
= m(n—3(3)2,k)+m(n—5(3)2,k—1)

= m(n—3(3)2,k) + m(n —6(3)2,k — 1) + m(n — 7(3)2,k — 2),
while

m(Ta, k) = m(Ts — vp-sv, k) + m(Ty —vp—s — v,k — 1)
= m(n—3(3)2,k) + m(P2U (n—6(3)2),k—1)

= m(n—3(3)2,k) + m(n —6(3)2,k — 1) + m(n — 6(3)2,k — 2). (3.3)
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Note that n—7(5)2 is a proper subgraph of n—6(3)2. By Lemma 1.6, n—7(3)2 < n—6(3)2,
then we have m(T1, k) < m(Ts, k). Hence, T1 < T5. On the other hand,
m(Ts,k) = m(T5 —vavs, k) + m(Ts — ve — vg, k — 1)
= m(PyU(n—4(3)2), k) +m(n — 5(2)2, k)
= m(n—4(3)2,k) + m(n —4(3)2,k — 1) + m(n — 5(2)2,k — 1)
= m(n—4(3)2,k) + m(n —4(3)2,k — 1) + m(n — 6(2)2,k — 1)

+ m(n—"7(2)2,k—2).
By Eq. (3.3), we have

m(To, k) = m(n—4(3)2,k) + m(n — 5(3)2,k — 1) + m(n — 6(3)2,k — 1)
+ mn—6(3)2,k—2)
= m(n—4(3)2,k) +m(n —4(3)2,k — 1) + m(n — 6(3)2,k — 1)
= m(n—43)2,k) +m(n —4(3)2,k — 1) + m(n — 7(2)2,k — 1)
+ m(Pa_g k—2).

By Lemma 1.6, we have n —7(2)2 < n —6(2)2 and P,,_g < n— 7(2)2. Hence T» < T3, and

the Lemma thus follows. O

Lemma 3.3. Let |T| > 8 and v be a pendent vertex of T, where T # Py, n — 2(3)2,n —
2(5)2, and T —v =n—3(3)2. Then T <n—2(5)2, and E(T) = E(n —2(5)2) & T =
n—2(5)2.

Proof. We prove it by induction on |T|. Let T — v := T} — v; see Figure 5. If n = 8,9,
the result can be checked by comparing the characteristic polynomial of 7" and n — 2(5)2.
Assume that the result holds for 9 < |T| < n, and we consider the case |T'| = n. Note that
T # n —2(3)2. Then v is not adjacent to the vertex v,_3, hence v,_3 is a pendent vertex

of T. By Lemma 1.2 we have

m(T, k) =m(T — vp—3,k) + m(T — vp—3 — Vp—a,k — 1),

m(n —2(5)2,k) = m(n — 3(5)2,k) + m(n — 4(5)2,k — 1).
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Case 1. T — vp,—3 = n — 3(3)2. In this case, T = Ti; see Figure 5. Then by Lemma
3.2, we have T' < n — 2(5)2.

Case 2. T — vp—3 — vp—g = n — 4(3)2. In this case, T = Tb; see Figure 5. Then by
Lemma 3.2, we have T < n — 2(5)2.

Case 3. T —vy—3 #n—3(3)2 and T —v,_3—vp—4 # n—4(3)2. Note that both T'—v,,_3
and n — 3(5)2 have the same order n — 1 (respectively, both T'— v,_3 — v,—4 and n — 4(5)2
have the same order n — 2), and T — vp,—3 —v =n —4(3)2, T — v—3 # Pp_1,n — 3(3)2
(respectively, T — vp—3 — vn—a — v =m — 5(3)2, T — vy—3 — Up—g # Ppr_o,n —4(3)2). By

the induction assumption, we have T' — v,,_3 <= n — 3(5)2, and
E(T—vp-3)=En—-3(5)2) < T —v,-3=n—3(5)2.
(Respectively, we have T — vy,—3 — vp—4 < n — 4(5)2, and
E(T —vp—3 —vp—4) =E(n—4(5)2) & T —vp—3 — vp—a = n —4(5)2.)

Therefore, T < n — 2(5)2, and E(T) = E(n — 2(5)2) if and only if T = n — 2(5)2. Thus

our result follows. 0
Lemma 3.4. Let Ty, Ts be as in Figure 6. Then Ty < 8(5)2, and Ts < 9(5)2.
Proof. By Lemma 1.2, we have

m(Ty, k) = m(Ty —vsv, k) + m(Ty —vs —v,k—1)

m(PaU6(5)2,k) + m(PaU Py k — 1),

while m(8(5)2,k) = m(P; U6(5)2,k) + m(Pr,k — 1). By Lemma 1.6, we get P, U Py <
Ps < P;. Then, Ty < 8(5)2. Similarly, we have
m(Ts5,k) = m(Ts —vsv, k) + m(Ty —vs — v,k — 1)
= m(PaUT7(5)2,k) +m(2P> U Py, k-1), while

m(9(5)2,k) = m(P2U7(5)2, k) + m(6(5)2,k —1). Note that 2P, U P, is a proper subgraph
of 6(5)2. Then by Lemma 1.6, we have 2P, U Py < 6(5)2. Hence, T5 < 9(5)2. O
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V1 Uy

Figure 6: Ty, T5 and Tg

Lemma 3.5. Let vw be a pendent edge of T with pendent vertez v, where T # P,,n—2(3)2,
and T—v—w = n—4(5)2. Then T < n—2(5)2, and E(T) = E(n—2(5)2) & T = n—2(5)2.

Proof. We show it by induction on |T|. Let T'— v — w = T§; see Figure 6. If n = 8,9,
the result follows easily. Assume that the result holds for |T| = 8,9,10,...,n — 1, and
consider the case |T'| = n. Since T # n — 2(5)2, w is not adjacent to v,_4, SO vy—4 is a

pendent vertex of 7. By Lemma 1.2, we get

m(T, k) = m(T — vp—a, k) + m(T — vp—5 — Vp—a, k — 1),

m(n —2(5)2,k) =m(n—3(5)2,k) + m(n —4(5)2,k — 1).

(i) T — vp—g = n — 3(3)2. In this case, n = 10 and T' = Ty; see Figure 6. By Lemma 3.4,
T <n—2(5)2.
(if) T — vp—a — vp—5 = n — 4(3)2. In this case, n = 11 and T = T5; see Figure 6. By

Lemma 3.4, T < n — 2(5)2.
1

(i) T — vp—a Zn—3(3)2 and T — vy,—g — vy—5 # n —4(3)2. Note that both T'— v,,_4 and
n — 3(5)2 have the same order n — 1 (respectively, both T' — vy,—5 — vp—4 and n — 4(5)2
have the same order n —2), and T' — vy —v —w = n —5(5)2, T — vp—q # Py_1,n —
3(3)2, T — vy—5 — Vp—a # Pnp_2,n — 4(3)2 (respectively, T — vp—5 — Up—a — 0 — W =
n — 6(5)2). By the induction hypothesis, we have m(T — v,_5vp—4, k) < m(n — 3(5)2, k)
and m(T — vp—5 — Up—a, k — 1) < m(n — 4(5)2,k — 1). Therefore, T < n — 2(5)2 and
E(T) = E(n—2(5)2) if and only if T'=n — 2(5)2. Hence the result follows. O
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Theorem 3.6. Let T € 9, and T # P,,n —2(3)2,n — 2(5)2, then n —2(5)2 = T.

Proof. For |T| = 8,9, the result can be checked and suppose the result holds for all |T| =
8,9,...,n—1. Now let |T'| = n, we show that n—2(5)2 > T if T # P,,,n—2(3)2,n—2(5)2.

Let v be a pendent vertex of T', being adjacent to w. By Lemma 1.2, we have
m(T, k) =m(T —v, k) + m(T —v—w,k —1),

m(n —2(5)2,k) = m(n —3(5)2,k) + m(n —4(5)2,k — 1).

IfT—v=P,1,ie, T =n—1(i)1, where i # 1,n—1, then by Lemma 3.1, T < n—2(5)2.
If T —v =mn—3(3)2, then by Lemma 3.3, T < n — 2(5)2. So, we assume that T' — v #
P,—1,n — 3(3)2. Note that the order of T'— v is n — 1, then by the induction hypothesis,
if T —v#mn—3(5)2 then we have n —3(5)2 > T — v .

IfT—v—w= P,_9, then T =n—2(i)2, and it is easy to see that n —2(5)2 > T, since
T # P,,n—2(3)2. f T —v—w=n—4(5)2, by Lemma 3.5, we have T < n —2(5)2. So we
assume that T —v — w # P,_2,n —4(5)2. Note that the order of T —v — w is n — 2, then
by the induction hypothesis, if T'—v —w # n —4(5)2 then we have n —4(5)2 = T — v — w.
Note that if T'—v =n—3(5)2, and T —v —w = n—4(5)2, then T = n — 2(5)2. Therefore,

the theorem holds. |

4. Inequalities for topological index of Hosoya
Hosoya [17] introduced the topological index Z = Z(G), which is by definition
Z(G) =1+ m(G,1) + m(G,2) + - -- + m(G, k),

where, as before, m(G, j) is the number of ways in which j non-incident edges can be
selected in a graph G.
Hence, as shown already in [6], Ty > T5 implies also Z(T1) > Z(T3), unless T} and

T, are cospectral (when, of course, it is Z(T1) = Z(T2)). Every relation between trees
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which has been derived in the present paper results in a corresponding inequality for the
topological index. We list such inequalities which generalize those of Gutman in [6].
For sufficient large n, if T € 7, and T # X, Yn, Zn, Wh, Dy, Qn, @l Un,n — 2(5)2,

n —2(3)2, and P, then by Lemma 1.4 and Theorems 2.1, 2.2, 2.5 and 3.6 we have

Z(Xn) < Z(Yy) < Z(Zy) < Z(Wp) < Z(Dy) < Z(Uyn) < Z(Qn) < Z(T) < Z(n —2(5)2)

< Z(n—-2(3)2) < Z(P,),
or
Z(Xn) < Z(YVy) < Z(Zn) < Z(Wy) < Z(Dy) < Z(Uy) < Z(Q)) < Z(T) < Z(n — 2(5)2)

< Z(n—2(3)2) < Z(P,).
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