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Abstract

The Randi¢ index R_;(G) of a graph G is defined as the sum of the (d(u)d(v))~! of
all edges (uv) of G, where d(u) denotes the degree of a vertex v in G. In this paper
we correct the errors of the proof of the paper [8], i.e., we prove that R_;(T) < %
for all trees of order n > 103, where C' = —1. The structure of the Max Tree - the
tree with maximum Randié¢ index R_i, is as it was predicted by Clark and Moon.
The Max Tree has only one vertex of the maximum degree and all adjacent vertices
are of degree 4. Every vertex of degree 4 has 3 suspended paths of length 2 centered
at it.
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1. INTRODUCTION

In 1975 Randi¢ [11] proposed two topological indices R_1/2(G) and R_{(G), suit-
able for measuring the extent of branching of the carbon-atom skeleton of saturated
hydrocarbons. The general Randié¢ index R,(G) of a graph G is defined [4] by
Ra(G) = Y(w)er)(d(u)d(v))®, where the summation extends over all edges (uv)
of G and d(u) denotes the degree of a vertex u. Randié¢ himself demonstrated [11]
that his indices are well correlated with a variety of physico-chemical properties. They
have attracted considerable attention of chemists and mathematicians ([1-10]).

In [4] Clark and Moon gave a lower and upper bound for R_1(7T") for trees, 1 <
R_(T) < %, where the lower bound can be attained by the star, but the upper
bound is not best possible. They constructed an infinite sequence T%,.; of trees
which are obtained from the star S, 1 by appending three internally disjoint paths of
length 2 to each leaf of S,,+1. Then 77,41 has order | V(T7,41) |= Tn + 1 and weight
R_\(Trps1) = 157;*2 and lim,, o, Bttty — %. At the end of their paper [4] they

IV (Trnt1)]
proposed two unsolved questions on the upper bound.

Question 1: Find K = lim,_.., 2% where f(n) is the maximum value of R_,(T)

n

among all trees of order n. We know that % <K< % and suspect that the lower
bound is closer to K than the upper bound.
Question 2: Refine the upper bound for R_1(T) so that it is sharp for infinitely
many values of n.

Rautenbach [12] gave an upper bound for R_;(T) of trees with maximum degree
3. Li and Yang [9] used linear programming to determine the sharp upper bound
for R_1(T) of chemical trees (i.e., trees with maximum degree at most 4). Hu, Li
and Yuan [7] investigated trees with maximum general Randi¢ index R, (7") among all
trees of order n. They distinguished « in several different intervals and for most of the
intervals characterized trees with maximum R,(T). Only the interval =2 < @ < —1
(including the point & = —1) is left undetermined, but they obtained some properties
of Max Tree in this case. The same authors Hu, Li and Yuan [8] tried to give positive
answers to the above two questions proposed by Clark and Moon and to find sharp
upper bound for R_;(T) of trees. The idea of their proof is similar to the one used in
[4], but they made some errors which have been found in [10]. Hu, Jin, Li and Wang
[5] determined the maximum value for R_; of all trees of order n < 102 and gave one
of the trees with maximum value of this index. Trees with maximum Randi¢ index
R_; — the Max Tree need not be unique. This paper [5] gave us enough information

to describe the structure of the Max Tree for n > 103. In this paper we prove that
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R(T) < 15;;0 for all trees of order n > 103, where C' = —1 and describe the
structure of the Max Tree - it has only one vertex of the maximum degree and all
adjacent vertices are of degree 4. Every vertex of degree 4 has 3 suspended paths of
length 2 centered at it.

Let T = (V, E) be a tree with order n =| V(T') |. The degree dr(u) of a vertex
u is the number of vertices in T adjacent to u, and we omit the letter 7" if only
one tree is under consideration. A vertex of degree 1 in a tree is called a leaf. A
suspended path from x to z is a path x,y, z with d(z) = 1, d(y) = 2 and d(z) > 3.
Let zyy12,- -+, xsysz be s distinct suspended paths adjacent to z, and wy, -+, wa_s
be the vertices of T, other than ¥, ---,y,, adjacent to z, then we call such system
an (s,d) system centered at z. The Max Tree is a tree with maximum value of the
Randi¢ index R_; for a given order n.

All notations, terminology and presumed results can be found in [8].

2. MAIN IMPROVEMENT

We will complete the proof of the next Theorem 1 from [8], which is not complete
because of the errors found in [10]. It is likely evident that this Theorem 1 is true,
but the first predicted Max Tree appears when n = 92, which causes the difficulties

of its proof.

Theorem 1. For a tree T of order n > 103,

15n+ C

1(T) <
RA(T) < =

where C' = —1.

We will prove this theorem at the end of this paper. At first we will describe some
properties of the Max Tree. In [8] Hu, Li and Yuan showed that the “suspected” Max
Tree can have the systems: (2,3),(3,4),(1,d) for 3 < d <13, (2,d) for 4 < d < 12
and (3,d) for 5 < d < 11. We will show that the Max Tree has only (3,4) systems
when n > 103. From now on n =| V(T) |> 103. We use mathematical induction
throughout this paper, i.e., we suppose that Theorem 1 holds for all trees of order
less than n. We know that R_;(T) < 221 for 91 < n < 102 [5].

At first we prove two useful lemmas.

Lemma 1. Every vertex of degree 3 is the center of a (2,3) system of the Max

Tree, i.e., it appears only in a (2, 3) system.
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Proof. Let the Max Tree T has the vertex z of degree 3 with the neighbors y;, yo
and w and d = d(w) > d(y;),i = 1,2. We distinguish two cases.

Case 1. d(y;) > 3 and d(y2) > 3. By deleting the vertex z (and edges zy1, 2ya
and zw) and adding new edges wy; and wy, we get a new tree T”. Let v; denote the
neighbors of w other than z. Then | V(T") |=n—1, dp(w) =d+1, d(v;) > 2 and

1 1

2
R(T) = RA(T)+ (5 ——— + =+
oT) (T +(5 - d+1);d(ui) 307G d+1)]:1 d(v;)
Bn-1)+C 1 d-2 & 1 1
< n-hFo, 1, >
56 3d - 3(d+1)mdy)  dld+1) = d(vy)
Bn+C 15 1 d—2 2 1 d—1

IA
\
\
+
\

5 56 3d 3d+l) 3 ddil) 2

1in+C  —23d* +61d — 84 - 15n + C
56 504d(d + 1) 56

The last inequality holds for every d.

Case 2. d(y1) = 2 and d(y2) > 3. By deleting the vertices z,y; and z1 (d(z1) = 1)
and adding new edge wy, we get a new tree 7'. Then | V(T”) |=n — 3 and

1 1 1 1 1
RA(T) = Ra(T)+5+ ¢+ 55+ 57

) R 3d " d(y)  dd(ys)
< B-3+C, 2, i yr 1
B 56 3 3d(1/2) dd(?h)
< 15n+ C 23 + 1 L 1 1
= 56 168 3d(ys)  3d(ya)
_ BntC 13 15n+c
N 56 504 56

The remaining case is d(y;) = d(y2) = 2. O

In the same time we have proved that the Max Tree can not have (1, 3) systems.

Lemma 2. Every vertex of degree 4 is the center of a (3,4) system of the Max

Tree, i.e., it appears only in a (3,4) system.

Proof. Let the Max Tree T has the vertex z of degree 4 with the neighbors
Y1, Y2, y3 and w and d = d(w). We distinguish several cases.

Case 1. d(y;) > 3,1 =1,2, d(y3) > 4 and d = d(w) > 3. By deleting the vertex
z (and edges zy;, i = 1,2,3 and zw) and adding new edges wy;, i = 1,2,3, we get a
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new tree T”. Let v; denote the neighbors of w other than z. Then | V(T") |=n — 1,
dpr(w) =d+2, d(v;) > 2 and

1 3 1 1 1 .=
1 d+2)72;d 2 G T Xy

j=1

R4(T) = R(T)+(

15(n—1)+C 1 3 2 1
< MJ’_* z
56 4d d+2 Lzld% d(d+2)J d(v;)
- n+C 15 1 (d-2) 2 1 2 d—1

56 56 14 @+ 3 1 Tauey 2
15n+C  —13d +86d— 168 _ 15n+C
56 336d(d 1 2) 56

The last inequality holds for every d.

Case 2. d(y1) =2, d(y;) > 3, i = 2,3 and d(w) > 3. By deleting vertices z, y1, x1
and adding new edges wy, and wys we get a new tree T". Then | V(T") |= n — 3,
dr(w) =d+1, d(v;) >2 and

L1111 3 1.1 RN |
Rl = R*I(T”é*é*(rml i@ 2wy
5(n-3)+C 5 d-3 & 1 1 &
= 56 +§+4(d+1);d(yi)+Zd+d(d+1)j:] d(v;)
o Wn+C 5 d-3 +i+ d—1
- 56 28  6(d+1) 2d(d + 1)
_ 15n+C’_d —6d+21<15n+C
56 84d(d + 1) 56

Case 3. d(y1) = d(y2) = 2,d(y3) > 3 and d(w) > 3. By deleting vertices

Z,Y1,T1, Y2, T2 and adding new edge wys we get a new tree 7’. Then | V(1) |=n—5

and
1 1 1 1 1
(T) = RA(T)+2(5 + 5 1d
R.(T) = R.(T)+ (2+8)+4d(y3) Y4 dd(y)
15(n—5+C 5 1 1 1
< it T
56 4 4d(ys) 4d  dd(ys)
15n+C 5 1 1 L
L + -
56 56 4d(ys) 4d  dd(ys)
g Bn#C 5 1 15t
= 756 56 12 56

The remaining case is d(y1) = d(y2) = d(y3) = 2. O
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We have also proved that the Max Tree can not have (1,4) and (2,4) systems
(Cases 2 and 3 of Lemma 2).
Note that the Max Tree can not have d(y;) = d(y2) = d(ys) = d(w) =3

Lemma 3. The Max Tree T can not have (3,d) systems for 5 < d < 11.

Proof. Let x1,y1, T2, Y2, T3, Y3, 2, W1, * -+, Wa—4, W be the (3,d) system centered at
z, where d(z;) = 1, i = 1,2,3, d(y;) = 2, i = 1,2,3, d(z) = d, d(w;) > 3, i =

,d—4 and d(w) = d > 5. It is not possible that d(w;) =4, i = 1,---,d — 4
and d(w) < 5 because | V(T) |> 103 and because of Lemmas 1 and 2. By deleting
the vertex z (and edges zy;, i = 1,2,3, zw;, i = 1,---,d — 4 and zw) and adding
new edges ww;, i =1,---,d —4 and @z, where Z is the center of the (3,4) system
we get a new tree 7'. Let v; denote the neighbors of @ other than z in T. Then
| V(T') |=| V(T) |, dps(®) = d + d — 4, d(Z) =4, d(v;) > 2 and

R.(T) = R (T’)+3(l+i)+i+(lf L )di4 !

I 2 2d " dd d d+d—4 5 dw)
1 1 -1 g 11 1

(= — = —3=4+-)— ——

(d d+d—4);d(7}j) (2 8) 4(d+d—4)

3 3 4d+d—4)—dd
8 2d 4d(i(d +d—4)
= d—4 L
+
d(d+d 4) Z: ) d(d+d —4) = d(v))
Since the Max Tree can have only the systems (1,d),(2,d) and (3,d), the vertex

HM

@ can have at most 3 suspended path (i.e., d(v;) = 2 for at most three j). Then

d—1 _1 3 d—4 _ 2d+1
=1 d(v;) <5+ 5 =55 and

.3 3 Ad+d—4)—dd d—4  d—4
Ra(T) < Ra(T)—g+5.+ (4dd~(cz+d),4) dd+d—4) 3
L 2d+1
dd+d—4) 6
(d—4)(d—4)(d+d+6)
24dd(d + d — 4)

= R(T") - < R\(T") o

Lemma 4. The Max Tree T' can not have (2, d) systems for 5 < d < 12.

Proof. Let z1,y1, 2, Yo, 2, W1, -+, Wa—3, W be the (2,d) system centered at z,
where d(z;) =1, i =1,2, d(y;) =2, i =1,2, d(z) =d, d(w;) >3, i=1,---,d—3
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and d(@) = d > 5. It is not possible that d(w;) =4, i =1,---,d — 3 and d(®) < 5
because | V(T') |> 103. By deleting the vertex z (and edges zy;, i = 1,2, zw;, i =
1,---,d—3 and zw) and adding new edges ww;, i =1,---,d—3 and Wz, where Z is
the center of the (2,3) system we get a new tree T". Let v; denote the neighbors of @
other than z in 7. Then | V(T") |=| V(T) |, d:(®) = d +d — 3, d(3) = 3, d(v;) > 2

and

RAM) = Ra@)ote by Ly L g5l
2" 2d" " gd " 'd d+d—3 = dw)
%Uiﬂlz 3)dzld(ij)72(%+é)73(d+1d73)
= Ea@+ 33:1d 3(32;(3 N 3):3;[(1 - d(J(i_d?i 3) d: d(iui)
-1
+d(did3 3) ; d(vj)

Since the Max Tree can have only the systems (1,d) and (2,d), the vertex @ can
have at most 2 suspended path (i.e., d(v;) = 2 for at most two j). Then Z] 1 d(v 5 <

3—d 3(d+d—3)—dd d—3 d—3
R (T) < R_(T)+ + e - .
i) < B+ 3dd(d+d—3) dd+d—3) 3
~d -3 d_ R_(T") - w < R_y(T") O
dd+d—-3) 3 3dd(d +d — 3)

Lemma 5. The Max Tree T can not have (1,d) systems for 5 < d < 13.

Proof. Let x1,y1,2, w1, -+, w49, W be the (1,d) system centered at z, where
d(zy) =1, diyp) =2, d(z) =d, d(w;) >3, i=1,---,d—2and d(w) = d > 5. It is
not possible that d(w;) =4, i =1,---,d — 2 and d(w) < 5 because | V(T |> 103.

Let v; denote the neighbors of @ other than z. We distinguish several cases.

Case 1. d(w;) > 4,i = 1,---,d — 2. By deleting the vertex z (and edges
2y1, Y11, 2wy, ¢ =1,--+,d—2 and zw) and adding new edges ww;, i =1,---,d — 2
we get a new tree 7", Then | V(T") |=| V(T) | =3, dp/(w) = d +d — 3, d(v;) > 2 and

11 1 1 S

R.(T) = R_\(T + ot (- =
i) R(T) satat G d+d—3)i:1d(70i)
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NES )4—1 1 <15(n—3)+0+1+¢2+2
d d+d-3{Zdv) = 56 2 2dd

d—3 -2 1 d—1
+—= +
d(d+d—3);d(wi) d(d+d 3) ;dv])

Since the Max Tree can have only the systems (1, d), the vertex & can have at most one

suspended path (i.e., d(v;) = 2 for at most one j). Then ZJ n d(v 7 < <i42= Z%T—l

and
Bn+C 17 d+2 d—3 d—2
() < /2Tt E .
i) = —5 56 2dd  d(d+d-3) 4

d—3 2d — 1 150+ C
ntC

+=— . =
dd+d—-3) 6 56

—9dd? + 5d2d — 57dd + 168d — 2842 + 252d — 504
168dd(d 4 d — 3)

15n+C
56

The last inequality holds for 5 < d < 13.

Case 2. There is at least one vertex w; such that d(w;) = 3. Denote this vertex
wq—2. By deleting the vertex z (and edges zyi, y121, zw;, ¢ = 1,---,d — 2 and zw)
and adding new edges ww;, i = 1,---,d — 3 and one (3,4) system adjacent to @ we
get a new tree T". Then | V(T") |=| V(T) | =1, dp(®) = d +d — 3, d(v;) > 2 and

R_(T) = R- (T/)+1+i+i+2(1+1)+i—;+
- - 2d " 3d 6" dd A(d+d-3)
1 13 1 T | 11
N [ —3(=+ =
(d d+d— 3)Z d(w;) (d d+d—3)]z::1d(vj) (2 8)
15(n—1)+0_i 5 Ad+d—3)—dd
= 56 6d ~ 4dd(d+d —3)
J 3 d—3 d—3 d—1 1
+ Z -
d(d +d — 3) = d(w;) d(d+d—3)j:1 d(vy)

Since the Max Tree can have only the systems (1, d), the vertex @ can have at most one

suspended path (i.e., d(v;) = 2 for at most one j). Then ;l ! d(}) ) <i d32 = %{1.
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Case 2’. d(w;) > 3,i=1,---,d — 3. We have

15n + C 13 5 4(d+d—-3)—dd d—3 d—3
R(T) < - - - .
56 6d  4ddd+d—3)  dd+d—3) 3
. d—3 2d71<15n+0
dd+d—-3) 6 56

The last inequality holds for d = 5,6, 7 and every d.

Case 2”. d(w;) = 3 for not more than four i’s. Then ¥¢3 d(wl) <tpT =35
and

Bn+C 13 5 4d+d—3)—dd d—3

Ro(r)<onrC 18, 5 Adrd=3) . -
56 42 6d  Add(d+d—3)  d(d+d—3)
3d—5 d—3 2d—-1 15n+C
+ = : = +
12 dd+d-3) 6 56
35d% — 5dd? + 2d%d — 20dd — 21d — 14d? + 126d — 252 15n + C
84dd(d + d — 3) 56

The last inequality holds for 7 < d < 13 and every d.

Case 2”°. d(w;) = 3 for at least five i’s (for i = d —2,d — 3,---,d — 6). By

deleting the vertex z (and edges zy1, y121, 2wy, i =1,--+,d — 2 and 2w) and adding
new edges ww;, i =1,---,d — 7 and four (3,4) systems adjacent to @, we get a new
tree T". Then | V(T") |=| V(T) |, dg+(w0) = d + d — 4 and
11 11, 5 1 1 L
R(T) = RA(TH+=+—+10:+2)+—+(=—=
(1) )5+ 710G+ 457G d+d—4);d(w,~)
11 I | 4 1
(5 - = - —12(5 + =
dd (d d+d74)§ld(vj) 4(d+d—4) (2 )
1 13 d+d—4—dd d—4 &7 1
= Ry(T)— s+ =+ +a = +
3 6d ddld+d—4) d(d+d—4) = dw)
d—4 i 1
d(d+d —4) = d(vy)

Since the Max Tree can have only the systems (1, d), the vertex w can have at most one

suspended path (i.e., d(v;) = 2 for at most one j). Then 39| d(ql, 5 < 1442 - %7

T d(w <d—and

1 13 d4+d—4—dd d—4 d—1

(T) < Ra(T)—>+—+52% . :
Bl < Bl = 5+ 54 ddd+d—1) dd+d—1) 3




-176 -

N d—4 2d—1
dd+d—4) 6
—d? —dd 4+ 10d — d* + 10d — 24

= RL(T)+ —
(T) 6dd(d +d — 4)

< R_1(T")

The last inequality holds for 7 < d < 13 and every d. In such a way, the degree of
the vertex which eventually has one suspended path has augmented and the number

of (2,3) systems has diminished. O

We have shown that the "suspected” Max Tree can have only the systems (2, 3)
and (3,4) when n > 103. Now we will show that all systems (2,3) and (3,4) are
centered at only one vertex. At first, we prove the next useful lemma, which will be

sharpened up later.

Lemma 6. The Max Tree can not have the vertex with more than 12 (2,3)

systems centered at it.

Proof. Let 13 (2,3) systems be centered at vertex z, at least, where d(z) =
d, d > 13 and w;, i = 1,---,d — 13 are the other neighbors of z. By deleting 7
(2, 3) systems and adding 5 (3,4) systems centered at z, we get a new tree 7”. Then
| V(T |=| V(T) |, dr(z) =d — 2 and

11, 13 11 5 6
R(T) = R(T)+14(=+=)+——15(=+-) — -
o) T+ UG+ + 3 - 15G+3) Ad—2) 3(d—2)
1 1.4 d? —28d + 208
- =R (T — _
=2 X qwy ~ T - o)
2 43 d? — 28d + 208
- <R (TN - —_———"—"_ """~ (T
d(d—2) ; dwn =T - Sga=y <)
because d? — 28d + 208 > 0 for every d. O

Theorem 2. The Max Tree can have only one vertex with maximum degree and

all (2,3) systems and (3,4) systems can be centered at it.

Proof. Let z and y be two adjacent vertices of the Max Tree T such that d(z) =
d>5and d(y) = d > 5. We differ several cases depending on the number of (2,3)
systems centered at z and y. We take that the number of (2, 3) systems centered at

z is greater than or equal to the number of (2, 3) systems centered at y.

Case 1. The number of (2,3) systems centered at z is less than or equal to 4
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(and the same is for y). Let wy, - -+, wq—1 be the vertices of T, other than y, adjacent
to z and let vy, -+, v;_; be the vertices of T', other than z, adjacent to y. By deleting
the vertex y and connecting zv;, j = 1,-- cd—1, we get a new tree T'. Then
| V(T') |=| V(T) | =1, d(z) = d +d — 2 and

Rar) = Ry b LSl L
I ad ' d d+d—2121dw G
-1 ] Bn-1)+C 1 d—2 42
< (1) + =+ Z
= d(v)) 56 dd  dd+d—-2) 5
d—2 i 1
d(d+d —2) = d(v))
Hold: g;lld(i;z)§§+%:3%1 and ;lj;%d(ql),)gng(ZZs:% and
15 51 d—2 d+1
R_I(T) < waio+ 3 + +

56 5 " dd  dd+d—2) 12
d—2  3d+1 15n+C
dd+d-2) 12 5
d?(3d — 14) 4 d(3d? + 78d — 140) — 14d* — 140d + 336
168dd(d + d — 2)

150+ C
56

because d?(3d — 14) 4 d(3d* + 78d — 140) — 14d® — 140d + 336 > 0 for d > 5 and
d>5.

Case 2. The number of (2, 3) systems centered at z is 5 (m = 0), 6 (m = 1) and
7 (m = 2), where m is the difference between this number and 5. Let 5 (2, 3) systems
be centered at z, at least, and let wy, - -+, wq_g be the vertices of T', other than y and
5 (2,3) systems, adjacent to z and let v, - -, vz, be the vertices of T, other than z,
adjacent to y. By deleting the vertex y and connecting zv;, j =1,---, d—1, deleting
4 (2,3) systems centered at z and adding 3 (3,4) systems centered at z we get a new

tree 7. Then | V(") |=| V(T) |, dp(z) = d +d — 3 and
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1 1 7 5d+3 13
79(5 + g) = R_l(T,) - — + +~ - =

d—3 Cf 1,
d(d+d—3) = dw:)  d(d+d-3) i dvy)

+

Hold: Y40 hs < dsbom — imclS ) — 0,1,2, d > 6+ m and Y07} 75 <

by dohol _ 3dik=3 po— g .. 54m, d>k+1and

7 5d+3 13

Ba(T) < BT = 55+ 50 T 2dt+d—3)

d—3 Bd4m-—18 d-3 3d+k-3

d(d+d—3) 12 d(d+d—3) 12

P(d—2(k —3)) +d(d®+d — 6(7T — k)) — 2(2 + m)d® — 6(2 — m)d + 72
24dd(d +d — 3)

=R.(T") -

< R_(T)

because d2(d — 2(k — 3)) + d(d® +d — 6(7 — k)) — 2(2 + m)d®> — 6(2 — m)d + 72 > 0
form=0,d>6, k=45d>k+1m=1d>7 k=456, d>k+1 and
m=2 d>8, k=4,56,7, d>k+ 1.

Case 3. The number of (2, 3) systems centered at z is 8 (m = 0), 9 (m = 1), 10
(m =2), 11 (m = 3) and 12 (m = 4), where m is the difference between this number
and 8. Let 8 (2,3) systems be centered at z, at least, and let wy,---,wq_g be the
vertices of T', other than y and 8 (2, 3) systems, adjacent to z and let vy,---,v;_; be
the vertices of T', other than z, adjacent to y. By deleting the vertex y and connecting
205, 5 =1,--+, d—1, deleting 7 (2, 3) systems centered at z and adding 5 (3, 4) systems
centered at z we get a new tree 7. Then | V(T') |=| V(T) | =1, dpi(2) = d 4+ d — 4

and

RaT) = Ra@)+uts S L AL 5 1
-1 = 2 6" 3d dd d d+d—4 = dw)
1 1 -1 5 1

(=— )Y -

d d+d—4 Zdv) 4d+d—4) 3(d+d—4)
1 1. 15(n—1 1 1 1

RTINS 5(n )+C_7 8d+~3_ 9~
28 56 24 3dd  12(d+d—4)
d—4 421 d—4 =11
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Hold: 3557 g < 5+ = 452 m m=0,1,2,3,4,d > 9+m and Y0 <

by dokol _ sdike3 gy 5. 84 m,d>k+1and

J= 1 d(%)

Bn+C 13 8d+3 19 d—

R(TY< — = "4 — — = + = :
i) < =55 427 3dd  12(d+d—4)  d(d+d—4)
Bdtm-—27  d—4 3d+k-3 15n+C
12 d(d+d—4) 12 56

?(5d — T(k — 3)) + d(5d* — 27d — 28(6 — k)) — 7(m + 5)d?® + 28(2 + m)d + 336
84dd(d + d — 4)

- 15n + C
56

because d2(5d 7(k— 3))+d(5d2 27d 28(6 k)) 7(m+5)d2+28(2+m)c2+336 >0
k+1; m = 2, dz 11, k :4,5,6,7,8,9,10, dz k:+1; m=3,d>12 k=
4,5,6,7,8,9,10,11, d > k+1 and m =4, d > 13, k = 4,5,6,7,8,9,10,11,12, d >
k1. O

Now we can sharpen up Lemma 6 using Theorem 2.

Lemma 7. The Max Tree can not have the vertex with more than 6 (2, 3) systems

centered at it.

Proof. Let 7 (2, 3) systems be centered at vertex z, at least, where d(z) = d, d >
14 and w;, ¢ = 1,---,d — 7 are the other neighbors of z. By deleting 7 (2,3)
systems and adding 5 (3,4) systems centered at z, we get a new tree 7”. Then
| V(T") |=| V(T) |, dpv(2) =d — 2 and

) 11, 7 11 5
Ra(T) = RalT)+ MG+ 0)+ 55— 15G+ 9~ g0y
L1 4T 1 L d?—28d 1112
G a2 L dwy ~ " Gy
9 a—7 1
d(d —2) ; d(w;)
Since 3 < d(w;) < 4, holds Y= 1d(11‘,1) > 47 and
d? —28d + 112 2 d—1
(T) < R(T) - - '
Ra@) = BT - —=pa— ~da-2 1
d—14
= R,l(T,) — < Rfl(T/)

24d  —
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because d — 14 > 0, ford > 14. If d < 13, | V(T) |< 78 < 103. O

Now we will finally prove Theorem 1 with Lemma 8.

Lemma 8. The Max Tree has one vertex with maximum degree dy; = ”—;1 and

all (3,4) systems are centered at it.

Proof. As we have shown, the "suspected” Max Tree has one vertex of the
maximum degree and all (3,4) systems and (2,3) systems are centered at it. The
maximum number of (2,3) systems is 6. Denote by 5¢ the number of vertices on
t (t=0,1,2,3,4,5,6,) (2,3) systems. The maximum degree is dyy = d, + t where

__ n—1-5t
dy = "= and

11 1 11 t
(T) = BG4+ )y + 2t + )+ =
BT = BGH+ g )%+ 2G4 T 3059
_ 15dg 16643t 1m—1 t
T8 12 12(d, +t) 56 168
Tt Bn-1 t Tt
+ < — =t = <
12n—1+2t) = 56 168~ 12(102 +2t) =
15n —1
56

R_y(T) = 2L when t = 0, i.e., the Max Tree has one vertex with maximum

n—1
7

degree dy; = and all (3,4) systems are centered at it. O

The Max Tree is possible only if n — 1 =0 (mod 7). We will give our conjecture
about the structure of the Max Tree when n — 1 # 0 (mod 7). We denote by (1,5)*
system which has one suspended path x,y, 2z and three (2,3) systems adjacent to z,
where d(z) = 5. System which has 8 (2,3) systems adjacent to one vertex z, where
the d(z) = 9 we denote by (8(2,3),9). When n—1 # 0 (mod 7) the Max Tree can have
(2,3), (4,5), (1,5)* and (8(2,3),9) system. Denote by p the number of (2,3) systems,
by ¢ the number of (3, 4) systems, by r the number of (4, 5) systems, by s the number
of (1,5)* systems and by v the number of (8(23),9) systems. In the next table we

predict the structure of the Max Tree when n > ny.
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n—1(mod7)|p| q |r|s|vV R_(T)
0 0| =t]ojofo Lomol
1 3= 0000 P -S4l
2 0 n;m 1100 15?(;1_3'%_20(;3)
3 2| =E|ofo]o] Bt i iy
4 0220 1]0) Bt =8 - ol
5 L2280 (0|0| B =5 5+ momm
6 015210001 % -2 & — sy
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