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Abstract

The Randi¢ index R(G) of a graph G is the sum of the weights (d(u)d(v))~/2 of all
edges uv of G, where d(u) denotes the degree of the vertex u. In this paper, we give sharp
lower bounds of Randié¢ index of unicyclic graphs with girth g which partly confirms a

conjecture by Aouchiche, Hansen and Zheng.

1 Introduction

The Randi¢ index of an organic molecule whose molecular graph is G was introduced by

the chemist Milan Randi¢ in 1975 [14] as

Zm

where d(u) and d(v) stand for the degrees of the vertices u and v, respectively, and the
summation goes over all edges uv of G. This topological index, sometimes called connectivity

index, has been successfully related to physical and chemical properties of organic molecules
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and become one of the most popular molecular descriptors. This is the only topological index

to which two books [7, 8] are devoted.

A simple connected graph G is called unicyclic if it contains exactly one cycle, it is a cycle
or a cycle with trees attached to its vertices. A pendant vertex is a vertex of degree 1. The
girth of a graph is the length of a shortest cycle. Let %, 4 = {G: G is a unicyclic graph with
n vertices and girth g}, where 3 < g < n. In this paper, unicyclic graphs with girth g are

considered, and the lower bounds of their Randi¢ index are given.

Let n be a positive integer with n > 3. We define an unicyclic graph 2°(n) with n vertices
as follows: U%(n) is obtained from the star graph Kj ,_1 by connecting two pendant vertices

of Ky ,—1 (see Figure 1.1).

n-3

Figure 1.1

In this paper, we only consider finite, undirected and simple graphs. Undefined termi-
nologies and notations may refer to [3].

There are many results concerning Randié¢ index. B. Bollobds and P. Erdos [2] gave the
sharp lower bound of R(G) > v/n — 1 when G is a graph of order n without isolated vertices.
Pan, Xu and Yang [13] gave the sharp lower bounds on the Randi¢ index of unicyclic graphs
with n vertices and k pendant vertices. For more references, see [4, 5, 6, 9, 10, 11, 12, 15].

In [1], Aouchiche, Hansen and Zheng proposed a conjecture:

Conjecture. For any connected graph on n > 3 vertices with Randi¢ index R and girth g,
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with equalities if and only if G is U°(n).

R>

In this paper, we give sharp lower bounds of Randi¢ index of unicyclic graphs with girth

g which partly confirms the conjecture.
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2 Some Lemmas

In this section, we will give some lemmas which will be used in Section 3.

Lemma 2.1 Let x be a positive integer. Denote

1 1 1

Then f(x) is monotonously decreasing in x.

Proof. Note that df(z) Q(ii;\/‘% - "'2'3;5‘/5 = \/5(3‘4{23_6_9 < 0 where x < £ < z+1. Thus

f(z) is monotonously decreasing in z. 1

Lemma 2.2 Forx > 5, z?/‘:rf‘f + % > z:/‘::%/g

Proof. Let f(x) = z:/j:%f - w — 1. Since f(z) = £r1-v2 — L wherez — 1 < ¢ <u,

Ve 2(6-1)7
3 1
we have dfm 7(671)22((?:%?)(571)1 < 0. So f(x) is monotonously decreasing in x. Then
Flw) < f(5) = BB < 0. That s, 22 4 ] > 2=bed2 [

Lemma 2.3 Let x be a positive integer. Denote

V242 V2-2+422
2V +1 2\/x ’

Then f(x) is monotonously decreasing in x.

fla)=

Proof. Note that f(z) = % where z < £ < z + 1. Hence % = %jﬂff’) < 0.

So f(x) is monotonously decreasing in x. 1

Lemma 2.4 Let x, y, n be positive integers with 2 < x <n—2 and 2 <y <n —2. Denote

f@y) =———t =+ .

Then f(x,y) > —7t5 + =2

n—2 2(n—2)"
of@y) _ 1 y oy _ 1 z ;
Proof. Note that =52% = svas T QW < 0 and oy = oy + W < 0. Since

zSn—2andySn—27W9haVef(Ivy)Z_ﬁ"'\/2(272)' '
e
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3 Main results

Denote ¢(n, g) = "\/3*'—\[ +5—9,%(n,g9) = 37;\2:'—31‘[—0— 3. We have the following results.

Theorem 3.1 Let G € %,3. Then R(G) > ¢(n,3) and R(G) > (n,3) with equalities if
and only if G is U(n).

Proof. Note that p(n,3) = ¢(n,3) = % + %, we apply induction on n. For n = 3,
G = Cy, then R(G) = = ¢(3,3). For n =4, G = U°(4), then R(G) = Y88 1 1 — (4,3).
So in the following proof, we assume that n > 5. Let G e Upn—1,3.- Assume the Theorem is
true when G € %,—13. In the following four cases, we get a new graph G € %, 3 from el by

adding a vertex v. For convenience, we denote u,w,s € Cs.
Case 1. dg(v) =1 and v is adjacent to any vertex of the cycle Cs.

Without loss of generality, we assume that v is adjacent to u. Let d(u) = d. Denote
Nw)\{w,s} ={y1,y2,...,ya—2}. Wehave 2 < d <n—2,d(s) > 2,d(w) > 2,d(y;) > 1. Thus
d—2

, 1 11 1 ! ! !
RO = MO a1~ @ e T vawy T Ve \/a;wt@ Va+1

—

> pln—18) + (e — )t ) + (o ldfl -

=¥ ’ VA1 Vi AG) | Jdw) | VAT Vd =l V7w
n—4+v2 1 1 1 1 1 1

N = B R ) \/E)[(«/d(s)_'_ d(w))+(d_2)]+\/d+1
n74+\ﬁ 1 1 1

= n—2 5 (\/d—&- \/E)( 2+\[) \/d-‘r
n—4+v2 1 1 1 1

= n—2 +§ (\/n72+1_\/n72)(n_2_2+\/§)+\/n72+1

- n—4+v2 1 1 n—44+4+v2 n—4+v2

S T2 et o vns1 vne2

Il
5
=z
&

The last inequality follows by Lemma 2.1 as d < n — 2.

In order for the equality to hold, all inequalities in the above argument should be equali-

ties. Thus we have
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By the induction hypothesis, G' 2 4%(n — 1). Hence G' = U°(n) and it is easy to check
R(U°(n)) = ¢(n,3).
Case 2. dg(v) = 1. The vertex adjacent to v is a pendant vertex p of el

Denote the unique vertex adjacent to p is ¢. Let d(q) = d. We have d > 2. Thus

. 1 1 V2
R@) = RE)=+—=+
1-v2 V2
> —-1,3)+ + =
> p(n ) NGT] 5
> 7774+ﬂ+1+17\/§+£
n—2 2 2 2
_ n—4+\/§+1
n—2
> ¢(n,3).

The last inequality follows by Lemma 2.2.

Case 3. dg(v) = 1. The vertex adjacent to v is neither a pendant vertex of G’ nor a vertex

of the cycle Cs.

Denote the vertex adjacent to v is r. Let dG’ (r) = d. We have 2 < d < n — 4. Denote
N (r) = {y1,42,--.,ya}- Then there exists a vertex whose degree is at least 2 in these d

vertices. Thus

d
R(G) = R(G’)-‘r( Z ) \/dlﬁ
1 1 1
> pn-1,3)+ (m s +d -1+

_on-44+V2 1 V242d V2-2+42d
n—2 2 2y/d+1 2v/d

. 7174+\/§+1 2n—8+v2 2n-10++2

- n—2 2 2y/n—3 2y/n—4

> ¢(n,3).

The second inequality follows by Lemma 2.3 as d < n — 4. To check that the last inequality
holds, refer the readers to Appendix.
Case 4. dg(v) > 2.

If dg(v) > 2, then there exists more than one cycle in the graph G, which contradicts

to the definition of unicyclic graph. So we only consider dg(v) = 2. In this case, the vertex
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v split one edge of G, we assume that the edge is zy. If d(z) = 1 or d(y) = 1, it is
equivalent to the case that v adjacent to a pendant vertex, as we have proved in Case 2. So

2<d(xz)<n-2, 2<d(y) <n—2. Thus we have

. 1 1 1
@) = R Vi T adm T e
n—4+v2 1 1 P S 1
T Vn=2 2 d(w)d(y)  V2d()  /2d(y)
n—4++v2 1 1 2
n—2 T n 2t 2(n —2)
n—4+2/2- 2=
- n—2 + 2

The second inequality follows by Lemma 2.4.

. n—4+2v2——2— _
If n > 8, we have \/% < V2 -1, then R(G) > — = ‘"’2+% > I ‘:’::‘2/5+% >

”_3”7'*"1/5 + % = ¢(n,3). If 5 < n < 7, there is only one graph (see Figure 3.1) satisfied this

V-1
case.
AT
Figure 3.1 R(G) = £6H0/313 5 (7 3)
This completes the proof of our Theorem. 1

Theorem 3.2 Let G € %,y4. Then R(G) > ¢(n,g) and R(G) > ¥(n,g) with equalities if
and only if G is U°(n).

Proof. We apply induction on g. For g = 3, the theorem holds by Theorem 3.1. So in the
following proof, we assume that g > 4. Let G’ € Un—1,-1- Now, we add a vertex v on G

and consider the following two cases.

Case 1. We get a new graph G € %, by adding a vertex v on G
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It is not difficult to see that v must split one of the edges of the cycle Cy_1. We assume

that the edge is zy. Then 2 < d(z) <n —2, 2 <d(y) < n — 2. Thus

, 1 1 !
RO = RO~ Vi) Ve )
1 1 1
2 pn—1g-1)- Va@)d(y) * V2d(z) i V2d(y)
> pn-19-1)- i2+ 2(5—2)
n—4+v2 7
> T taet!
n—3+v2 7
= n—2 +§7
n—3+v2 7
Z n—1 +§_
= @(n’g)’

as mentioned in Lemma 2.4, the second inequality holds.

From Case 4 of Theorem 3.1, we also know that if n > 8, — \/d(;)d@) + \/ZZW + \/% >
—3+V2 _ n—4+2 S
n LS — u R Thus
' 1 1 1
R(G) = R(G) - + +
VIwdy)  2d@) | /2d()
n—3+v2 n—4++v2

> Y(n—1,9g—-1)+
> ,9—1) NI T
3n7\/1%\/§+%+n73+ﬁ7n74+\/§
- g—1 vVn—1 Vn—2
3n—12+3\/§+§ ) . o o
So R(G) — (n,g) > —VE— 4 nAE - nabE - IO B Let f(n) =

n—3+v2 _ n—4+v/2
n—1 vVn—2

Thus f(n) < f(5) < &. Wehave R(G)—1(n,g) = ﬁ[f(n)(g—?ﬁ—élf(n)-‘r%—}—%] >
0. That is, R(G) > ¢(n,g) when n > 8.

. Tt is follows that f(n) is strictly monotone decreasing from Lemma 2.2.

If n=>5, 6, 7, g > 4, then the theorem holds clearly by the facts that the total 23 graphs
are listed in Figure 3.2, and the following values maybe useful.

¥ (5,4)=1.655, ¥(5,5)=1.324, ¥(6,4)=1.856, 1(6,5)=1.484, 1 (6,6)=1.237, (7,4)=2.033,
¥(7,5)=1.626, ¥(7,6)=1.355, ¢(7,7)=1.162.

By all the above, for g > 4, we have R(G) > ¢(n, g) and R(G) > ¢(n, g). Thus, it follows
from Theorem 3.1 that R(G) > ¢(n,g) and R(G) > ¥ (n, g) with equalities if and only if G
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Figure 3.2

is U%(n).
Case 2. We get a new graph G e WU, g—1 by adding a vertex v on G
Apply induction on n, we can easily conclude that R(G") > ¢(n, g — 1) by Theorem 3.1.

So we only need to prove that R(G’”) > ¢(n,g—1). As proof methods similar to the cases of

Theorem 3.1, we simplified the proof of the following subcases.

Subcase 2.1. d»(v) = 1 and v is adjacent to any vertex of the cycle Cy_1.

R(G") > R(G)+1+(\/1T+ \/nlﬁ)(n_z_ufzwﬁ
371712+3\f+ 3 +1+ 1 +n74+\/§_n74+\/§
(g—Dvn—-2 2g-1) Vn—1 Vn—1 Vn—2

> Y(n,g—1).

The last inequality follows as g > 4.

Subcase 2.2. d(v) = 1. The vertex adjacent to v is a pendant vertex p of G
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Denote the unique vertex adjacent to p is ¢. Let d(¢q) = d. We have d > 2. Thus

R(G") = R(G’)—%—i—\/%#—?
3n— 12432 3 1-v2 V2
= -vaoe -1 vad T2
3n — 124 3v2 3 1
Z oveo3 -1 2
> Y(n,g—1).

The last inequality follows as n > 5.
Subcase 2.3. d»(v) = 1. The vertex adjacent to v is neither a pendant vertex of G’ nor a
vertex of the cycle Cy_;.

Denote the vertex adjacent to v is 7. Let d(r) = d. We have 2 < d < n — 4. Denote

Ner(r) = {y1,92,...,ya}. Then there exists a vertex whose degree is at least 2 in these d

vertices. Thus

, 1< 1
RG) = R+ (= 7 Z; Vi) | Var
3n — 124 3v2 3 2n—8+V2 2n-10+2

(9—1)vn—2 +2(g—1) * 2v/n—3 2vn—4
1/’(7179* 1)

\Y

The last inequality follows as g > 4.

Subcase 2.4. d(v) > 2.

p 3n— 12+ 3v2 3 1 2
R(G) = (971)\/n72+2(g71)*n72+ 2(n —2)

The last inequality follows as g > 4.

It follows from Case 1 and Case 2 that the Theorem holds. 1

4 Remarks

Now we show that the conjecture by Aouchiche, Hansen and Zheng is true for unicyclic
graphs. But we still do not know whether it is true for any connected graphs. The case

maybe much more complicated.
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Appendix
ops . —(12-6v/2)/z(z—3)+62—12—3/2
Proposition 1. For = > 3, i3 > 0.
; T-5V22 9442
Proof. 1t is easy to calculate that —( 5—421\/5 ) — Tosgs > 0 thus
T-2v2, T-22 42
(180 — 144V/2)[(z — 2‘[)2]—( 2‘[)2— 9+4v2 <0.
5-4v2 5-4v2 10 - 8v2
That is,
3622 — (144 + 36V/2)x + (162 + 72V2) > (216 — 144v/2)x(x — 3).
Hence 62 — 12 — 3v/2 > (12 — 64/2)/x(x — 3). Clearly, the Proposition holds. 1

2n—8+v2 _
2v/n—3

Proposition 2. Let n be a positive integer with n > 5. We will show that

2n—104++/2 > n=34v2 _ n—44+/2
2y/n—4 Vn—1 Vn=2 °

; 2m—8+v2 _ 2n—10+v2 _ 2(—V242 | n—3+v2 _ n—4+v2 _ £—V2+2
Proof. Since DN SR N S oV and Y B e R TV where n —4 <

(<n—3, n—2<&<n—1, we have

m—8+Vv2 2m—-10+v2 26-V2+2 (€ - )4z +12 — 6v2)y/x

2vn—3 2vn—4 46/€ 163
(2 +6 — 3v2)\/z
L BrHb-dva)ve
83
B 203 + (6 — 3v/2)x2
- 83
_ 2A6-3)7 4 (6-3vR)(E-3)2
8¢3
 (26-3V2)/E-3
8¢3 ’

where ( < z < £, the first inequality holds because £ — ¢ > 1 and the second inequality holds

because £ — 3 < z < . We also have

n=3+v2 n-4+V2 2%-V2+2 2-V2 43 -2/23

N n-2 €ve  4ve sg
Let f(&) = (26 —3V2)VE—3— 453 + 2\/553 In order to show the Proposition, it is sufficient
to show that f(£) > 0. It is easy to check that %55) = Z12-6v2)y 55;—3;+6§_12_3\/§. Then by
Proposition 1, f(£) is strictly monotone increasing. Since f(9) > 0, it follows that f(£) > 0

for £ > 9, that is, the Proposition holds for n > 11. When 5 < n < 10, we can directly prove

that the Proposition is correct. The proof is completed. 1



