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1. THE GROUPS OF CYCLOPROPANE
In this paper we shall use freely the terminology and notation from [2]. In accord to

[4, V], or [1, Corollary 5.1.3], the group G < Sg of univalent substitution isomerism of
cyclopropane C3Hg coincides up to conjugacy with the group

((123)(456), (14)(26)(35)),

which is isomorphic to the dihedral group of order 6. Since there are chiral pairs among
the derivatives of cyclopropane, the group G’ < Sg of stereoisomerism of cyclopropane
contains G and has order 12, so it coincides up to conjugacy with the group

((123)(456), (14)(26)(35), (14)(25)(36))

that is isomorphic to the dihedral group of order 12 — see [4, V], or [1, Corollary 5.1.4].
The structural formula (graph) of cyclopropane
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yields that its group G” < Sg of structural isomerism, up to conjugacy, coincides with
the group
((123)(456), (14)(26)(35), (14))

of order 48. Moreover, G < G' < G".

2. THE ISOMERS OF CYCLOPROPANE AND THEIR SUBSTITUTION REACTIONS

Below, for any empirical formula A € Py, we list the corresponding products of cyclo-
propane as well as the genetic reactions among them.

Case 1. A = (6).
We have
Tioyc = Toper = Toper = {a) s
where ag) is the only G- and at the same time G’- and G"-orbit of the tabloid A®) =
({1,2,3,4,5,6}). The orbit a( represents the parent molecule of cyclopropane.

Case 2. A = (5,1).
The transitivity of the group G yields

T(5,1);G = T(S,l);G’ = T(5,1);G" = {0(5,1)}7

where a(s 1) is the only G- and at the same time G’- and G"-orbit of the tabloid AGD —
({1,2,3,4,5}, {6}).

The only possible substitution reaction between the parent substance of cyclopropane
and its mono-substitution derivative is designated a(s,1) < a(), because RLGA(‘LS’D =
A®) and hence AV < A©®) We remind that the operation R, 6 applied on the tabloid
AGD means “replace the ligand of type z» in position 6 by a ligand of type 2;”. The
converse operation “replace the ligand of type 1 in position 6 by a ligand of type x5”
represents the simple substitution reaction

A©) 4G

Case 3. A = (4,2).
We have
T(4,2)-,G = {G(4,2)7 5(4,2)7 C(4,2)5 €(4,2) }7
where:
a(a,2y is the G-orbit of the tabloid A% = ({1,2,3,4}, {5,6}),
b(a,2) is the G-orbit of the tabloid B*? = ({1,2,4,5},{3,6}),
¢(a,2) i the G-orbit of the tabloid C* = ({1,2,4,6},{3,5}),
e(4,2) is the G-orbit of the tabloid E*?) = ({1,3,4,5},{2,6}).
Below are all inequalities between the structural formulae of di-substitution homoge-
neous derivatives and the structural formula of the mono-substitution derivative of cy-
clopropane. We have

AA2) A(5'1)7 B&2) ~ A<5"1),
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(123)(456)C 2 < AGN - pi2) « gGD

because
Ry s A% = Ry 3B = Ry 1(123)(456)C ™42 = Ry o B2 = AGD,
Thus, we obtain the following substitution reactions
AGD A2 4G, p(2)

ABY . (123)(456)C 3D AGLD . g

which mean “replace the ligand of type z; in position 5 of the tabloid A1) by a ligand
of type 2”7, “replace the ligand of type z; in position 3 of the tabloid AGD by a ligand
of type 2”7, “replace the ligand of type z; in position 1 of the tabloid AGD by a ligand
of type z2”, and, “replace the ligand of type z; in position 2 of the tabloid AGD by a
ligand of type z3”, respectively.

These simple substitution reactions are also designated by the inequalities

a2y < a1y, b2y < asay, Cu2) < A1), €4,2) < A1)

The set of G'-orbits in T{4 o) is

Tu2)c = {a(4,2)7 b(4,2), C(a,2) U 6(4,2)}7

so the (4,2)-products that correspond to C(4,2) and e(4 9y are members of a chiral pair.
The set of G”-orbits in T4 ) is

Ta,2);6m = {b,2), aa,2) U (ca2) Uew2))},

hence the products that correspond to a(4,2), ¢(4,2), and e(4 9y are structurally identical,
and any one of them is structurally isomeric with the product which corresponds to
b(4y2).

Case 4. \ = (4,1%).
In this case we have

T(4,12);G = {fl(4,12)7b(4,12)70(4,12)76(4«,12)~, f(4,12)},
where: )
a(4,12) is the G-orbit of the tabloid G- ({1,2,3,4}, {5}, {6}),
bia12) is the G-orbit of the tabloid B("') = ({1,2,3,4}, {6}, {5}),
C(a12) is the G-orbit of the tabloid C(*1) = ({1,2,4,5},{3},{6}),
e(a.12) is the G-orbit of the tabloid E(*'") = ({1,2,4,6}, {3}, {5}),

Fiazz is the G-orbit of the tabloid F(*1*) = ({1,3,4,5}, {2}, {6}).
The following inequalities hold between the di-substitution homogeneous and the di-
substitution heterogeneous derivatives of cyclopropane:

A(4.1%) <A<4’2), B4.1%) <A(4~2>7
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0(4,12) <B(4’2), E(4,12) <C(4*2)7 F(4,12) < p(42)

Indeed,
Rz,e,A(4’12) _ R2,53(4’12) — A2,

R, 60(4,12) _ B(4,2)7 R, 5E(4"12) _ 0(4,2)7 R2<6F(4’12) — p2)

In this way we obtain the following substitution reactions

A4 A(4,12)7 A2 B(4,12)

)

B2 __, 0(4*12)7 c42 E(4’12), 42 F(4’12),

which mean “replace the ligand of type x5 in position 6 of the tabloid A®*2) by a ligand
of type 3”7, “replace the ligand of type x5 in position 5 of the tabloid A®?2) by a ligand
of type z3”, “replace the ligand of type z» in position 6 of the tabloid B®*?2) by a ligand
of type z3”, “replace the ligand of type x5 in position 5 of the tabloid C*2) by a ligand
of type x3”, and, “replace the ligand of type x5 in position 6 of the tabloid F(*?) by a
ligand of type z3” respectively. In terms of inequalities these substitution reactions can
be represented as follows:

a(4,12) < A(4,2), b2y < a42),

€,12) < b2y, e12) < a2 flurz) <ewo)-

Further, we obtain

T2y = {ag@az) Ubuz), caa2), a2 U fuin},

and therefore the products that correspond to the members of any one of the sets
{a(,12),b(,12)}, and {e(4,12), f(4,12)} form a chiral pair, and the product that corresponds
t0 c(4,12) is a dimer. Moreover,

Tu2yer = {(a@12) Ubu,2y) Ulewz) U flaa2)s ca2) -

Hence the four members of the above two chiral pairs are structurally identical, and
each one of them is structurally isomeric to the product that corresponds to the dimer
6(4’12) .
Case 5. A = (32).
Now we have

Tiszye = {ag2), by, e, e )
where: )
a(s2) is the G-orbit of the tabloid A(") = ({1,2,3}, {4,5,6}),
bsz is the G-orbit of the tabloid B(*") = ({1,2,4}, {3,5,6}),
c(32) is the G-orbit of the tabloid c®) = ({1,2,5},{3,4,6}),
e(s) is the G-orbit of the tabloid E(*") = ({1,2,6}, {3,4,5}).
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We have the following inequalities between the tabloids of shape (32) and the tabloids
of shape (4, 2):
AB) < 4642 B(3) < 46D (132)(465)C(%) < AGD | (123)(456)E(*) < 442

2

B(32) < B<472), 0(3 ) < B(“’Z),
B(sz) <C(4"2)7 E(s"’) <C(4’2),
(132)(465)C(3*) < B2 (132)(465)E(¥) < B4,
because

Ri4A®) = Ry sB() = Ry 5(132)(465)0(%) = Ry 1(123)(456)E(¥) = A(42)

31,53(32) = R174C(32) — BU42),
RI,GB(32) = R1,4E(32) =CoW2),

Ry 5(132)(465)C(%°) = Ry 4(132)(465)E(*) = 542,
Thus, the substitution reactions among di-substitution homogeneous derivatives of cy-
clopropane and its tri-substitution homogeneous derivatives, can be represented as fol-
lows:
a(32) < Q(4,2), b(32) < a(4,2), €(32) < a(4,2); €(32) < A(4,2),

b(32) < b(412), C(32) < b<412),

b(32) < C(4,2), €(32) < C(a,2),

C(32) < €(4,2), €(32) < €(4,2)-

The set of all G’-orbits is
T(SZ);G’ = {a(32), b(32) U 0(32), 6’(32)}7

so the products that correspond to the members of the set {b(s2),c(32)} form a chiral
pair,and the products that correspond to a(z2y and e(32) are dimers.
The set of all G"-orbits is

T(32>;Gu = {a(32) U e(s2), (b(sz) U 0(32))},

and this yields structural identity of the dimers which correspond to a(s2y and e(32), and
each one of them is structurally isomeric to any member of the above chiral pair.

Case 6. A = (3,2,1).
We have
T(3,2,1),6 =
{0(3,2,1)7 b(3,2,1)» C(3,2,1)5 €(3,2,1)» f(3,2#1), h(3,2,1), k(3,2,1), 5(3,271) ) m(3,2,1)7p(3,2,1)}

where:
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a(s,2,1) is the G-orbit of the tabloid AB2D = ({1,2,3},{4,5},{6}),
bes,2,1) is the G-orbit of the tabloid BG:21) = ({1,2,4},{3,5}, {6}),
C(3,2,1) is the G-orbit of the tabloid cB21 = ({1,2,4},{3,6}, {5}),
€(3,2,1) is the G-orbit of the tabloid EG21 = ({1,2,4},{5,6}, {3}),
f(3,2,1) is the G-orbit of the tabloid FG21 = ({1,2,5},{3,4},{6}),
R(3,2,1) is the G-orbit of the tabloid H®2V = ({1,2,5},{3,6},{4}),
k(3.2,1) is the G-orbit of the tabloid K21 = ({1,2,5}, {4,6},{3}).
{(3,2,1) is the G-orbit of the tabloid L2V = ({1,2,6},{3,4},{5}),
m3,2,1) is the G-orbit of the tabloid M2V = ({1,2,6},{3,5},{4}),
P(3,2,1) is the G-orbit of the tabloid P21 = ({1,2,6}, {4,5},{3}).
The inequalities between the tabloids of shape (3,2, 1) and the tabloids of shape (4,12)
and (32), respectively, are as follows:

AB21) o 4(41%) pB21) <A(4"12),

(132)(465)H 2D < A1) | (123)(456) L2 < A(117)
(132)(465) AB2D < p(41?) 21 o p(41°)
(132)(465) F321) < B(41%) (123)(456)M 321 < B(+1),

BB2Y <« c(+*) (15 24)(36)E32*1> <o),
(4 12

4,12

2

)
)
)
),

2

(132)(465) H®2D < p(41°)  (15)(24)(36) K ®2D) < p(41%)

vv

(132)(465) M @21 < p(41%) " (15)(24)(36)PB21 < p(41%),

and
AB21) A(32

2

),

BG21 B(a) cB2 - g )7 B2 B(32),
pe2 o (3 )’ B2y o C(32)7 KB21 o 0(32),

JACER N E(a) MB2D o E(az) pB21 E(32),

because

Ry 4AB2D = Ry sBG2D = R, 5(132)(465)H®>D = R, ,(123)(456)L3>1) = A(417),

Ry ,4(132)(465) A2 = Ry 30321 = Ry 5(132)(465)F 21 =
Ry.1(123)(456)(36) M 32D = p(41°),
Ry sBG2YD = Ry 1(15)(24)(36)EG2D = R, 4, FG2D =
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Ry2(15)(24)(36) K321 = ¢(+1°)
Ry 6C32Y = Ry 5(14)(26)(35) EG2Y = Ry LG =
Ry.1(14)(26)(35) P32 = g(+1°)
Ry5(132)(465) H®21 = Ry 5(15)(24)(36) K21 = Ry 4(132)(465)M 21 =
Ry 1(15)(24)(36) P21 = p(41%),

and
R2 GA(SAQ,I) _ A(32)

32.63(3’2"1) _ R2750(3’2"1) _ R273E(3"2’1> _ B(32)7
Ry g FG2D — R274H(3’2’1) _ R273K(3’2’1) _ C(32),
R275L(3"2’1) _ R2,4M<3’2’1> _ R273P<3"2’1) — p(3)
Therefore all simple substitution reactions between (3,2, 1)-derivatives of cyclopropane
and its (4,12)-derivatives and (32)-derivatives, respectively, are:
a2,y < a4,12), bz2,1) < a,12),
h,2,1) < a2y, f(3,2,1) < Q(4,12),
az2,1) < bu12), ¢32.1) < bu,12),
f(3,2,1) < b(4,12)» ms.2,1) < b,12),
b3.2,1) < C4,12), €3.2,1) < C(4,12),
J@21) <cuiy, ke <cure),
C(3,2,1) < €(4,12); €(3,2,1) < €(4,12),
L3.2,1) < €412y, P3,2,1) < €4,12))
hz2.1) < fla2), kEen < fuiz),
ma2,1) < f412), P21 < fua2),

and
a(3,2,1) < A(32),

b3.2,1) < bs2), ¢321) < b2y, €32,1) < bs2),
f2.1) <c@2), haon) <cseys ko) <@,
Li32,1) < €32y, M(32,1) < €(32), P3,2,1) < €(32)-

The set of G'-orbits in T(32,1) is
Ts21)60 =

{a@2,1), 0,2, U f3.2,1), €3.2,1) U s 2,1)s €3,2,1) U k3,2,1), £3,2,1) UMz,2,1), P(3,2,1) -
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In particular, the products that correspond to the members of the two-element sets

{b(3,2,1)»f(3,2.1)}7 {C(3,2,1)7h(3,2,1)}7 {6(3,2,1)»k(3,2,1)}7 {5(3,2,1),7”(312,1)},

form chiral pairs and the products that correspond to a3 2.1y and p(3 2.1y are dimers.
Further, the set of G"-orbits in T(3 4 1) is

Tis,2,1)6 = {a,2,1) U (€2, Ums2n)) Upse,

(b2,1) U f3,2.1)) U ey Uksen): (cs2,1) Uhen)}

Hence the members of different sets below are structural isomers:

{a(3,2,1)7f(3,2,1)7 m(372,1)7}7(3,2,1)}» {5(3«,2,1)7 f(372,1)7 €(3,2,1)» k’(372,1)}, {0(3,2«,1)» h(3,271)}~

Case 7. A = (3,13).
Now, we have

Ts3):6 = {a(3,13), A(3,13), b(3,13), 5(3,13)7 €(3,13), €(3,13)5 €(3,13)5 €(3,13)> J(3,1%), f(s,ls),

h(z,13, B(3,13)7 k(3,13 ]5(3,13),5(3,13)7@(3,13)7 M (3,13), (3,13), D(3,13), D(3,15) }»
where:
(3,13 is the G-orbit of the tabloid A
(3,13 is the G-orbit of the tabloid ABY
b(3,13 is the G-orbit of the tabloid B(3 2
b(3 13y is the G-orbit of the tabloid BB

(31%) =

) =

) =

) =

¢(3,13) is the G-orbit of the tabloid C 3.1%)
) =

) =

) =

) =

) =

({1,2,3}, {4}, {5}, {6}),
({1,2,3}, {4}, {6}, {5}),
({1,2,4}, {3}, {5}, {6}),
({1,2,4}, {3}, {6}, {5}),
(1) = ({1,2,4}, {5}, {3}, {6}),
Gis.19) Is the G-orbit of the tabloid C(**) = ({1,2,4}, {5}, {6},{3}),
€(3,1%) is the G-orbit of the tabloid g1 (
€(3.1% is the G-orbit of the tabloid E(*1°) = (
f(3,13) is the G-orbit of the tabloid S (
f(3,12) is the G-orbit of the tabloid jolChy (
h(s1) is the G-orbit of the tabloid H(*'*) = ({1,2,5},{4},{3},{6}),
h(s13) is the G-orbit of the tabloid H(*'*) = ({1,2,5},{4},{6},{3}),
k(s.19) is the G-orbit of the tabloid K (*1*) = ({1,2,5},{6}, {3}, {4}),
(3.2°) = )
3

{1,2,4},{6}, {5}, {3}),
{1,2,5}, {3}, {4}, {6}),
{1,2,5}, {3}, {6}, {4}),

)
)
{1,2,4},{6},{3},{5}),
)
)

k(s.19) is the G-orbit of the tabloid K(*'*) = ({1,2,5},{6},{4},{3}),
{(3.15) is the G-orbit of the tabloid L(*'*) = ({1,2,6}, {3}, {4}, {5}),
U(3.15) is the G-orbit of the tabloid L(*'*) = ({1,2,6}, {3}, {5}, {4}),
my3,13) is the G-orbit of the tabloid MmE) = ({1,2,6}, {4}, {3}, {5}),
My3,13) is the G-orbit of the tabloid B = ({1,2,6},{4},{5},{3}),
P(s.1s) is the G-orbit of the tabloid P(*") = ({1,2,6}, {5}, {3},{4}),
Ps1s) is the G-orbit of the tabloid P(*1") = ({1,2,6}, {5}, {4},{3}).
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The inequalities between the tabloids of shape (3,1%) and the tabloids of shape (3,2,1)
are as follows:

A(3,13) <A(3’2’1), A(3’13)<A(3’2’U7

B:;,l3 <B(3’2’1), B(s 1%) <B(321) ( 1%) <B(321) 0(3,13 <B(3"2’1),

(
Bl
3,1° < E(3*2"1), @(3,13) < BB321 E(3 13 < E(3*2’1), E(a 18 < E‘(“U

)

Foll
F(3,13 <F(3’2’1), F(3 1) <F(321)7 H(3 18 <F(3’2’1), H(3,13) <F(3’2’1),

) )
3,1%) < 0(3,2,1)7 B’( 1%) < B2 7 E(s 1%) < C«(s,z,l)7 E(3,13) < 0(3,2,1)7
) ) )
) )
JalCHA I HG2D, F(3.1°) o B2, b, k(1) o g2y p(B1%) o HG2D,
( ) ) )

)

T 3,1%) < K(&,z,n7 7(3,1° < KB21 7 K(3 13 < K(321) f((3 13 < K(s,z,l)7
L(3,13) <L(3"2"1), E(3’13) <L(321) M(31 ) < L(3*2’1)7 M(:}.,ﬁ) <L(3’2’1)7
) 5(3,1%) < ]V[(3’2’1),

-(34,1"

%) < P(3,2,1)7

,(3.1%) < MB2D, JAcEN < MG2D, p31 )<M(3*2’1>,
A (31%) < pB2D), A7(31%) < pB:2Y) p(3.1°%) < pB2D),

because

R2,5R3,6A(3’13) = R2.5A(3’13) = ABG2D
Ra 53, 63(3’13) Ro, 53( ¥) = Ro 33, 60(31;) Rz,sc(
RZGB( ) = Ry, 6R3SB( ) = Ro3R3, 5E(3’13) RQ,3E(3’13)=C(3’2’1)7
(

Ry 66’( 1) — Ry 613, ,0B1Y) — R, 5E(3 1¥) _ RysRssE 81°%) _ p(32.1)
o, oF (1) = R“F( 1) = Rz,gRs,eH(3’13) — R2,3ﬂ(3’13) — 320
Ry GF( 3.1° Ry 63, 4F( a1%) R273R3,4K(3’13) _ R273f((3v13) _ g2
) ) =R, 4Ry s K1) = (321

(

) =
RogHG) = Ry Ry s HY) = Ry (i (3 (31%)
RoaRss L) = Ry yL(31) = Ry 3Ry s M(32°) = Ry 501(32°) = L3:21),
R2,5L( ) = Ry 5R3, 41:4(3’1 ) = R2)3R314P(3"1 ) = R2,3P(3’13) = MG
RosMBY) = Ry Ry 501(31°) = R, ,P(Y°) = Ry Ry s P(317) = pB:21),

Thus, all substitution reactions among (3, 1%)-derivatives and (3,2, 1)-derivatives of cy-
clopropane are designated by the following inequalities:

ae3,13) < Q(3,2,1)5 4(3,13) < 4(3,2,1),

b(3,13) < b(3.2,1), 6(3,13) < b2, ¢3,13) < b2, €313 < D3.2.1),
b2 < C2,1) beas) < Ce2) €@ < ez €@ < CE2);

€(3,1%) < €(3,2,1), €(3,13) < €(3,2,1)s €(3,13) < €(3,2,1)s €(3,13) < €(3,2,1)5
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fe13) < f2), f(3,13) < fz.2.1), M3y < f3.2.1) 3(34,13) < f32.1),

f(3,13) < h@32), f<3,13) < h@on, ka3 <hsei, ];’(3,13) < h@32),

h(z13) < k2.1, E(3113) <k@an: ke <kszn E(3,13) <k@a21)

l(3,13) < L32,1)s 5(3,13) <{l321), M3y < l321), ME13) < {321),
5(3,13) <M321), Z(3,13) <Mm32.1) P(3,13) < M(3,2,1), P(3,13) < M(3,2,1)s
m3.18) < P3,2,1), M(3,13) < D(3,2,1), P3,13) < P(3,2,1): P(3,13) < D(3,2,1)-

We have
Tz =

{ags 1) Udis,ie), bz U fa10), baaey U f1e), ¢318) U Rz 1oy, 6310y U Rz ey,
€@3,1%) U Kk(3,13), €3,13) U E(3,13)7€(3,13) U Z(3,13)7 ms,18) U P(3,19),7M3,18) U Ps,19) }-

Therefore the members of any one of the following two-element sets are chiral pairs:
{1y aein b (e feand bei9), feanh {eee) ke b {ees)heimb

{€aazy, haan ), {eeasy,keant {80 kaanh {leas), lean
{ms,19),03,19) 1 {ms,19), D(3,19) }-
Further,
T aoyer =

{(a@s,19) Uds.19)) U (€313 U L(313)) U (Mmz,13) Upaas)) U (Mss) Ubsas)),
(b(3,19) U f(3,19)) U (€(3,13) U 3,19)), (B(3,19) U fis,19)) U (eq3,13) U ks,19)),
(c(3,19) Uhgza3) U (€s,18) U hgzas) -
Thus, the members of any one set from the list below are structurally identical as long
as the members of different sets are structural isomers:

{a(3,13),a(3,13), £(3,13) Z(3,13)7771(3,13),17(3,13)> (3,13, P(3,13) }»
{b.12), f3.19): €3,19) Kz b {0319y, F3.19), €3.19): k39 1
{3,185 I3,18)5 €(3,19) 5(3,13)}-

Case 8. \ = (2°).
We have

Tio3y.c = {a(23), sy, basy, basy, C(asy, E23), €23), €(23), f29), fra9y,

h(gs), B(gs), k(g's), E(g'&), Z(Q:ﬂ) s E(gs), m(ga) s ’l’h(g'&)},
where: .
a(zs) is the G-orbit of the tabloid A®) = ({1,2},{3,4},{5,6}),
(s, is the G-orbit of the tabloid A(2") = ({1,2},{3,5}, {4,6}),
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bzs) is the G-orbit of the tabloid B(*) =
5(23) is the G-orbit of the tabloid B(?’
¢(23) is the G-orbit of the tabloid C z

(") = ({1,2},{3,6}. {4.5}),
(
(2
C(28) is the G-orbit of the tabloid c®
(
(
(

(

= ({172}7{475}’{37 6} )

= ({1’2}7{476}7 {375} s
(

€(23) is the G-orbit of the tabloid £ 2
€(23) is the G-orbit of the tabloid B
f(23) is the G-orbit of the tabloid F 2
f(23) is the G-orbit of the tabloid F(23

= ({L 4}7 {27 5}7 {37 6} 5
= ({1,4},{2,3},{5,6}),
= ({14}, {3,5},{2,6});,
h(zs is the G-orbit of the tabloid H(*) = ({1,5},{2,3},{4,6}),
h(29 is the G-orbit of the tabloid A(*) = ({1,5},{2,4},{3,6}),

)

)

) )
) )
) )

) = ({1,2},{5,6},{3.4}),
) = ({1,4},{2,3},{5,6}),
) )
) )
)

k(s is the G-orbit of the tabloid K(**) = ({1,5},{2,6}, {3,4}),
(s, is the G-orbit of the tabloid K(**) = ({1,5},{3,6},{2,4}),
{139 is the G-orbit of the tabloid L(2") = ({1,6},{2,3}, {4,5}),
{(23) is the G-orbit of the tabloid L) = ({1,6},{2,4},{3,5}),
m(zs) is the G-orbit of the tabloid M(**) = ({1,6},{2,5}, {3,4}),

Mzs) is the G-orbit of the tabloid 11(2") = ({1,6},{3,4},{2,5}).
All inequalities between the tabloids of shape (23) and those of shape (3,2,1) are as
follows:

A®) < 42D 4(2) « 4B21)(123)(456)B(2)) < AG2D),

B(®) < AG21(123)(456)C(2") < AB2D | (132)(465)C(2") < AEG2D),
A(23) <B(3"2’1), A(Q“) <B(3’2’1) *( %) <B(3,2,1)
£(2%) < B(3,2,1)7 E(23) < B(3,2.1) Jalt ) B(3’2’1),
(123)(456)L(2") < B2 (123)(456)L(2") < BG2D | (123)(456)31(2") < BG:2D),
A(23) < 0(3,2«,1), B(QS) <O(3,2,1)7 0(23) <C’<3"2’1>,

E(®) < 321 (14)(26)(35)E(*’) < cB2D | p(2*) < o321
(123)(456)L(2") < 02D (14)(26)(35)L(2") < B2 (123)(456)M (") < ¢3:2:D)
B(QS) <E(3"2’1)7 0(23) < E(3,2,1)7 0(23) < E(3,2,1)7
(14)(26)(35)E(?) < EG2D | B(*°) < pe21) | p(?*) < pG21)
(14)(26)(35)L(2") < BG2D | (14)(26)(35)L(2’) < EG:2D) | (123)(456)01(2') < EG:2D)
A(23) <F(3’2"1), A(23) <F(3,2,1)7 B(zs) <F(3’2’1),

(123)(456) E(2") < G2 (15)(24)(36)E(2’) < FG21 | (123)(456)F(2') < FG321),
H®) < pe21 7(2) < p621) | (15)(24)(36) K (2') < pG2D),

AC) < g@21) ) B() < gB2) o(F) < gB21) | (123)(456)E(°) < HE2D),
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(123)(456)E(*") < HB2D (123)(456)F(2) < HG2D,
g@) < ge2n k() o gean @) o geen,

B < kG20 o) < k620 6(2°) < gG21 (15)(24)(36)E(") < K32,
(15)(24) (36)E(*") < K321 (123)(456)F(*") < K321,
(15)(24)(36)1-[(23) < KB2D g2 o g2 g(2) o G2
A®) < g2y p() o g2 o) £ 62D (123)456)H(") < LG22,
(123)(456) K (2*) < LB21) | (123)(456)K(2) < L3221,

L) < pe2y L) o pe2an () o G2y,

AR) < 20 g(2) < 621 G(2) L 621, (123)(456)H(23) < G2,
(123)(456) H (") < MB2D (16)(25)(34) K (2?) < M2,

L") < pyB2y, (16)(25)(34)Z(23) < MB2D (2 < g2,

B(®) < pB2y o) £ pB2Y G(2)  pE2D | (16)(25)(34)H (") < pG2),
(16)(25)(34) K (2*) < P32 (123)(456) K (**) < p3:21),
(16)(25)(34) L") < pB21 [(2*) < p@21) () < pB21),

because . o 3
R1,3R2,5A(2 ) — R1,3R2,4A(2 ) — R1,1R2,5(123)(456)B(2 ) _

R1,3B(23) = R1’1(123)(456)C(23) _ R1,2(132)(465)é(23) _ A(372,1)’
R174R275A(23) = R1,4/_1(23) = R1,4R2,3B(23) =

Rl,zRg,sE(zs) = R1,2R2,3E‘(23) — Rlvzp(?)

RixRos(123)(456) L") = Ry 1 (123)(456)L(2") = Ry 1 Ry 5(123)(456) 5 (%) = B&:21),

RiaRasA®) = R BCY) = Ry 4Ry s0(?) =

Ri2RaoE®) = Ry 5(14)(26)(35)E?") = Ry y Ry (*") =

Ri1Ra.6(123)(456)L(%") = Ry 1 Ry 5(14)(26)(35)L(%") =
Ry1(123)(456)M (2°) = ¢3:21),

RiaRosB®) = RyyRy5s0() = R ,0°) =

Ru5(14)(26)(35)E(") = Ry oRygEC") = Ry 4Ry sF(?') =

Ri1(14)(26)(35)L(") = Ry Ry 5(14)(26)(35)L(2°) =

Ri1 R 6(123)(456) 31 (2°) = p3:21),
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R115A(23) = R1,5R2,4A(23) = R1,5R2’3B(23) -
Ri1R24(128)(456) E") = Ry 1 Rp5(15)(24)(36)E(*") = Ry 1(123)(456)F(*') =
RiaRosH®') = RyoRy s A = Ry 5(15)(24)(36) K (%) = p@:21)
RisRy6A(®) = Ry sB(") = Ry 5R, 5C(%°) =
Ry Ry 6(123)(456)E(*") = Ry (123)(456)E(") = Ry 1 Ry 5(123)(456)F(2*) =
R1,2R216H(23) = R1,2R2,3K(23) = Rmf((?a) = g®2n,
R1,5R2,GB(23) = RM,O(ZS) — RLSRM@(ZS) _
Ry 1(15)(20)(36)E(*") = Ry 1 Ry 6(15)(24)(36) EC") = Ry 1 Ry 4(123)(456) F(*") =
Ry 5(15)(24)(36)H(®') = Ry oRy 6 l1(*") = Ry o Ry 4 K(*) = K20,
RI,GA(QS) = R1,6R2,4B(23) = R1,6R2,30(23) —
Ri1R4(123)(456)H(*') = Ry 1 (128)(456) K (") = Ry 1 Ry 5(123)(456) K (") =
R1,2R2,4L(23) = R172R2,3Z(23) - RLQM(ZS) — B2
RI,GA(QS) = RI,GRZ,SB(QS) = R1,6R2,30(23) =
Ri1Ro5(123)(456)H(*") = Ry 1(123)(456)H(*') = Ry 1 Ry 5(16)(25) (34) K (%) =
RiaRy5L(%") = Ry 5(16)(25)(34) L") = Ry o Ry sM(?°) = 321,
RLGB(ZS) = R1,eRz,5C’(23) = RLGRMC’(ZS) -
R11(16)(25)(34) H(®*) = Ry 1 Ry.4(16)(25)(30) K (°) = Ry 1 Ry 5(123) (456)K (2*) =
Ry 2(16)(25)(34) L(%) = Ry 3Ry 51(%") = Ry 5 Ry 4 M (%) = P32,
Therefore the substitution reactions among (2%)-products and (3,2, 1)-products of cy-
clopropane are as follows:

a3y < a(321), G23) < A(3,2,1); b(23> < a@sa2n),

5(23) <aes,2,1), C23) < a3,2,1), €(23) < 4(3,2,1)5
a3y < bi2.1), 23y < bz 21), 5(23> < b2,
e@s) < b1y €29 <baa2n), fes) <baa,
l@) < b2, lev) <be2n, Mes) <bea,
a@3) < C@2,1), bes) <@z, ¢ < @2,
e2s) < €3,2,1)s €23) < €3,.2,1), f23) < ¢3,2,1),

L3y < ¢(3,2,1)s Z(zs) < ¢@3.2,1) M23) < €(3,2,1),
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5(23) < e3,2,1)s C(23) <€(32,1)s C23) <€(321);
ey < €(3,2,1); €(23) < €3.2,1), f(23) < e€@32,1)
Liasy < e2,1), Z(23) < €(3,2,1), M(23) < €(3,2,1)5
agsy < f3,2,1), a3y < f3,2,1) 5(23) < f3,2,1)s
ey < f3.2,1), €23y < f3,2,1), fe3) < f3.2,1)
hasy < f(372,1)7h(23) < fz2.1), k@) < fi32.1)
a3y < g1y, besy < h@ai), Ceos) < heae,
e@3) < h(z21), €@23) < hEan f(23) < h@s21),
hiasy < hz 21y, k@) < h@en, k(23) <h@3e1),
5(23) <k@21), c23) <kaon, €3y < kaons
e@s) < k@i2.1), €23y < k321 f(23) < k@32.1),
hiazy < k2.1 h(23) <k@ans ke <ksai),
ags) <Lz, besy <lz21), ¢y <Li21)
hiasy < Uiz 21y, Kasy < Lz2.1) ]5(23) <L321),
Liasy < Lz21), Liosy <Lz a1y, Masy < Lz2.1),
a3y <M32.1), b3y < M321), C23) < M(3.2,1),
hasy < ms2.1), 71(23) <ms ey, ko) <maan,
Ligsy <mz 21, 2(23) < My(3,2,1), M(23) < My321),
5(23) < P3,2,1) €23) <DP3,2,1) C23) <DP(3,2,1)>
hsy <p@E2.1), kes) <peea, /;(23) < P(3,2,1)5
L2y < P3,2,1) [7(23) < DP3,2,1), M(23) < P(3,2,1)-

The set of all G’-orbits is
Tosyor =

{ a(28) Ja a(23), b(zs), b(ga)7 C(23) Uc C(23),€(23), 23) f (2%) U f(ga),
h(gs) @] 5(23), h(g:}) Umygs), k(g:}) @] f(g:z), k(g:}) @] m(z:;)}.

Hence, the members of any one of the two-element sets
{a@sy, a@s)}, {c@s),cent, {fon: fen )

{h@sy, lon}, {hsy, mesy}, {kesy, Lo}, {k@s), m@s}

form a chiral pair and bgs), I_)<23>, €(23), €(23), represent dimers.
Moreover, the set of all G”-orbits is

T(QS);GH =
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{(a(23) @] d(zz)) @] (6(23) @] 5(23)) @] (h(gs) @] 5(23)) @] (k(za) @] 2(23))7
b(gx) ©] (];?(23) @] m(g:s)),B(g:s) U (?1(23) U fn(g:s)), €23y U (f(g.’l) ©] f(g:s)), é(gl})}.

Thus, any one from the sets below gathers all formulae that represent structurally
identical derivatives, so members of different sets represent structural isomers.

{agsy, @(asy, c(23), E(25), hasy, L23): k23), L) }

{b(23), E(23), m(23)}, {5(23), B(Zs) N 771,(23)}, {6(23), f(23>, .}?(23) }, {5(23)}.

3. IDENTIFICATION OF THE DERIVATIVES

Now, we will describe the Lunn-Senior’s automorphism groups Aut( (Tp.¢) for D = Dy,
k=1,...,6, where

D, = {(6)’ (57 1)7 (4’ 2)} Dy =D U {(47 12)}7

D3 =DyU{(3%)}, Dy =DsU{(3,2,1)},
Ds = DsU{(3,1%)}, Ds = D5 U{(2%)}.

The eclements of the Aut{(Tp,)-orbits in the set T, will represent the products
of cyclopropane that can not be distinguished via substitution reactions among the
elements of Tp.q.

We remind that we will use without referring all terminology and notation from [2],
especially those from the beginning of section 3. For convenience of the reader, we
state explicitly once again the conditions of the main [2, Lemma 3.1], as well as the
assumptions and notation introduced before 2, Lemmas 3.3 - 3.7]. We note that the
correct version of [2, Corollary 3.2] can be found in [3].

Let U,V,V C Ty be unions of G”-orbits, such that U ¢ V, V\U C V, and the
difference V\U consists of minimal elements of the partially ordered set VU V. Assume
that V is a barrier of V\U in V, and the automorphism group Aut{j(U) is a commutative
2-group. Set H = {8 € Autj(U) | B(C=(V;a)) = C=(V;a),a € V\U}. Moreover, for
any pair X,V C Ty, of sets that are unions of G”-orbits with X C V' we denote by
Iy, x the image of the restriction homomorphism

ov.x: Auty (V) — Autf(X).
LEMMA 3.1. Let the difference VAU be a G"-orbit that consists of several chiral pairs
{4, 14_11}, {B,B'},..., and eventually, of several dimers. Suppose that: Cx(V;A) =
C-(V;AYY = P, O-(V;B) = C-(V;BY) = Q,..., the cones P, Q,... are pairwise
different, the cones of the dimers are pairwise different, and that
IV,U =H.

Then there exists a decomposition

Autf(V)=H x (s) x (t) x -+,
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where s = (A, A'), t = (B,B'),..., the restriction homomorphism gy has kernel
(s) x (ty x - -+, and Aut{{(V) is a commutative 2-group.

PrOOF: [3, Corollary 3.2, (i)] yields HUHsUHtU. .. C Aut{(V). Now, let a € Autj (V).
Then ov,y(a) € H, and according to [2, Lemma 3.1, (iv)], and to the fact that «
maps any chiral pair onto a chiral pair, we have a({A, A'}) = {4, A'}, a({B,B'}) =
{B,B'},..., and conclude that o leaves all dimers invariant. Therefore o € H U Hs U
HtU...UHstU.... Now, we note that every pair among the automorphisms s, ¢, ...
commute, s = id, t> = id, . .., and each one of them commutes with the elements of H.
Hence the subgroup (H,s,t,...) of Autj(V) is a commutative 2-group. In particular,
(H,s,t,...) =HUHsUHtU...UHstU..., and the proof is finished.

LEMMA 3.2. Let the difference V\U be a G"-orbit that consists of two chiral pairs
{A, A"}, {B, B'}. Suppose that C~(V;A) = Cs(V; A') = P, there exists a decompo-
sition

IV,U = H % <w),

where w(P) = P and w(Q) = Q' for Q = C~(V;B), Q' = C~(V;B'). Then there
exists a decomposition
Auti (V) = H x (s) x (wt),

where s = (A, AY), t = (B, BY), the restriction homomorphism oy, has kernel (s), and
Aut{(V) is a commutative 2-group.

PROOF: Since w ¢ H, we obtain that the cones @, Q1, P, are pairwise different,
and then [3, Corollary 3.2, (i)] yields H U Hs U Hwt U Hwst C Aut{ (V). Now, let
a € Aut{(V) with gyuy(a) € H (respectively, pv,y(a) € Hw). Then in accordance
with [2, Lemma 3.1, (iv)], a({4, A'}) = {A, A}, a(B) = B, a(B') = B! (respectively,
a({A,A'}) = {A, A}, a(B) = BY, a(B*') = B), hence oy,\v(a) = id, or oyv(a) =
s (respectively, ovy\v(a) = t, or goyy\y(a) = st). Thus, we have « € H U Hs
(respectively, @ € Hwst U Hwt). Since the automorphisms s and wt commute, s2 = id,
(wt)? = id, and each one of them commutes with the elements of H, then the subgroup
(H,s,wt) of Aut{(V') is a commutative 2-group. In particular, (H,s,wt) = HU HsU
Hwt U Hwst, and the proof is done.

LEMMA 3.3. Let the difference V\U be a G"-orbit that consists of a chiral pair { A, A'}
and of several dimers. Suppose that the cones of the dimers are pairwise different,
Aut(j(U)-invariant, and that there exists a decomposition

IV,U =H x (w)

with w(P) = P!, where P = Cs(V; A), P! = C(V; A'). Then there exists a decom-
position

Auty (V) = H x (ws),
where s = (A, A'), the restriction homomorphism gy is injective, and Aut{(V') is a
commutative 2-group.

PROOF: Straightforward generalization of [2, Lemma 3.7].
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LEMMA 3.4. Let the difference V\U be a G"-orbit that consists of two types of chiral
pairs: several chiral pairs {A, A'}, {B,B'},..., with C~(V;A) = C~(V;A!) = P
C-(V;B) = C~(V;B') = Q,..., two chiral pairs {C,C'}, {E,E'}, with C~(V;C) =
Cs(Vi:E) = R, C-(V;C") = C-(V;E') = R', and of several dimers. Let us suppose
that the cones P, Q,..., are pairwise different, and the cones P, Q, ..., of the dimers
are pairwise different. If

IV,U =H x <’LU>,

where w(P) = P, w(Q) = Q, ..., w(P) = P, w(Q) = Q,..., and w(R) = R, then there

exists a decomposition
Auty(V) = H x (2) x (s) x (t) x -+ x (wz),

where s = (A, A'), t = (B, B'),..., 2= (C,E)(C', EY), » = (C,CY)(E, E'), the restric-
tion homomorphism gy, has kernel (z) x (s) x (t) X - -, and Aut(j (V') is a commutative
2-group.

PrOOF: The relation w ¢ H implies R # R!, and then each of the cones R and R! is
different from any of the cones P, Q,..., P, Q,.... [3, Corollary 3.2, (i)] yields that
H, Hs, Ht,..., Hz, Hwx are subsets of Auty (V). Now, let o € Aut{(V), and let
B = ovu(a), ap = ev,y\v(a). Suppose that 8 € H. In accordance with [3, Corollary
3.2, (i)] we obtain C(V;a) = Cs(V;ap(a)) for all a € V\U. Hence ap({4, A'}) =
{4, A}, ao({B, B'}) = {B,B'},..., ao({C, E}) = {C, E}, ao({C", E'}) = {C*, E},
and g leaves the dimers invariant. Moreover, ay maps any chiral pair onto a chiral
pair, therefore ag on the set {C, E,C?, E'} is either id, or z. Thus, a € K UKz, where
K = H x (s) x (t) x - --. Now, suppose that 3 € Hw. Then 3(R) = R', and 3 leaves the
cones P, @, ..., and the cones P, @Q,..., invariant. According to [3, Corollary 3.2, (i)],
we have ag({4, A'}) = {A, A}, ao({B,B'}) = {B,B'},..., ao({C,E}) = {C',E'},
ap({CY, E'}) = {C, E}, and aq leaves the dimers invariant. Since oy maps any chiral
pair onto a chiral pair, we obtain that a on the set {C, E, C*, E'} is either z, or y = 2.
Now, we have o € Kwzx U Kwy. Since z, y, z, commute among themselves, and each of
them commutes with K, the proof is completed.

LEMMA 3.5. Let the difference V\U be a G"-orbit that consists of several chiral pairs
{A AV}, {B,BY, ..., {C,C'}, {E,E'}, with C~(V;C) = O (V; E) = R, C(V;CY) =
C-(V;E'Y) = R', and of several dimers. Suppose that the cones of the members of the
chiral pairs {A, A'}, {B, B}, ..., the cones R, R, and the cones of the dimers, are all
pairwise different, and suppose that

IV,U = H x <w),

where w permutes the cones of the members of each chiral pair and leaves the cones of
the dimers invariant. Then there exists a decomposition

Auty (V) = H x (z) x (wz),
where z = (C, E)(CY, E'), x = (A, A))(B, B)...(C,C")(E, E"), the restriction homo-
morphism gy, has kernel (z), and Auty (V') is a commutative 2-group.

PrOOF: [3, Corollary 3.2, (i)] yields that H, Hz, Hwz, Hwy, where y = zz, are
subsets of Aut((V). Now, let o € Autg(V), and let § = ovv(a), ap = ov,y\u ().
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Suppose that 8 € H. In accordance with [3, Corollary 3.2, (i)], the bijection ag leaves
the members of the chiral pairs {A, A'}, {B,B'},..., as well as the dimers invariant,
and op({C,E}) = {C,E}, ap({C*, E'}) = {C', E'}. Moreover, ay maps any chiral
pair onto a chiral pair, therefore o on the set {C, E,Ct, E'} is either id, or z. Thus,
« € HUHz. Now, suppose that § € Hw. Again, according to [3, Corollary 3.2, (i)], we
have ag(A4) = A, ap(A') = A, ag(B) = B, ag(B') = B, ..., ao({C, E}) = {C',E'},
ap({CY, E'}) = {C, E}, and ag leaves the dimers invariant. Since oy maps any chiral
pair onto a chiral pair, we obtain that ag on the set {C, E,Ct, E'} is either wx, or wy.
Now, we have « € Hz U Hy. Since z, y, z, commute, and since each of them commutes
with H, the proof is done.

THEOREM 3.6. One has:
(i) Aut(Tp,.c) = ((cra2), €(a2))) = Co;

(it) Autg(Tpyie) = ((a(a2), ban2)), (a2 €a2)) (€(a 12y, fra2))) = Ca x C;
(iti) Autq(Tpy:c) = ((a@12),04,12))s (Ca2), €(a,2)) (€412, Fra12)) (B(s2y, €(32)))
~ (Cy x Cy;

(iv) Autg(Tp,a) = ((ca,2)s €a,2)) (@(a,12), bea12)) (€2, fia2)) (bs2), €32))
(c2,1)s s ,2,)) (03,2,1)5 f3,2.0))(€3,2,1), B3,2,1)) (U3,2,1), M3,2,1))) = Co;

(v) Autg(Tp,.q) = ((c(3.13) E3.15)) (h(3.19), hiaa3))s (M3.18), M(3,19)) (D(3,13), (3,19)) 5
(a(3,13), 6(3,13)), (5(3,13)757(3,13))7 (C<4,2)> 6(4,2))(0(4,12)> b(4,12))(€(4,12), f(4,12))
(b(32)7 0(32))(0(3.2,1)7 h(3,2,1))(b(3,2,1)7 f(3,2,1))(€(3,2,1), k(3,2,1))(£(3,2,1)’ m(3,2$1))
(03,19, f(31))(E(3,19): k(3,19)) (0(3,19) F(3,19)) (€(3,19), K(3.1%) ) (¢(3,19), P3.19))
(E(3,1%)5 P12y (M3,12y, D312y ) (Mrs 12y, Da 12y)) = Co X Cg x Cy x Co x Ca;
(vi) Autg(Tpgc) = ((c(3.15), €3.13)) (hz .13y, Bea.3))s (M3.19), (3,19)) (P(3,13), D(3.19))
(a(3,13),8(3,19)), (0(3,19), €(3.19) ), (h2s), k2s)) (Las), L 29))

(ca.2)s €a,2))(@(4,12), braz)) (a2 flaa2)) 02y, €32))(c3.2.1) Pz2.1)
(b3,2,1)s F3.21))(€3.2,1), K(3.2,0)) (U3,2,1), M3,2,1)) (D(3,19)5 (3,19)) (3,13 K(3,13))
(b(3,19): F(3,19) (€(3,19), k3,19 (¢(3,19), " (3,13) ) (E(3,19), P3,13)) (M3 19y, D(3.13))
(M(3,19)s B(3,19)) (h2s), £23)) (K(2s), £2s)) (K2sy, 23 ) (Basy, m2)) (fias)s Fo)))
~ (5 x Cy x Oy x Oy x Cy x Cs.

PRrROOF: (i) Let us set D = {(6), (5,1)}. Section 2, Cases 2, 3, yield that Aut{(Tp,;c)

is the trivial group. The structure of the (4,2)-level as well as the inequalities among
tabloids that correspond to the dominance order inequality (4,2) < (5,1) are presented

in Section 2, Case 3. We set U = T, ., Ul(l) =Tpy,cU{cua): e, aa2t, V =T .q,
where Df = {((5,1), (4,2)}, and note that V' is a barrier of T(42).¢ in Tp,;c. We have

C>(V§C(4,2)) = C>(V§ 6(4,2)) = C>(V§ CL(4,2)) = C>(V§ b(4,2)) = {0(5,1)}'
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Since the conditions of Lemma 3.1 are satisfied for V' = Ul(l)7 we obtain Auté’(Ul(l)) =
((c(a,2); €(4,2)))- By adding the dimer b4 2y to the set Ul(l)7 we get Tp, ., and [2, Lemma
3.3] implies (i).

(i) We can find in Section 2, Case 4, the structure of (4, 12)-level, as well as the inequali-
ties among tabloids that correspond to the inequality (4,12) < (4,2). Weset U = Tp, q,
Uz(l) =UU {a(4’12), b(4,12), €(4,12)5 f(4712)}, and V = TD;;Gv where D} = {((4,2), (4, 12)}.
The set V is a barrier of Ts12):¢ in Tp,,c. We have

P = C>(V§(l(4,12)) = C>(V§ b(4,12)) = {a(4,2)}7

Q= O>(V§ 6(4,12)) = {0(4,2)}, Ql = C>(V§ f(4,12)) = {5(4,2)}~

There exists a decomposition Aut(U) = H x (w), where H is the trivial subgroup,

w = (C(,2),€(4,2)), and, moreover, w(P) = P, w(Q) = Q. Now, in accord with [3,

Corollary 3.2, (i)], we have H U Hwt C Aut(]’(UQ(l))7 where ¢ = (e4,12), f(4,12)), s0, in

particular, the restriction homomorphism 0y ;1S surjective. Therefore Lemma 3.2
5

for s = (a(4,12), bea,12y) yields

Aut(USD) = ((aga12), bea12))s (¢(a2) €(a.2))(€(a12) Fianz)))-

The cone Cs (V; C(4,12)) of the dimer ¢y 12y is Auiﬁg(UQ(l))—invariant7 and by adding this
dimer to the set Uz(l) we get Tp,.q. Now, [2, Lemma 3.3] finishes the proof of (ii).

(iii) The inequalities among tabloids, which correspond the dominance order inequality
(3%) < (4,2), as well as the description of the (32)-level are presented in Section 2, Case
5. We set V = Tpy.q, where Dy = {((4,2),(4,1%),(3%)} and note that V' is a barrier
of T(z2y,¢ in Tp,,q. First, we add the two dimers to Tp,;c and get US(I) = Tp,.g U
{a(32)7€(32)}. The cones C>(V; (I,(gz)) = {11(472)}., C> (V, 6(32)) = {(L(472),(5(412),8(4’2)} of
the dimers are Aut((Tp,;q)-invariant, therefore [2, Lemma 3.3] yields

AutS(Uél)) = ((a(4,12)7b(4,12))7 (0(4,2), 6(4,2))(3(4#12), f(4,12))>-

Next, we supplement the set Ué ) with the chiral palr {b(gz), c(32)} and obtain Tp,.q. We
have P = C>(V 5(32)) = {a(4 2)5 b(4 2)5 C(4, 2)} P! = = Co(V; 0(32)) = {a(4 2)s b(4 2)5 €(4, 2)}7
and the group Autg(U3 ) can be decomposed as Auté’(Uél)) = H x (w), where as usual
H = ((a,12),b(4,12))) is the group of automorphisms that leave the cones P and P!
invariant, and the automorphism w = (c(4,2), €(4,2))(€(,12), f4,12)) permutes P and P
Now, [2, Lemma 3.4, (i)] implies (iii).

(iv) In Section 2, Case 6, we have a description of the (3,2, 1)-level, and the inequalities
among tabloids that correspond to the inequalities (3,2,1) < (4,12) and (3,2,1) < (3?)
in the dominance order. We set V = Tp1,a, where D) = {(4, 12),(3%),(3,2,1)} and
note that V' is a barrier of T(3,2,1):¢ in Tp,:c- Let us first add the chiral pair that taken
alone is a G"-orbit: Uil) = TD3;G U {(3(31271),}1(31271)}. We have P = C> (V, 6(3_’11)) =
{b(4112), €(4,12); b(gz)}, Pl = O (V; h(3,211)) = {a(4,12), f(4112), 0(32)}. Among the four el-
ements of the automorphism group Aut((Tp,;c) only two induce a permutation of the
cones P and P': id and w = (a(4Y12),b(4'12))(6(412)76(4,2))(6(4&2)7f(4712))(b(32>,(3(32)).
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Then [3, Corollary 3.2, (i), (ii)] yields H < Aut{,’(Uil))7 and Hwr < Aut{{(UiD),
where H = (id), and r = (¢@3,.2,1), M32,1)). Thus, IUi”,TDS;c = H x (w). Now,
[2, Lemma 3.4, (i)] implies Autg(Uil)) = H x (wr). Next we set Uf) = Uil) U
{b3,2,1): f(3,2,1): €(3,2,1), k(3,2,1)}- We denote for short the corresponding cones as fol-
lows:

Q=C5(Vibian) = {au2), cu12), b2},

Q' = C=(V; f321) = {b2), caazy e b

R=0C5(Viepan) = {c@a), eu2) b b

R' = Co(Viks21) = {c@az), faz), cen )
We have u(Q) = Q*, u(R) = R!, for u = wr. Again, [3, Corollary 3.2, (i), (ii)] implies
H < Autf(US?), and Hus < Autf(U{?), where s = (bz,2,1): f321))(€(,2,1 Kz.2.1)): 50
the restriction homomorphism 0y (v 18 surjective, and in accordance with [2, Lemma

4 4

3.6, (i)] we obtain Autg(Uf)) = H x (us). Further, we supplement Ui2> with the last
G"-orbit consisting of a chiral pair and two dimers:

Toye = U U{ls1), m3.2,1) 43,2,1) D3.2,1) -

The corresponding cones are
X = C>(V§f(3,2,1)) = {a(4,12)76(4,12)76(32)}7

X'= C>(‘7§ m(s,z,l)) = {5(4,12)7 f(4,12)76(32)}7
P = C>(‘7;a(3,2,1)) = {0(4,12),5(4,12)#(32)},
Q = C>(‘7§P(372,1)) = {6(4,12)’f(4,12)7€(32)}~

We have Aut{)’(Uf)) = H x (v), where v = us, and v(X) = X!, v(P) = P, v(Q) = Q.
Moreover, if t = ({(3,21),M3,2,1)), then H < Aut((Tp,.c), and Hvt C Autj(Tp,c),
because of [3, Corollary 3.2, (i), (ii)]. Therefore the corresponding restriction homomor-
phism is surjective, and Lemma 3.3 yields part (iv).

(v) The (3,1%)-level is described in Section 2, Case 7, where all inequalities between
tabloids, that correspond to the inequality (3,1%) < (3,2,1), are presented. Let V =
Tp;c, where Dy = {((3,2,1), (3,1%)}. The set V is a barrier of T(313).¢ in Tpga-
First, we supplement consecutively the set Tp,.c with two G”-orbits that consist of
two chiral pairs each: Uél) = TD4;G @] {b(gjla), f(3713), €(3,13) /76(3’13)}, and U5(2) = U5(1> U
{6(3713), fT(3713), €(3,13)5 k’(g_’ls)}. The chiral involution u from AutH(TD4;G) permutes the
cones

Cs (Vb)) = Cs(Vibs 1)) = {biz2,1), C3.2,0) )

Co (V5 faam) = C= (Vs fza3) = {f21): hiz2) s

and the cones

Cs(Viesasy) = Cs(Vieas) = {c@o1):€3,21) )
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Cs(Vike1s)) = O (Vikgas) = {h@21): ke

Now, the decomposition Auty(Tp,.c) = H x (u), where H = {id}, the surjectiv-
ity of the corresponding restriction homomorphism, as well as [2, Lemma 3.6, (i)],
yield consecutively Autg(Uél)) = H x (v), for v = u(bgg 3y, f(3,13))(é(3,13),1_6(3,13)), and
Autf( 5(2)) = H x (w), for w = U(Z)(gﬂfi),f(3713))(€(3713)7k(g’ls)). Further, let us set
Ué3) = UéZ) @] {0(3’13), h(3y13)7 C(3,13)5 E(3,13)}, We have

Cs(Vieiim) = Cs(Vigaan) = {be21),€3.2.1) )

C>(V§ h(3,13)) = C>(V§ 71(3,13)) = {f(3,2,1),/f(3,2,1)}7

and the automorphism w permutes these two cones. According to [2, Lemma 3.4,
(ii)], we get Autg(Ués)) = H X <Z> X <w.’E>, where z = (0(3713), E(g}la))(h(gﬁla), 7),(3713))7 and
x = (c(3,13), M3,18)) (€(3,13), I(3,13)). Finally, we add the G”-orbit consisting of four chiral

. 3 _ 7 _ _
pairs and get Tp,.c = Uy U{a(3,13)» 0(3,13)7€(3,13)74(3,13)» mM(3,13), P(3,13), m(3,13)7p(3,13)}v
The corresponding cones are

P=0Cs(Viagas) = Cs(Viagas) = {asen)

Q= C>(V§€(3,13)) = C>(V§ g(3,13)) = {é<3,2,1),m(3,2,1)},
R=Cs(Vimazy) = Cs(Vimse) = {{s.21), P2 b
R' = Cs(Vip@is) = Cs(ViDiaz)) = {m@21)peen -

We have the decomposition Aut{)’(Ué3)) = H x (y), where H = (z), y = wz. The
group H consists of all automorphisms that leave the cones P, Q, R, R!, invariant, and
y(P) = P, y(Q) = Q, y(R) = R. Thus the corresponding restriction homomorphism
is surjective and Lemma 3.4 yields part (v).

(vi) In Section 2, Case 8, we describe the (23)-level. All inequalities between tabloids,
that correspond to the inequality (2*) < (3,2,1), are presented there. Let V = Tpr.q,
where Df = {((3,2,1),(2%)}. The set V is a barrier of T{gs),¢ in Tpy;e. Let us first

add to the set Tp,.c the G"-orbit that contains four chiral pairs: Uél) = Tp,.c) U
{a(zs), 6(23)7 C(23), 5(23)7 h(23)7£(23), k(zz), 5(23)}. Their cones are

C>(V§ 0(23)) = {a(3,2,1)7 b(3‘2,1), €(3,2,1)» f(3,2,1)>é(3,2,1)}7

Cs (V; ag23)) = {a3,2,1), 032,105 f3.2.1), (3,2,1), M3,2,1) 1
C>(‘7§ C(23)) = {a(3,2,1), €(3,2,1) €(3,2,1)» k(3,2,1), 5(3,2,1):10(3,2,1)},
O (Vigesy) ={a@2n), €321, he21), ke.2,0, Ms2,1): Pe.2.0) b
C>(V; h(zi‘)) = C>(V§ k(zﬂ)) = {f(3,271), h(3,2,1)7 k(3,2,1),5(3,2,1)»m(3,2,1)7p(3,2,1)}7
Cs(Vilas)) = Os(Vilian) = {b3,2,1): ¢(3.21): €3.2.1): £(3.2.1): M(3,2,1): P(3.2.1) }-

The group Aut{(Tp,;c) can be decomposed as Auty(Tp,.c) = H x (w), where w is its
last generator, as written in (v), and H is generated by all the rest. The automorphism
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w permutes the cones of the members of each of the added four chiral pairs. Therefore,
the corresponding restriction homomorphism is surjective, and now Lemma 3.5 implies
AUtg(Uél)) = (3,19, €3,19)) (P(3.19), hz 19 ), (3,18, M(3,13) ) (P(3,18) P(3.19) )
(a.19),83.19)): (C3.19), L3.19)), (heas), K (Lo L)),

(0(4,2), 6(4,2))(‘1(4«,12)’ 5(4,12))(6(4,12)7 f(4,12))(b(32)’ C(32))(C(3,2,1)7 h(372,1))

(ba21): fa20)(€E,2,1), k@2.) a2 me21) (b0, f3,19) (EG19), k@)
(be,1%)5 fa.19)) (€3,12), K12y (€a1%)s iy ) (€ a9)s g ney ) (Ma 1ey, B3 iey)
(M(3,19), B(3,19)) (h29), £(29)) (k22 Liomy )

Now, we add to Uél) consecutively the three G-orbits consisting of one chiral pair
and one dimer: Ué2) = Uél) u {E(gs),m(g:;),b(g:;)}, Ué?’) = Ué2) u {72,(23),771(23),6(23)},

Ué4) = Ué3) U{fes, f@s), €(23)}. Here are the corresponding cones:
C>(V§ 7;?(23)) = {h(3,2,1)»5(3,2,1)71’(3,2,1)}:
Cs (Vimas)) = {c32,1), M3.2,1) P3,2.1) )
Cs(Vibes)) = {ai2,1), ¢3,2.1) M2, Ls.2.1), M2 b
C>(V§ E(23)) = {f(3.2,1)7 k’(3,2,1)7 m(3,2,1)}»
Cs (Vimsy) = {bis.2,1), €3,2.1), Ls2. )
C>(V§ 5(23)) = {0/(3,2,1)75)(3,2,1)7 €(3,2,1)» f(372,1)7 k(3,2,1)7p(3,2,1)},
C-(V; fesy) = {e@zysesen), feen )
C>(V§ f(23)) = {b(3,2.1)7 h(:s,2,1)7 k(S,Z,l)}7
C>(V; e(23)) = {b(sg,l)v €(3,2,1)5 €(3,2,1)» f(3,24,1), h(3,2,1)7 k(3,2,1)}-
For any one of these G”-orbits, the last generator of the group Aut{ (Uél))7 or its exten-
sion, permutes the cones of the members of the chiral pair and leaves the cone of the
dimer invariant. Applying Lemma 3.3 three times, we obtain
AUtg(Ué4)) = ((e(3,19), €3,19)) (hz,19), s ae)), (Mz 19y, Ms.19)) (P(3,19) P(.a3) )
(a3,19),a3,19))s (€3.19), £(3.19)), (hasy kem) ) (Las), €29
(0(4,2)7 6(4,2))(11(4«,12)7 5(4,12))(6(4,12)7 f(4,12))(b(3‘1)7 C(3‘1))(C(3,2,1)7 h(372,1))

(b21), f3.21)(€3,2.1) k3.2,1) Us.2.1) ME,21)) (b3.12), f3.12) (E3,13): kz.12))
(be,1%)5 fa.19)) (3,12, K12y ) (€a1%)s haaey ) (€ a9)s a1y ) (s 10y, B3 iey)
(3,19 B3,19)) (has), £i2sy) (Kas), Loz ) (Kasy, miasy ) (Basy, mas) ) (fro9) flos)))-

We have C (V; €23)) = C-(V; €(23)), so the cone of the dimer €3y is Autf)’(Ué4))—

invariant, and, in compliance with [2, Lemma 3.3], we get part (vi).

COROLLARY 3.7. The chiral pairs {a(4,12, b(,12)}, {€(4,12), fa,12)} can be distinguished
via substitution reactions among the elements of Tp,.q.

PrROOF: Lunn-Senior’s group Aut((Tp,.c) does not contain automorphism that maps
the members of one of the chiral pairs onto the members of the other.
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REMARK 3.8. The members of the chiral pair {a(4712),b(4,12)} can be obtained via
substitution reactions by one and the same dimer a4 2y, whereas each of the members
of the chiral pair {0(4’2), 8(42)} produces via substitution reaction exactly one member
of the chiral pair {8(4’12), f(4712)}, and the two members of the latter can be obtained in
this way.

COROLLARY 3.9. The two dimers a(s2y and e(32), can be distinguished via substitution
reactions among the elements of Tp,.c.

Proor: The group Auty(Tp,.) does not contain automorphism that maps one of the
dimers onto the other.

REMARK 3.10. The dimer a(zzy can be produced via substitution reactions by exactly
one (4, 2)-product whereas the dimer e(s2) can be produced by three (4,2)-products.

Since the group Aut((Tp,,c) contains only the identity and the chiral automorphism,
we obtain the following two corollaries:

CoroLLARY 3.11. The two dimers a3 2,1y and p(3 2.1y, can be distinguished via substi-
tution reactions among the elements of Tp,.c.

REMARK 3.12. The dimer a3 1) can be produced via substitution reactions by the
dimer a(s2y which has the property that it can produce exactly one (3,2,1)-product.
On the other hand, the dimer p(3 2.1y can be produced by the dimer e(s2y which has the
property that it can produce three (3,2, 1)-products.

COROLLARY 3.13. Any two chiral pairs from

{b(3,2,1), f(3,2,1)}» {0(3,2,1)»h(3,271)}7 {6(3,2,1), k(3,2,1)}7
can be distinguished via substitution reactions among the elements of Tp,.q.

REMARK 3.14. Any member of the chiral pair {b(3,2,1>7f(3’2,1>} can be produced via
substitution reactions by one member of the chiral pair {a(4,12)7b(4Y12)}, any member
of the chiral pair {0(32’1),}1(3,211)} can be produced via substitution reactions by one
member of each chiral pair {a(,12),bw,12)}, {e@,12), fia,12)}, and any member of the
chiral pair {6(3,2’1), k‘(g,Q’l)} can be produced via substitution reactions by one member
of the chiral pair {8(4,12),]{(4’12)}. In the end, it is enough to note that Corollary 3.7
holds.

COROLLARY 3.15. The chiral pairs {0(3713), h(g,ls)}, {5(3113), 71(3?13)} can not be distin-
guished via substitution reactions among the elements of Tp.c.

COROLLARY 3.16. The chiral pairs {m3,13),D(3,13)}, {7y(3,13),D(3,13)} can not be dis-
tinguished via substitution reactions among the elements of Tp,.c-

ProOOFs: It is enough to note that Lunn-Senior’s group Aut((Tpg.c;) contains the auto-

morphisms (c(3,13), &3,19)) (h(3,19), h(3,19)), and (m(s,13), M(3,1)) (P(3,19) P(3,1%)), respec-
tively.

COROLLARY 3.17. (i) The chiral pairs

{a@,12):a@a0) b {0y, baam b (3.18)

can be distinguished via substitution reactions among the elements of Tp,q;
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(ii) any chiral pair from (3.18) and any one from the chiral pairs

{m18), P33 b {Ms,18):P3,18) )

can be distinguished via substitution reactions among the elements of Tp .

ProOOF: In both parts (i) and (ii) Lunn-Senior’s group Aut((Tp,.c) does not contain
an automorphism that works.

REMARK 3.19. The members of the chiral pair {a(s 13),d(3,13)} can be produced via
substitution reactions by exactly one (3,2,1)-product — the dimer a(3,2,1), any mem-
ber of the chiral pair {E(3,13),f(3’13)} can be produced via substitution reactions only
by both members of the chiral pair {5(3,2,1>7m(3_211)}7 and any member of the chiral
pair {ms,13),p3,13)} (respectively, {13 13),P(3,13)}) can be produced via substitution
reactions by one member of the chiral pair {£(3,2_1), m(3Y2$1)}, and by the dimer p(3 2 1).

The two corollaries below can be proved in the same way.

COROLLARY 3.20. The two chiral pairs {b(3,13), f(3,13)}, {é(3’13),7c(3713)} can be distin-
guished via substitution reactions among the elements of Tp, ..

COROLLARY 3.21. The two chiral pairs {5(3713),f(3,13)}, {e(3,13), k(3,13)} can be distin-
guished via substitution reactions among the elements of Tp, ..

REMARK 3.22. The members of the chiral pair {b(32,1), f(3,2,1)} (respectively, the chi-
ral pair {e(s 2.1y, k(s,2,1}) produce the members of the chiral pair {b(s 13, f(s,15)} as
well as the members of the chiral pair {b(3,13), f(3,13)} (vespectively, {€( 13, k(3,13)} as
well as {e(3,13), k(3,13)}). Moreover, the members of {b(3 1), f(3,2,1)} do not produce
neither the members of {&(3,13), k(3,13)} nor the members of {e(313), k(3,13)}, and simi-
larly for {e(32,1),k3,2,1)}- In the end we note that in accord to Corollary 3.13 the two
chiral pairs {bes2,1), f(3,2,1)} and {e@,2,1), k(3,2,1)} are distinguishable via substitution
reactions among the elements of Tp,.c, and hence among the elements of Tp,.q.
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