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Abstract

The first Zagreb index M; is equal to the sum of the squares of the degrees of the
vertices, and the second Zagreb index Ms is equal to the sum of the products of the
degrees of pairs of adjacent vertices of the respective graph. We give upper bounds
for the Zagreb indices M; and M, of K, ;-free graphs in terms of the number of
vertices and the number of edges, where r > 2, and determine the graphs for which
the bounds are attained. We also consider K ;41- and Ky 4-free graphs, where
0<k<I

INTRODUCTION

Let G be a simple graph with vertex set V(G) and edge set E(G). For u € V(G),
I'(u) denotes the set of its (first) neighbors in G and the degree of u is d, = |T'(u)|.
The first Zagreb index M, and the second Zagreb index M, of G are defined as follows:

My =M(G)= Y (d)?

ueV(G)
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My=My(G)= Y dud,.

weE(G)

The Zagreb indices M; and M, were introduced in [1] and recognized in [2] as
measures of the branching of the molecular skeleton. These structure—descriptors
[3, 4] have been widely used in QSPR and QSAR studies (see [5]). Their main
properties were summarized in [6, 7], and some recent results can be found in [8-14].

Let G be a graph with n vertices and m edges. From the definitions of M; and

Ms, we have

M(G)= > > d,

ueV(G) vel'(u)
MG =5 ¥ b Y d
ueV(G) vel (u)
For a nonempty subset Vi of V(G), G[V1] denotes the subgraph of G induced by V;.
For any u € V(G), let ¢, be the number of edges of the subgraph G[I'(u)] and e, be the
number of edges connecting a vertex in I'(u) and a vertex in V(G)\ ({u}UT (u)). Note

that there are d, edges leading to u. Thus Y d, =d,+2c,+ey, e, <m—d, —cy,
vel (u)
and then

S dy<m+te, (1)

vel'(u)
with equality for d,, > 0 if and only if either d, =n —1 or G[V(G) \ ({u} UT(u))] is
an empty graph if d, <n — 1.
We now give upper bounds for the Zagreb indices M; and M of K, 1-free graphs
in terms of the number of vertices and the number of edges, where r > 2, and
determine the graphs for which the bounds are attained. We also consider K j j41-

and K q-free graphs, where 0 <k <.

UPPER BOUNDS FOR M; AND M,

Let G be a K, y1-free graph with n vertices, where r > 2. If r > n, then obviously
M (G) < M;y(K,) and My(G) < M(K,,) with either equality if and only if G = K.

So in the following we suppose that 2 <r <n — 1.

Theorem 1. Let G be a K,.i-free graph with n vertices and m > 0 edges, where
2<r<n-—1. Then

M) <=2 um @)
My(G) < % m? + (T’_l?«# n’m (3)
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with either equality if and only if G is a complete bipartite graph for r = 2 and a
reqular complete r-partite graph for r > 3.

Proof. Let u be any vertex of G. The subgraph G[I'(u)] may not contain a K, as
a subgraph and thus, by Turdn’s theorem (see [15]), ¢, < 2=3 (d,)* with equality
if and only if G[I'(u)] is a regular complete (r — 1)-partite graph (where a complete

1-partite graph is an empty graph). From (1),

Sod,<m+ 272 (d)?

vel(u) 2
and thus
r—2 r—2
M, (G %: [m + — (d,)?| =nm + 97— 9 M, (G)
from which we have (2).
Note that
d)? = 53 ¥ ¥ [(du)?+(d)
ueV(G) ueV (G) vel (u)
= Z E dudv + % Z E (du - dv)z

ueV(G) vel'(u) ueV (G) vel'(u)
= 2M(G)+1 ¥ % (du—dy)?

ueV(G) vel(u)

S QAIQ(G) + 1 Z E (du - d?))z
ueV(GQ) veV(G)

= 2M(G)+: ¥ Y [(d)+ ()] X X dud,
weV(G)veV(G) ueV(G) veV(G)

= 2My(G) + nM,(G) — 4m?.

N

N}

It is easy to see that

My(G) < § % du|mt 32 (d)] = m?+ 12 d,)?
2( ) -2 uegz(c) { 2r—2 ( ) ] 4r—4 ueac)( )
< m4 41;124 [2M5(G) + nM;(G) — 4m?]

and then 2

nA[l(G)

which, together with (2), implies (3)

Suppose that equality holds in (2). Then equality holds in (1) and ¢, = 23 (d,,)*
for any u € V(G). Thus for any u € V(G), G[I'(v)] is a regular complete (r — 1)-
partite graph, and d, = n—1 or G[V(G)\ ({u}UT'(u))] is an empty graph if d,, < n—1.

Let v and w be any pair of distinct vertices that are not adjacent. Suppose that there




594 -

is a vertex z € T'(v) \ I'(w). Then vz € E(G), and v,z € V(G) \ {w} UT(w)).
Thus d,, < n— 1, but G[V(G) \ {w} UT'(w))] is not an empty graph, which is a
contradiction. So I'(v) C I'(w) and then I'(v) = I'(w). Thus G = K

Ry for
any u € V(G). Now it is easy to see that G is a complete bipartite graph if r = 2
and G = Kn . nif r > 3.

Suppose that equality holds in (3). Then equality holds in (1) and ¢, = 7= (d.)?
for any u € V(G). So G is a complete bipartite graph for = 2 and a regular complete

(r — 1)-partite graph for r > 3.
Conversely, it is easy to check that (2) and (3) are both equalities if G is a complete
bipartite graph for r = 2 or a regular complete (r — 1)-partite graph for r > 3. 0O

Remark 2. The case of Kj-free graphs has been treated in [10]. Let G be a Ky-free
graph with n > 3 vertices and m > 0 edges. From [14], we have
dnm — 2s
My(G) < snm — 28
3
with equality if and only if G = KL%J“%W“TMJ, where 2s is the number of vertices

of odd degrees in G.

Remark 3. Let G be a K111~ and Ky q-free graph with n vertices and m > 0
edges, where 0 < k <. The cases k = [ (i.e., Ko -free graph) and k = 0,1 =1 (i.e.,
triangle- and quadrangle-free graph) have been treated in [13]. Since G is K j11-
free, a vertex from I'(u) has at most k neighbors in I'(u), and so 2¢, < kd,,. Since G
is Ky y1-free, a vertex from V(G) \ ({u} UT'(u)) has at most I neighbors in T'(u), and
so e, <lIl(n—d, —1). It follows that
MNoody=dy+2c,+e, <dy+kd,+1(n—d,—1) = (k+1—0d, +1(n—1).
vel (u)

Now we can easily prove that
M(G) <2(k+1—-1)m+In(n—1)

My(G) < (k41 —=1*m+1(n—1)m+ % (k+1—10in(n—1)

with either equality if and only each pair of adjacent vertices in G has exactly k
common neighbors and each pair of non-adjacent vertices in G has exactly [ common

neighbors.

Remark 4. Let G be a graph with n vertices, m edges and minimum vertex degree
0 > 1. Note that for all u € V(G),

Z d, <2m—d, — (n—1—d,)d

vel(u)
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with equality if and only if either d, = n — 1 or all vertices not adjacent to u are of
degree 6. Thus

1 1
My(G) <= Y du2m—dy— (n—1—d,)] =2m® — (n— 1)ymé + 3 (0 —1)M(G).
ueV(G)

We can find upper bounds for M(G) depending on n, m and 6 by using the upper
bounds for M;(G) (see [13, 14]).
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