
The Maximal Merrifield-Simmons Indices and

Minimal Hosoya Indices of Unicyclic Graphs

Zheng YAN∗ Huiqing LIU† Heguo LIU‡

School of Mathematics and Computer Science, Hubei University, Wuhan 430062, China

(Received September 28, 2006)

Abstract

The Merrifield-Simmons index of a graph is defined as the total number of
the independent sets of the graph and the Hosoya index of a graph is defined as
the total number of the matchings of the graph. In this paper, we characterize
the unicyclic graphs with maximal Merrifield-Simmons indices and minimal
Hosoya indices, respectively, among all unicyclic graphs with n vertices and k

pendent vertices.

1. Introduction

Given a molecular graph G, the Merrifield-Simmons index σ = σ(G) and the

Hosoya index z = z(G) are defined as the number of subsets of V (G) in which no

two vertices are adjacent and the number of subsets of E(G) in which no edges are

incident, respectively, i.e., in graph-theoretical terminology, the total number of the

independent vertex sets of the graph and the total number of the independent edge

sets of the graph G.

∗Email: yanzhenghubei@163.com.
†Email: hql 2008@163.com; Partially supported by NSFC (No. 10571105, 10671081).
‡Corresponding author: ghliu@hubu.edu.cn; Partially supported by NNSFC(No. 10371032).

MATCH 
Communications in Mathematical 

and in Computer Chemistry 

MATCH Commun. Math. Comput. Chem. 59 (2008) 157-170  
 

                                          ISSN 0340 - 6253 
 



The Hosoya index of a (molecular) graph was introduced by Hosoya in 1971 [9]

and was applied to correlations with boiling points, entropies, calculated bond orders,

as well as for coding of chemical structures ([13, 15]). Merrifield and Simmons [13]

developed a topological approach to structural chemistry. The cardinality of the

topological space in their theory turns out to be equal to σ(G) of the respective

molecular graph G. In [6], Gutman first uses “Merrifield-Simmons index” to name

the quantity. Since then, many authors have investigated the Hosoya index and

Merrifield-Simmons index (e.g., see [2]-[8], [11], [16]-[21]). An important direction

is to determine the graphs with maximal or minimal Hosoya indices (or Merrifield-

Simmons indices, resp.) in a given class of graphs. It had been shown in [7, 12] that

the path Pn has the minimal Merrifield-Simmons index (or the maximal Hosoys index,

resp.) and the star Sn has the maximal Merrifield-Simmons index (or the minimal

Hosoys index, resp.) for all the trees with n vertices. Pedersen and Vestergaad [14]

studied the Merrifield-Simmons indices of the unicyclic graphs.

Here, unicyclic graphs with n vertices and k pendent vertices are considered, and

the maximal Merrifield-Simmons indices and minimal Hosoya indices are given, and

the corresponding extremal graphs are characterized.

In order to discuss our results, we first introduce some terminologies and notations

of graphs. Other undefined notations may refer to [1]. Let G = (V, E) be a graph.

For a vertex u of G, we denote the neighborhood and the degree of u by NG(u) and

dG(u), respectively. Denote NG[u] = NG(u) ∪ {u}. A pendent vertex is a vertex of

degree 1. Let V0(G) be the set of all pendent vertices in G. Let Cq be a cycle of order

q and Ps be a path of order s. We use G−u or G−uv to denote the graph that arises

from G by deleting the vertex u ∈ V (G) or the edge uv ∈ E(G). Similarly, G + uv

is a graph that arises from G by adding an edge uv /∈ E(G), where u, v ∈ V (G). A

pendent chain P 0
s = v0v1 · · · vs of the graph G is a sequence of vertices v0, v1, . . . , vs

such that v0 is a pendent vertex of G, dG(v1) = · · · = dG(vs−1) = 2 (unless s = 1)

and dG(vs) ≥ 3. We also call that vs and s the end-vertex and the length of the

pendent chain P 0
s , respectively. Denote Un,k = {G : G is a unicyclic graph with n

vertices and k pendent vertices, 0 ≤ k ≤ n − 3}.

2. Lemmas
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According to the definitions of the Hosoya index and Merrifield-Simmons index,

we immediately get the following results.

Lemma 2.1 ([7]). Let G be a graph and uv be an edge of G. Then

(i) σ(G) = σ(G − uv) − σ (G − (NG[u] ∪ NG[v])) ;

(ii) z(G) = z(G − uv) + z(G − {u, v}).

Lemma 2.2 ([7]). Let v be a vertex of G. Then

(i) σ(G) = σ(G − v) + σ(G − NG[v]);

(ii) z(G) = z(G − v) +
∑

u∈NG(v)

z(G − {u, v}).

From Lemma 2.2, if v is a vertex of G, then σ(G) > σ(G − v). Moreover, if G is

a graph with at least one edge incident with v, then z(G) > z(G − v).

Lemma 2.3 ([7]). If G1, G2, · · · , Gt are the components of a graph G, we have

(i) σ(G) =
∏t

i=1 σ(Gi);

(ii) z(G) =
∏t

i=1 z(Gi).

In order to formulate our results, we need to define two graphs Uk
n (0 ≤ k ≤ n−3)

and Sa,b (shown in Figure 1) as follows: Uk
n (0 ≥ k ≤ n − 3) is a graph created from

Cn−k by attaching k pendent vertices to one vertex of the cycle Cn−k; Sa,b (a, b ≥ 1)

is a graph created from a path Pa = v0v1 · · · va−1 by attaching b pendent vertices

to va−1, and the vertex v0 is called the tail of the graph Sa,b. Note that U0
n
∼= Cn,

Sn−1,1
∼= Pn, S2,n−2

∼= K1,n−1, S1,n−1
∼= K1,n−1 and the unique non-pendent vertex is

the tail of S1,n−1.

}
k

Uk
n

Cn−k ︸ ︷︷ ︸
Pa

}
b

Sa,b

}
n − 3

Un−3
n

Figure 1

Let Fn be the nth Fibonacci number, i.e., F0 = F1 = 1, Fn = Fn−1 +Fn−2, n ≥ 2.

Then σ(Pn) = Fn+1 and z(Pn) = Fn. From Lemmas 2.1-2.3, we can easily get the

following:
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Lemma 2.4. Let Uk
n be the graph shown in Figure 1, where 0 ≤ k ≤ n−3. Then

(i) σ(Uk
n) = 2kFn−k + Fn−k−2;

(ii) z(Uk
n) = 2Fn−k + (k − 1)Fn−k−1.

In the following, we introduce three kinds of graph transformations.

v1 vs−1

y1

ylCq

H }
l

w

y1

yl

Cq+s

H
}

l
w

Hq,s,l Hq+s−1,1,l

Figure 2

Lemma 2.5. Let Hq,s,l (s ≥ 2) (see Figure 2) be a graph obtained from a graph

H (H �∼= P1) by attaching a cycle Cq and a graph Ss,l at a vertex w of H, where the

tail of Ss,l identifies with w. Then

(i) σ(Hq,s,l) < σ(Hq+s−1,1,l);

(ii) z(Hq,s,l) > z(Hq+s−1,1,l).

Proof. Let Hq,s,l = G and Hq+s−1,1,l = G1. Let NG(w) = {w1, w2, x1, · · · , xt, v1},
where w1, w2 ∈ V (Cq), x1, . . . , xt ∈ V (H). Set F−1 = 0.

(i) By Lemmas 2.2 and 2.3, we have

σ(G) = σ(G − w) + σ(G − NG[w])

= Fq(2
lFs−1 + Fs−2)σ(H − w) + Fq−2(2

lFs−2 + Fs−3)σ(H − NH [w]),

σ(G1) = σ(G1 − w) + σ(G1 − NG1 [w])

= Fq+s−12
lσ(H − w) + Fq+s−3σ(H − NH [w]).

Thus

σ(G) − σ(G1)

= σ(H − w)(2lFqFs−1 + FqFs−2 − 2lFq+s−1)

+σ(H − NH [w])(2lFq−2Fs−2 + Fq−2Fs−3 − Fq+s−3)

= σ(H − w)Fs−2(Fq − 2lFq−1) + σ(H − NH [w])Fs−2(2
lFq−2 − Fq−1)
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= Fs−2[(2
lFq−2 − Fq−1)(σ(H − NH [w]) − σ(H − w))]

+Fs−2[σ(H − w)(Fq−2 − 2lFq−3)]

≤ Fs−2[(2Fq−2 − Fq−1)(σ(H − NH [w]) − σ(H − w))]

+Fs−2[σ(H − w)(Fq−2 − 2Fq−3)]

= Fs−2[Fq−4σ(H − NH(w)) − Fq−3σ(H − w)]

≤ Fs−2Fq−3(σ(H − NH [w]) − σ(H − w)) < 0.

(ii) By Lemmas 2.2 and 2.3, we have

z(G) = z(G − w) + 2z(G − w − w1) + z(G − w − v) +
t∑

i=1

z(G − w − xi)

= Fq−1(Fs−1 + lFs−2)z(H − w) + 2Fq−2(Fs−1 + lFs−2)z(H − w)

+Fq−1(Fs−2 + lF 0
s−3)z(H − w) + Fq−1(Fs−1 + lFs−2)

t∑
i=1

z(H − w − xi)

= z(H − w)(Fq+s−1 + Fq−2Fs−1 + lFq+s−2 + lFq−2Fs−2)

+Fq−1(Fs−1 + lFs−2)
t∑

i=1

z(H − w − xi),

z(G1) = z(G1 − w) + 2z(G1 − w − w1) + lz(G1 − w − y1) +
t∑

i=1

z(G1 − w − xi)

= Fq+s−2z(H − w) + 2Fq+s−3z(H − w)

+lFq+s−2z(H − w) + Fq+s−2

t∑
i=1

z(H − w − xi)

= z(H − w)(Fq+s−1 + Fq+s−3 + lFq+s−2) + Fq+s−2

t∑
i=1

z(H − w − xi).

So

z(G) − z(G1)

= z(H − w)(lFq−2Fs−2 − Fq−3Fs−2)

+
t∑

i=1

z(H − w − xi)(lFq−1Fs−2 − Fq−2Fs−2)

= Fs−2[z(H − w)(lFq−2 − Fq−3) +
t∑

i=1

z(H − w − xi)(lFq−1 − Fq−2)]
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≥ Fs−2[z(H − w)(Fq−2 − Fq−3) +
t∑

i=1

z(H − w − xi)(Fq−1 − Fq−2)]

≥ Fs−2Fq−3

t∑
i=1

z(H − w − xi) > 0.

Lemma 2.6. Let G be a connected graph and u, v ∈ V (G). Suppose vvi, uuj are

cut-edges of G, 1 ≤ i ≤ s, 1 ≤ j ≤ t (shown in Figure. 3). Let G∗
1 be the graph

obtained from G by deleting the edges (u, uj) and adding the edges (v, uj) and G∗
2 be

the graph obtained from G by deleting the edges (v, vj) and adding the edges (u, vj).

Then

(i) σ(G∗
1) > σ(G) or σ(G∗

2) > σ(G);

(ii) z(G∗
1) < σ(G) or z(G∗

2) < σ(G).

X1 Xs Y1 Yt

v u

v1 vs u1 ut

X1 Xs Y1 Yt

v u

v1 vs u1 ut

X1 Xs Y1 Yt

v uH

H H

v1 vs u1 ut

G

G∗
1 G∗

2

Figure 3

Proof. Let G′ = G − {vv1, · · · , vvs, uu1, · · · , uut} = H ∪ X1 ∪ · · · ∪ Xs ∪ Y1 ∪
· · · ∪ Yt (shown in Figure. 3), where H is a component containing u, v, and Xk is a

component containing vk, 1 ≤ k ≤ s, and Yj is a component containing uj, 1 ≤ j ≤ t,

respectively.

(i) Denote a =
∏s

k=1 σ(Xk), a′ =
∏s

k=1 σ(Xk − vk) and b =
∏t

k=1 σ(Yk), b′ =∏t
k=1 σ(Yk − uk). Then a > a′ > 0 and b > b′ > 0. Let iu,v be the number
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of independent vertex subsets in H containing both u and v. By Lemma 2.2 and

Lemma 2.3, we have

σ(G) = σ(G − v) + σ(G − NG[v])

= abσ(H − v − u) + ab′σ(H − v − NH [u]) + a′bσ(H − u − NH [v]) + a′b′iu,v.

Similarly, we have

σ(G∗
1) = ab[σ(H − v − u) + σ(H − v − NH [u])] + a′b′[σ(H − u − NH [v]) + iu,v],

σ(G∗
2) = ab[σ(H − v − u) + σ(H − u − NH [v])] + a′b′[σ(H − v − NH [u]) + iu,v].

Therefore

σ(G) − σ(G∗
1) = a′(b − b′)σ(H − u − NH [v]) − a(b − b′)σ(H − v − NH [u]),

σ(G) − σ(G∗
2) = b′(a − a′)σ(H − v − NH [u]) − b(a − a′)σ(H − u − NH [v]).

If σ(G) − σ(G∗
1) ≥ 0, then (b − b′)[a′σ(H − u − NH [v]) − aσ(H − v − NH [u])] ≥ 0.

Since a > a′ and b > b′, we have

σ(H − u − NH [v]) > σ(H − v − NH [u]).

So

σ(G) − σ(G∗
2) = (a − a′)[b′σ(H − v − NH [u]) − bσ(H − u − NH [v])]

< (a − a′)[b′σ(H − v − NH [u]) − bσ(H − v − NH [u])]

= (a − a′)(b′ − b)σ(H − v − NH [u]) < 0.

(ii) Denote p =
∏s

k=1 z(Xk), p′ =
∑s

k=1
z(Xk−vk)

z(Xk)
, q =

∏t
k=1 z(Yk), q′ =

∑t
k=1

z(Yk−uk)
z(Yk)

,

ru =
∑

u′∈NG−v(u)\{u1,...,ut}
z(H − v − u − u′), rv =

∑
v′∈NG(v)\{u,v1,...,vs}

z(H − v − u − v′),

r0 =
∑

v′∈NG(v)\{v1,...,vs,u}

∑
u′∈NG−v−v′ (u)\{u1,...,ut}

z(G − v − u − v′ − u′). Let e0 = 1 if

uv ∈ E(G); and e0 = 2 if uv /∈ E(G).

By Lemmas 2.2 and 2.3, we have

z(G) = z(G − v) +
∑

v′∈NG(v)

z(G − v − v′)
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= z(G − v − u) +
∑

u′∈NG−v(u)

z(G − v − u − u′)

+
∑

v′∈NG(v)

z(G − v − v′ − u) +
∑

v′∈NG(v)

∑
u′∈NG−v−v′ (u)

z(G − v − v′ − u − u′)

= e0z(G − v − u) +
t∑

j=1

z(G − v − u − uj) +
∑

u′∈NG−v(u)\{u1,...,ut}
z(G − v − u − u′)

+
s∑

j=1

t∑
k=1

z(G − v − u − vj − uk) +
∑

v′∈NG(v)\{v1,...,vs,u}
z(G − v − u − v′)

+
s∑

j=1

z(G − v − u − vj) +
s∑

j=1

∑
u′∈NG−v−vj

(u)\{u1,...,ut}
z(G − v − u − vj − u′)

+
∑

v′∈NG(v)\{v1,...,vs,u}

t∑
k=1

z(G − v − u − v′ − uk)

+
∑

v′∈NG(v)\{v1,...,vs,u}

∑
u′∈NG−v−v′ (u)\{u1,...,ut}

z(G − v − u − v′ − u′)

= pq · [e0z(H − v − u) + q′z(H − v − u) + ru + p′q′z(H − v − u) + rv

+p′z(H − v − u) + rup
′ + rvq

′ + r0]

= pq[e0z(H − v − u)(1 + q′ + p′ + p′q′) + rv(1 + q′) + ru(1 + p′) + r0].

Similarly, we get

z(G∗
1) = pq[z(H − v − u)(e0 + q′ + p′) + ru(1 + p′ + q′) + rv + r0],

z(G∗
2) = pq[z(H − v − u)(e0 + q′ + p′) + rv(1 + p′ + q′) + ru + r0].

Thus

z(G) − z(G∗
1) = pqq′[z(H − v − u)p′ + rv − ru],

z(G) − z(G∗
2) = pqp′[z(H − v − u)q′ + ru − rv].

If z(G) − z(G∗
1) ≤ 0, then pqq′[z(H − v − u)p′ + rv − ru] ≤ 0, that is,

ru − rv ≥ z(H − v − u)p′.

So

z(H − v − u)q′ + ru − rv ≥ z(H − v − u)q′ + z(H − v − u)p′

= z(H − v − u)(q′ + p′) > 0.
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Note that pqp′ > 0, and hence z(G∗
2) < z(G).

H2

H1︸ ︷︷ ︸
Ps

u v u
v′ v

H2

H1

G G′

Figure 4

︸ ︷︷ ︸
Ps

u

H︸ ︷︷ ︸
Ps

H

As(H, u) Bs(H, u, v)

︸ ︷︷ ︸
Ps

u v

Let As(H, u) (s ≥ 3) be a graph obtaining from a graph H by attaching a path

Ps at one vertex u of H, and let Bs(H, u, v) be a graph obtained from As(H, u) by

attaching a pendent vertex v to u (see Figure 4).

Lemma 2.7. Let G be a graph obtained from Bs(H2, u, v)(s ≥ 3) by attaching a

graph H1 to the vertex v, where H1, H2 �∼= P1. If G′ is obtained from G by replacing

Ps with a pendent edge and replacing the edge uv with a path Ps (see Figure 4), then

(i) σ(G′) > σ(G);

(ii) z(G′) < z(G).

Proof. (i) Let NH1 [v] = V1 and NH2 [u] = V2. By Lemmas 2.2 and 2.3, we have

σ(G) = σ(G − v) + σ(G − NG[v])

= σ(G − v − u) + σ(G − v − NG−v[u]) + σ(G − NG[v])

= Fsσ(H1 − v)σ(H2 − u) + Fs−1σ(H1 − v)σ(H2 − V2) + Fsσ(H1 − V1)σ(H2 − u),

σ(G′) = σ(G′ − v) + σ(G′ − NG′ [v])

= σ(G′ − v − u) + σ(G′ − v − NG′−v[u]) + σ(G′ − NG′ [v] − u)

+σ(G′ − NG′ [v] − NG′−NG′ [v][u])

= 2Fs−1σ(H1 − v)σ(H2 − u) + Fs−2σ(H1 − v)σ(H2 − V2)

+2Fs−2σ(H1 − V1)σ(H2 − u) + Fs−3σ(H1 − V1)σ(H2 − V2).
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Since F0 = 1, F1 = 1 and Fn = Fn−1 + Fn−2 for n ≥ 2, we have

σ(G′) − σ(G) = Fs−3(σ(H1 − v) − σ(H1 − V1))(σ(H2 − u) − σ(H2 − V2)) > 0.

(ii) Let As = As(H2, u) and Bs = Bs(H2, u, v). Then z(Al) = z(Al−1) + z(Al−2)

and z(Bl) = z(Al) + Fl−1z(H2 − u). By Lemmas 2.1 − 2.3, we have

z(G) = z(G − uv) + z(G − {u, v})
= z(H1)z(As) + Fs−1z(H1 − v)z(H2 − u)

= z(H1)z(As−1) + z(H1)z(As−2) + Fs−1z(H1 − v)z(H2 − u),

z(G′) = z(G′ − v′v) + z(G′ − {v′, v})
= z(H1)z(Bs−1) + z(H1 − v)z(Bs−2).

= z(H1)z(As−1) + Fs−2z(H1)z(H2 − u) + z(H1 − v)z(As−2)

+Fs−3z(H1 − v)z(H2 − u).

Since F0 = F1 = 1 and Fn = Fn−1 + Fn−2 for n ≥ 2, we have

z(G) − z(G′) = (z(H1) − z(H1 − v))(z(As−2) − Fs−2z(H2 − u))

= Fs−3(z(H1) − z(H1 − v))
∑

x∈NH2
(u)

z(H2 − u − x) > 0.

3. Results

From Lemmas 2.4 − 2.7, we immediately get the following results.

Theorem 3.1. Let G ∈ Un,k (0 ≤ k ≤ n − 3). Then

σ(G) ≤ 2kFn−k + Fn−k−2 (1)

and

z(G) ≥ 2Fn−k + (k − 1)Fn−k−1. (2)

Moreover, the equalities in (1) and (2) hold if and only if G ∼= Uk
n .

Proof. First we note that if G ∼= Uk
n , then (1) and (2) hold by Lemma 2.4.

Now we prove that if G ∈ Un,k, then (1) (or (2), resp.) holds and the equality in

(1) (or (2), resp.) holds only if G ∼= Uk
n .
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Let G ∈ Un,k. If k = 0, then G ∼= Cn and hence the result holds obviously. So in

the following proof, we assume that k ≥ 1. We choose G such that σ(G) is as large

as possible. Let C be the unique cycle of order q in G. We will show some facts.

Fact 1. There is only one vertex w ∈ V (C) such that dG(w) ≥ 3.

Proof of Fact 1. Assume that dG(wi) ≥ 3, where wi ∈ V (C), i = 1, 2. Denote

NG(w1) = {x1, . . . , xs, u1, u2} and NG(w2) = {y1, . . . , yt, v1, v2}, where u1, u2, v1, v2 ∈
V (C) and s, t ≥ 1. Set G1 = G − {w2y1, . . . , w2yt} + {w1y1, . . . , w1yt} and G2 =

G − {w1x1, . . . , w1xs} + {w2x1, . . . , w2xs}. Then G1, G2 ∈ Un,k. By Lemma 2.6, we

have σ(G1) > σ(G) or σ(G2) > σ(G), a contradiction with our choice.

By Fact 1, we let w be the unique vertex of C with dG(w) ≥ 3. Let T1, · · · , Tm (m ≥
1) be the subtrees rooted at w with |V (Tj)| = sj +lj and |V (Tj)∩(V0(Tj)\{w})| = lj,

1 ≤ j ≤ m, respectively.

Fact 2. Let v ∈ V (Tj) with NT (v) ∩ V0(Tj) �= ∅. If Tj �∼= Psj+lj , then dT (v) ≥ 3.

Proof of Fact 2. Otherwise, we assume that P 0
t = v0v1 · · · vt (t ≥ 2) is the

pendent chain of Tj for some j (1 ≤ j ≤ m) with v0 ∈ V0(T ). Let w1 be the only

vertex that belongs to the (w, vt)-path with w1vt ∈ E(G). Set G′ = G−{w1vt, v0v1}+
{w1v1, v0vt}. Then G′ ∈ Un,k. By Lemma 2.7, we have σ(G′) > σ(G), a contradiction

with our choice.

Fact 3. If Tj �∼= Psj+lj , then Tj
∼= Ssj ,lj and w is the tail of Tj, 1 ≤ j ≤ m.

Proof of Fact 3. Assume that there exists some j (1 ≤ j ≤ m) such that

Tj �∼= Ssj ,lj . Then there are two vertices u, v ∈ V (Tj)\{w} such that NTj
(u)∩V0(Tj) �=

∅ and NTj
(v) ∩ V0(Tj) �= ∅. Denote NTj

(u) ∩ V0(Tj) = {u1, · · · , ut}, t ≥ 1 and

NTj
(v)∩V0(Tj) = {v1, · · · , vs}, s ≥ 1. Note that if t = dG(u)−1, s = dG(v)−1, then

s, t ≥ 2 by Fact 2. Set G1 = G − {uu1, . . . , uut′} + {vu1, · · · , vut′} and G2 = G −
{vv1, · · · , vvs′}+{uv1, · · · , uvs′}, where t′ = t−1 (or s′ = s−1, resp.) if t = dG(u)−1

(or s = dG(v) − 1, resp.); otherwise t′ = t (s′ = s, resp.). Then G1, G2 ∈ Un,k. By

Lemma 2.6, we have σ(G1) > σ(G) or σ(G2) > σ(G), a contradiction with our choice.
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Fact 4. Tj
∼= K1,lj , 1 ≤ j ≤ m.

Proof of Fact 4. Assume that Tj �∼= K1,lj for some j, 1 ≤ j ≤ m. Then

sj ≥ 2. Set H =
⋃

1≤l≤m,j �=l

Tl. Then by Lemma 2.5, we have σ(H(q, sj, lj)) >

σ(H(q + sj − 1, 1, lj)). Note that H(q, sj, lj) ∼= G by Fact 3, and hence we get a

contradiction with our choice.

Therefore the proof of the theorem is complete.

Lemma 3.2. Suppose that 0 ≤ k ≤ n − 4 and n ≥ 5. Then

(i) σ(Uk+1
n ) > σ(Uk

n) ;

(ii) z(Uk+1
n ) < z(Uk

n).

Proof. (i) By Lemma 2.4(i), we have

σ(Uk+1
n ) − σ(Uk

n) = 2k+1Fn−k−1 + Fn−k−3 − 2kFn−k − Fn−k−2

= 2kFn−k−3 − Fn−k−4 > 0.

Therefore, σ(Uk+1
n ) > σ(Uk

n) for 0 ≤ k ≤ n − 4 and n ≥ 5.

(ii) By Lemma 2.4(ii), we have

z(Uk+1
n ) − z(Uk

n) = 2Fn−k−1 + kFn−k−2 − 2Fn−k − (k − 1)Fn−k−1

= −Fn−k−2 − (k − 1)Fn−k−3 < 0.

From Lemma 3.2 and Theorem 3.1, we have the following:

Corollary 3.3. Let G be a unicyclic graph with n(n ≥ 5) vertices. Then

σ(G) ≤ 3 · 2n−3 + 1 and z(G) ≥ 2n − 2.

Moreover, the equality holds if and only if G ∼= Un−3
n .
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