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Abstract

The Padmakar-Ivan (PI) index of a graph G = (V, E) is defined
as PI(G) = Y .cp(nu(e) + ny(e)), where e = uv, ny(e) is the number
of edges of G lying closer to u than to v and n,(e) is the number of
edges of G lying closer to v than to w. In this paper, a formula for
calculating the PI index of a torus T}, 4[Cy, Cs] is given.
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1 Introduction

Since the Wiener index was introduced by Wiener [1] in the study of paraf-
fin boiling points, many topological indices have been designed [2]. Such a
proliferation is still going on and is becoming counter productive. In 1990s,
Gutman [3] and coworkers [4] introduced a generalization of the Wiener index
(W) for cyclic graphs called Szeged index (Sz). The main advantage of the
Szeged index is that it is a modification of W; otherwise, it coincides with
the Wiener index. In [5,6] another topological index was introduced and it
was named Padmakar-Ivan index, abbreviated as PI. This new topological
index, PI, does not coincide with the Wiener index. Deng [9,10] gave the
formulas for calculating the PI indices of TUV Cs[2p, g] and catacondensed
hexagonal systems and characterized the extremal catacondensed hexagonal
systems with the minimum or maximum PI index. Ashrafi and Loghman
[11] computed the PI index of zig-zag polyhex nanotubes.

The primary aim of this article is to introduce the method for calculation
of PI index for a torus covering by Cy and Cs. Our notations are mainly
taken from [7,8]. Throughout this paper G = T, 4[C4, Cs] denotes a torus
covering by Cy and Cg with 2¢ rows and 2p columns in its cutting, see Figure
1.

2 The definition of PI index

Let G be a connected and undirected graph without multiple edges or loops.
By V(G) and E(G) we denote the vertex and edge sets, respectively, of G.
If G = (V', E’) is a subgraph of G = (V, E) and contains all the edges of
G that join two vertices in V| i.e., F’ is the set of edges between vertices of
V', then G’ is an induced subgraph of G by V' and is denoted by G[V'].
Let e = zy be an edge of G, X is the subset of vertices which are closer
to x than y and Y is the subset of vertices which are closer to y than x in
V(G), ie.,
X = {vjv € V(G),dc(z,v) < dg(y,v)}
Y = {vjv € V(G),dc(y,v) < da(z,v)}
where dg(u,v) denotes the distance between vertices u and v of G. Let
G[X] = (X, E1) and G[Y] = (Y, Es), ni(e) = |E1], na(e) = |Esl, here ny(e)
is the number of edges nearer to x than y and ns(e) is the number of edges

nearer to y than z.
Then the PI index of G is defined as

PI(G) = Z [n1(e) + na(e)]

ecE(Q)
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Figure 1. (a) a cutting of G = T} »[C4, Cs];
(b) side view; (c) top view.

In all cases of cyclic graphs, there are edges equidistant to the both ends
of the edges. Such edges are not taken into account. Let [X, Y] denote the
subset of edges between X and Y, n(e) = |[X,Y]|. Then n(e) = |E(G)| —
(n1(e) 4+ na(e)) is the number of edges equidistant to the both ends of e for
a bipartite connected graph G (It includes the current edge e in n(e)). And

PI(G) = [E@G)* = 3 nle)

ecE(GQ)

Therefore, for computing the PI index of a bipartite connected graph G, it
is enough to calculate n(e) for each e € E(G).

For the horizontal and vertical edges, we can observe the following results
by the symmetry of the tori T, 4[Cy, Cs]
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Lemma 1. Let e be any horizontal edge in G = T}, 4[Cy, Cs], then n(e) =
4q.

Proof. Let e be any horizontal edge between columns j and j+1 in
G =1T,,4Cs,Cs], 1 < j < 2p, where 2p + 1 = 1(mod2p). Then all the edges
equidistant to the both ends of e are the edges between columns j and j+1
or between columns p+j and p+j+1. So, n(e) = 4q.

Lemma 2. Let e be any vertical edge in G = T, 4[Cy, Cs], then n(e) = 4p.

Proof. Let e be any vertical edge between rows i and i+1 in G =
T,4C1,Cs], 1 < i < 4q, where 4¢ + 1 = 1(moddq). Then all the edges
equidistant to the both ends of e are the edges between rows i and i+1 or
between rows 2q+i and 2q+i+1. So, n(e) = 4p.

To calculating n(e) for the oblique edges e, we need only calculate n(e)
for e = 11291 by the symmetry of G = T, 4[Cy, Cs).

3 The distances in G =T, ,[Cy, Cs]

For e = x11291, we will give a formula for calculating the distances from 11
(or z2;) in the following, and find the subset X of vertices of V(G) which are
closer to x;; than xo; and the subset Y of vertices which are closer to o
than z;.

We first consider four graphs G, Gy, G35 and G4, where (G; is obtaining
from G = T,,[C4, Cs] by deleting the horizontal edges between columns 1
and 2p and the vertical edges between rows 1 and 4q (see Figure 2), G
is obtaining from G = T, ,[Cy, Cs] by deleting the horizontal edges between
columns 1 and 2 and the vertical edges between rows 1 and 4q, G5 is obtaining
from G = T,4[C4,Cs] by deleting the horizontal edges between columns 1
and 2p and the vertical edges between rows 3 and 4, G4 is obtaining from
G = T,,4[C4, Cs] by deleting the horizontal edges between columns 1 and 2
and the vertical edges between rows 3 and 4. And the distances from xy; (or
Zo1) in G is the minimum of the ones in G, Ga, G3 and Gy.
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t=1 23 456 78 91
r=1 45 &9 124 124
16 2 — 1641 —13 1
15 3 1 2 1
14 4 0 13— 131h
135 1 14— 144
12 6 § 213 —151
117 g 161
10 8 7 2 15— 1514
9 9 1
810 T b 7 1
711 3t 161
6 12 5 2 15— 154
5 13 4 1 14— 14-h
4 14 213 —151
3 15 1 H2 —1
216 013 154
r'=1 12— 124

Figure 2. Some distances from the vertex 11 in Gy, Gy, G3 and G4, where p=7 and q=4.

Table 1. The values of dy(z11, T) — ¢.

1 2 3 45 6 7 8 9 10 11 12
1(-1 -1 1.1 3 3 5 5 7 7 9 9
2/0 0 0 2 2 4 4 6 6 8 8 10
3|1 1 13 3 5 5 7 7 9 9 11
412 2 2 2 4 4 6 6 8 &8 10 10
503 3 3 3 5 5 7 7 9 9 11 11
614 4 4 4 4 6 6 8 8 10 10 12
7!5 5 5 5 5 7 7 9 9 11 11 13
86 6 6 6 6 6 8 8 10 10 12 12
9|7 v 7 7 7 7 9 9 11 11 13 13

Now, we calculate the distances from x;; in G; as showing in Figure
2. And Table 1 lists the values of dy(x11,2,4) — t, where dy(x11, 2,4) is the
distance between x1; and z,; in Gj.

From Table 1, we can see that

di(z1y, @) —t =4 2[2H] -3, > [g] + 3 and r is odd;
2(2=2] — 2, ¢ > [f] + 3 and r is even.
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where [z] denotes the maximum integer not larger than x over all the paper.
So, we have

Lemma 3. dy (211, ) = t+¢ 2[2EH] -3, ¢ > [g] + 3 and r is odd;
2[2=2] — 2, ¢t >[f] + 3 and r is even.

Lemma 3 can be easily proved by the inductive method on t, we omit here.

Table 2. The values of dy(z11, Tp) — ¢

1 23 45 6 7 8 9 10 11 12
1.1 113 355 7 7 9 9 11
2/0 0 2 2 4 4 6 6 8 8 10 10
311133 5 5 7 7 9 9 11 11
412 2 2 4 4 6 6 8 8 10 10 12
5/3 3 35 5 77 9 9 11 11 13
64 4 4 4 6 6 8 8 10 10 12 12
7|5 5 5 5 7 7 9 9 11 11 13 13
8§86 6 6 6 6 8 8 10 10 12 12 14
9(7 7 v 7 7 9 9 11 11 13 13 15

Similarly, we calculate the distances from z1; in G5 as showing in Figure
2. And Table 2 lists the values of dy(x11,x,¢) — ', where da(z11, ) is the
distance between x1; and z,, in G5 and

v 1, t=1
Tl p+2—t, t>2

From Table 2, we can see that

r—2, 1<t <[5+ 1
do(@i1,w) —t' = { 2[257] =1, ¢ > [5] + 2 and 1 is odd;
22— 2, ¢ > [2] +2 and 1 is even.

So, we have
r—2, 1<
Lemma 4. dQ(.”L'll, .”L',,.t/) =t + 2[2t,4i] - 1, 2
22— 2, ¢ >

<[EI+L
g] +2 and r is odd;
5] +2 and 1 is even

Table 3. The values of d3(z11, ) — t.
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From Table 3, we can see the values of d3(z11, ) — ©

-2, L<t<[5+
d3(@11, ) —t = 2[%] -3, tz [ ; }—I—Sandr Is odd;
2[2t1w} —9 t> [ 1143 and 7’ is even.

where d3(x11, z,) is the distance between z1; and z, in G3, and

;) r=1
"= d942—-r, r>2

So, we have

-2, 1§t§[r’*1}+2
Lemma 5. ds(w11,2,) = t+{ 2[224H] -3 ¢ > [“51] + 3 and ¢/ is odd;
224 — 2, ¢ > [“>1]+ 3 and 1’ is even.

Table 4. The values of dy(z11, ) — t.

6 7 8 10 11 12
7 9 9 11
8 10 10 12
7 9 11 11
8 1 10 12 12
9 9 11 11 13
0
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From Table 4, we can see the values of dy(z11, Ty ) — t/
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-2, 1<t < [ZF+ 1
dy(z11, Tprp) — ' = 2[#] -1, t'> [TIT_l] + 2 and 1’ is odd;
2[AE=2 ¢ > (=] 42 and 1 s even.

where dy(x11, 2,+) is the distance between z1; and z.y in Gy.
So, we have

) 1<t <[+ 1
Lemma 6. dy(z11, 2,0) = 14+ 2(25F7] — 1, ¢ > [75] + 2 and ' is odd;
2[2Hr=2) ¢ > [">1] + 2 and 7’ is even.

Since the vertices x,; in Gy, Z,# in G, T,y in Gz and z,.¢ in G4 are
identical, we have

Lemma 7. (i)If ¢t = 1, then dy (211, 2¢) = da(x11, Top) and dz(z11, T0) =
da(11, Tprer);
(i) If 2 < t < p+ 1, then di(x11, Tr) < do(211, Zpw) and ds(z11, Tr) <
dy(w11, Torpr);
(i) I p +2 <t < 2p, then dy(x11, Tp) > do(211, Trr) and ds(211, ) >
dy(w11, Tprpr);
(iV)IfT =1, then d; (1’117 l’rz) = d:s(xlh z'r’t) and d2(I117 Irt/) = d4($117 z'r’t’);
(v) If 2 <7 <2¢+ 1, then di (211, 21) < d3(211, 2p1) and da(211, Tper) <
d4(l’11,l’wt')§
(Vi) If 2¢+2 < r < 4q, then dl(xlhxrt) > ds(l’lhl’r't) and dz(l’lhl’rﬂ) >
d4(3311,33r’t')~
Proof. (i) It is immediate from Lemmas 3 ~ 6.
(i) 2<t<p+1.
Case 1. t > [§] +3. Then [§]+3 <t<p+land[5] <p—2,
t=2p+2-t>p+1>[5]+2
(a) If r is even, then by Lemmas 3 and 4
dy(11, @) — di (@11, 2e) = (4 2[255] — 2) — (¢ + 2[2E=2] — 2)
— ap+ 4= e+ 22— [2ef2)
>4dp+4—4t  (since [Z2HL] — [2H=2] > —p)
> 0.
(b) If r is odd, then by Lemmas 3 and 4
dQ(IH, I”r) — d1 (27117 x,t) = (t/ + 2[2t4i] — 1) ;f (t + 2[%] — 3)
—dp+ 6 — 2t ([F2kr]  [2ebe)
> dp+6— 4t > 0.
Case 2. 2 <t <[f]+2.
(a) If ' < [5] + 1, then by Lemmas 3 and 4
do(211, Tp) — di(T11,20) = (r+t —2) = (r+t—2)
=t t=2p+2—2>0.
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(L) Ift' > [2]+ 2, ie., 2p+2—1t > [2] 4+ 2, then ¢t + [£] < 2p.
When ris odd, [5] = 551 And 2t+r < dp+1,r—2t > r—2[%] -4 = —3.
By Lemmas 2 and 3, we have
dg(l’n,l’rtl) — dl(l‘ll»l‘rt) = (t/ + 2[2t/4j] — 1) — (7" +t— 2)
=4dp+5+2[2] - (2t +71)
>4dp+5+2(—1)—(4dp+1) > 0.
When riseven, 5] =%. And 2t +r <dp,r —2t >r —2[f] —4 = —4.
By Lemmas 2 and 3, we have
dg(l’lhl’,«tl) — dl(ZIIH,ZL‘M) = (t/ + 2[%2%] — 2) — (T +t— 2)
=dp+442=2] - (2t +7)
>4dp+5+2(—1)—4p > 0.

Instead of r above by 7/, we can obtain the proof of dz(zi1,z,4) <
d4($117 iEr/t/)-
(i) p+2<t<2p. Then 2 <t/ =2p+2—-t<p.
Case 1. t' > [5] + 2.
(a) If r is even, then by Lemmas 3 and 4
dy (w11, 00) — da(wr1, wor) = (8 — 24 22H=2]) — (¢ — 2 4 2[25H])
= (2p— ¢+ 2 (¢ o o))
_ ’ r—2t'+2 2/ 4r
i
= 1 1
>dp+2—-2t'+2(t'—1) > 0.
(b) If r is odd, then by Lemmas 3 and 4
dy (211, 20¢) — do(@11, 2yp) = (E =3+ 23] — (¢ — 1+ Q[Qﬂ#})
=dp+2 — 2t + 2([=2=L] (2]
>dp— 4t +2 > 0.
Case 2. 2 <t <[f]+ 1.
(a) If t < [§] + 2, then by Lemmas 3 and 4
di(z11, ) — do(z11,0) =(r+t—=2)—(r+t¢ —2)
=t—t'=2p+2-2t'>0.
(b) If t > [§] + 3, then by Lemmas 3 and 4
dl(xlh .Z’Tt) — dg(.??ll, .Irt/) (IL -2+ Q[WD — (T‘ +t' - 2)
(t—2+2ZH]) - (r+t —2)
(t+r)—(r+¢ —2)=2p+4—-2t' >0

v

when r is even; and

dl(l’lh Irt) — dz(l’u, l’nl) (t -3 + 2[%}) — (7’ +, t/ — 2)
(t=3+2(Z2))—(r+t -2)
t—t'=2p+2-2t'>0

VIVIV I

when r is odd.

Instead of r above by 7/, we can obtain the proof of dz(ziy, ) >
d4($117 xr't/)-

Using the same methods as (i),(ii) and (iii), we can prove (iv),(v) and
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(vi). We omit these here.

Now by Lemma 7, we can directly give a formula of calculating the dis-
tances from 1y in G =T, 4[Cy, Cy).

Theorem 1. (i) d(z11, %) = di(z11,24) f 1 <t <p+land1<r <
2q+ 1,

(ii) d(z11, 2pt) = do(z11,20¢) Ep+2<t<2pand 1 <r <2¢+1;
(ili) d(z11, 20t) = dg(@11,24) 1 <t <p+1and 2¢+2 <r < 4g;
(iv) d(z11, Trt) = da(T11,20¢) f p+2 <t <2p and 2¢+ 2 <71 < 4q.

Next, we consider the distances from 5. Using the same methods as
above, we can calculate the distances from x9; in Gq,Go,G3 and G4 (see
Figure 3).

14131211109 8 7 6 5 4 3 2 1=t
t=1 2 3456 7 8 91011121314
r=1 013— 1110 1
16 2 i T2 12 64 ‘
15 3 213 13 104
14 4 4 1 14— 1211
135 215 1312
12 6 3 I 1Y
11 7 1 415 15 12
10 8 3 16— 14131
99 117 1541
8 10 —
711 415 1 124
6 12 6 3 16— 14131
513 1 215 1312
414 314 4 1
315 243 13 104
2 16 1 114 1231 ¢ -
r=1 0 13— 1310 1
112 12 68

Figure 3. Some distances from the vertex xo; in Gy, Ga, b3 and Gy.
Table 5. The values of d;(z21, %) — .
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1 2 3 4 5 6 7 8 9 10 11 12
110 0 2 2 4 4 6 6 8 8 10 10
2/-1 113 3 5 5 7 7 9 9 11
310 2 2 4 4 6 6 8 8 10 10 12
411 1 3 3 5 5 7 7 9 9 11 11
512 2 4 4 6 6 8 8 10 10 12 12
63 3 3 5 5 7 7 9 9 11 11 13
714 4 4 6 6 8 8 10 10 12 12 14
85 5 5 5 7 7 9 9 11 11 13 13
916 6 6 6 8 8 10 10 12 12 14 14
We can see from Table 5 that
r—3, 1<t <[5];
dy (a1, Tpy) — t = { 2[2”2*2] —1, t>[5]+ 1 and r is even;
2[HA=3] t>[3]+ 1 and r is odd.
So, we have
r—3, 1<t <[5];
Lemma 8. d(z21,2,¢) = t+{ 23H=2] — 1, ¢t >[f]+ 1 and ris even
(23] t > [5]+ 1 and r is odd
Table 6. The values of da(z21, Tyv) — t.
1 2 3 4 5 6 7 8 9 10 11 12
110 0 0 2 2 4 4 6 6 8 8 10
2/-1 -1 113 35 5 7 7 9 9
3]0 0 2 2 4 4 6 6 8 8 10 10
411 1 1 3 3 5 5 7 7 9 9 11
512 2 2 4 4 6 6 8 8 10 10 12
6/3 3 3 3 5 5 7 7 9 9 11 11
74 4 4 4 6 6 8 8 10 10 12 12
85 5 5 5 5 7 7 9 9 11 11 13
916 6 6 6 6 8 8 10 10 12 12 14
We can see from Table 6 that(r > 2)
r—3, 1<t <[f]+1;
do(Tay, Tpp) —t' = { 2[%} -3, t > [%} + 2 and r is even;
2[2Er=1] — 2, ¢ > [5] 4+ 2 and r is odd.

So, we have

0, t'=1;

Lemma 9. If r = 1, then do(z21, 2) = { v 2[%,] 9 o
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r—3, 1§f [Z]+ 1
Ifr > 2, then dy(zoy, ) = '+ 2[2{%] -3, t' > [£] 4+ 2 and r is even;
2241 — 2 ¢ > [f]+2 and 1 is odd.

Table 7. The values of d3(xa1, xm) — t.

123 45 6 7 8 9 10 11 12
110 0 2 2 4 4 6 6 8 8 10 10
211713 35 5 7 7 9 9 11 11
3/2 2 2 4 46 6 8 8 10 10 12
413 3 3 5 5 7 7 9 9 11 11 13
5(4 4 4 4 6 6 8 8 10 10 12 12
6/5 5 5 5 7 7 9 9 11 11 13 13
7/6 6 6 6 6 8 8 10 10 12 12 14
(7 7 7 7 7 9 9 11 11 13 13 15
918 8 8 8 8 8 10 10 12 12 14 14

We can see that from Table 7

=1, 1§t§[r 721 42
d3(zo1,T) — t = { 2[%] -2, t>[r ; 11+ 3 and 7' is odd;
22— 1, >[5
So, we have
-1, 1§t§[”;1]+2;
Lemma 10. ds(w1, 2,) = t+{ 2[2H] — 2. ¢ > [© ; 11+ 3 and 7’ is odd;
202 — 1 t > [=5%] + 3 and 7' is even.
Table 8. The values of dy(z21, z,¢) — T
123 45 6 7 8 9 10 11 12
110 0 0 2 2 4 4 6 6 8 8 10
21113 35 5 7 7 9 9 11
312 22 2 4 46 6 8 8 10 10
413 3 3 3 5 5 7 7 9 9 11 11
5(4 4 4 4 4 6 6 & 8 10 10 12
6(5 5 5 5 5 7 7 9 9 11 11 13
7|6 6 6 6 6 6 8 & 10 10 12 12
(7 v 7 7 7 79 9 11 11 13 13
918 8 8 8 8 8 8 1

0 10 12 12 14
We can see that from Table 8 (' > 2)

-1, 1<t <[5 +3;
dy(Toy, Tpry) — t' = 2[%] -2, t'> [T"l] +4 and 7’ is odd;
20242 1 ¢ > ("] + 4 and 1’ is even.
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So, we have

0 t=1;

/ ) = ) , ’

Lemma 11. If v/ = 1, then d4(zo1, Z,v) { vy 2[%] 9 >
r—1, 1<t <[5 +3;

If ' > 2, then dy(zar, Tpp) = t'+ 2[2'5/'”/_1} -2, t'> [T/T_l} + 4 and 1’ is odd;
22E=2 1 ¢ > (=] + 4 and 7 s even.

As in Lemma 7, we can prove the following result by using Lemmas 8 ~ 11

Lemma 12. ()If ¢t = 1, then d; (w21, x¢) = da(w21, x¢) and d3(xa1, T,y) =
dy(@a1, Trryr);

(11) If 2 S t S D, then dl(l‘gl,l‘,,«t) S d2($217$rt’) and d3('7"217-7;r’t) <
d4('T21, xr/t/)%
(iii) If p4 1 <t < 2p, then di (w21, Tpe) > do(w21, Zry) and ds(zo1, 2t) >

d4($217 xr/t/)%

(iv)If r = 1, then dy (wa1, Tr¢) = d3(wa1, Trry) and da(xa1, Try) = da(Ta1, Torpr);

(V) If3 <r< 2(] + 17 then dl(l’gl,l’n) < d3($217$wt) and dg(.’lﬁQh.’Ijn/) <
dy (w1, iEr/ﬂ)%

(vi) If 2 42 < r < 4q, then dy (291, T1) > d3(w21, Try) and da(wr, 2p0) >
d4(33217 l“r/z')-

And now, we can give a formula of calculating the distances from x5 in
G =1T,4[Cy, Cs] by Lemma 12.

Theorem 2. (i) d(xa1, ) = di(xa1, z¢) if 1 <t <pand 1 <r <2¢+1;
(ii) d(z21, ) = do(xo1, @) fp+ 1<t <2pand 1 <r <2¢+1;

(iil) d(za1, zpe) = ds(@ar, zpy) if 1 <t <pand 2g+2 <7 < 4g;

(iv) d(zo1, Tre) = da(mo1, ) if p+1 <t <2pand 2¢+2 <7 < 4q.

The methods of calculating d(z11, z,+) and d(z21, 2,+) in Theorems 1 and
2 can be showed in Figure 4.
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1 p+1 2p P
1
d1(301171‘rz) dz(iUn,iUrt) d1(1‘21-,93n) d2($21,$rt)
2q+1
2q+2
d3(33117 ﬂfn) d4($11, l’rt) dS(Ima Irt) d4(f217 Irt)
4q

Figure 4.

4 A formula for calculating PI index of G =

,-Tp,q [04, 08]

In this section, we first find the subset X of vertices of V(G) which are closer
to x1; than o and the subset Y of vertices which are closer to x9; than xq;
in G, and give the formula of calculating n(e) for all oblique edges e. And
then we calculate the PI index of G = T}, 4[C4, Cs].
Let D = d(x11, %) — d(x21,2). Then z,, € X if and only if D < 0.
Case . 1<t<pand1<r<2¢+1.
By Theorems 1 and 2, we have D = dy(x11, 2y¢) — d1(@a1, T¢), and
i) D<O0for1<r<2t—1;
(i) D> 0for 2t <r <2¢+1.
Case II. 1 <t<pand 2+ 2 <r <4q.
By Theorems 1 and 2, we have D = d(z11, 2,¢) — d3(xa1, Tt) < 0.
Case IIl. p+2<t<2pand 1 <r <2¢+1.
By Theorems 1 and 2, we have D = dy(211, Zpe) — do(xa1, Tper) > 0.
Case IV. p+2 <t <2pand2q¢+2<r <dq.
By Theorems 1 and 2, we have D = dy(x11, Tp) — da(T21, T¢), and
(i) D<0for2t' —1 <7 <2¢
(i) D>0for2 <y <2t —2.
Case V.t =p+1(t'=p+1).

()1<r<2g+1.

By Theorems 1 and 2, we have D = dy(x11, Tyt) — da(@a1, Tppr)-
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D >0, 2p+r=1(mod
D <0, 2p+r=3(mod
<r< —
When 1 <r <2p—3, D>0, 2p+r=0(
(

D <0, 2p+1r=2(mod4) and r is even.

Whenr=2p—2,2p—1, D <0.
When r > 2p, D > 0.
(ii) 2¢+2 <r<dq.
By Theorems 1 and 2, we have D = ds(x11, Z,t) — da(Ta1, Tppr).
When 2 <7/ <2p—4 (ie,, 49— 2p+ 6 < r < 4q),
D >0, 2p+r'=1(modd) and 1’ is odd,;
D <0, 2p+r'=3(modd) and 1’ is odd,;
D >0, 2p+r' =2(modd) and 1’ is even;
D <0, 2p+r"=0(modd) and 1’ is even.
When ' =2p—3,2p—2 (ie., 7 =4¢—2p+5,4g—2p+4), D > 0.

When 2p — 1 <7/ <2q (ie.,2¢+2<r <4g—2p+3), D <0.

A example for p =7 and ¢ = 4 is showed in Figure 5, where X is the set
of large dots.

=+

=123456 7891011121314

ﬂ
I
_

0 ~J O Ut k= W N

Figure 5.
Now, we calculate n(e) = |[X, Y]] for the oblique edge e = x1;2;.

6q—2, ifq<p;

Lemma 13. Let e be an oblique edge, then n(e) = { 6p—2 ifq>p
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Proof. We need only calculate n(e) for e = 1129 by the symmetry of
G.

(1) If ¢ < p, then there is no edge in [X,Y] fort € {g+1,¢+2,---,2p—
g+ 1} and t # p+1, and there are two edges in [X,Y] fort € {1,2,---,¢q} U
{2p—q+2,2p—q+3,---,2p} from Cases I-IV above.

For t = p+1,if p is even, then D < 0 if and only if r = 2, 3(mod4); and
if p is odd, then D < 0 if and only if » = 1,0(mod4), from Case V above.

So, n(e) =2(¢+ (g —1)) +2q = 6q — 2.

(2) If ¢ > p, then there are two edges in [X,Y] for t € {1,2,---,p}U{p+
2,p+3,--+,2p} from Cases I-IV above.

For t = p+ 1, by Case V above, we have

(i) p is even.

D < 0forr=2,3(modd) and r € {1,2,---,2p—3}U{4q—2p+6,---,4q};

D<O0forr=2p—22p—1;

D>0forr=2p2p+1,---,2¢+1;

D <0forr=29+2,2¢+3,---,49 —2p + 3;

D>0forr=4q9—2p+4,4¢—2p+5.

Then, there are p edges in [X,Y] when r goes from 1 to 2p, no edge in
[X,Y] when r goes from 2p to 2¢ + 1, one edge in [X,Y] when r goes from
2q + 1 to 2¢ + 2, no edge in [X,Y] when r goes from 2q + 2 to 4¢ — 2p + 3,
one edge in [X, Y] when r goes from 4¢ — 2p+3 to 4¢—2p+4, p— 2 edges in
[X,Y] when r goes from 4¢q — 2p + 4 to 4p; i.e., there are 2p edges in [X,Y]
when t =p+ 1.

So,n(e) =2(p+(—1))+2p=06p—2.

(ii) p is odd.

D < 0forr=1,0(mod4) and r € {1,2,---,2p—3}U{4q—2p+6,---,4q};

D<0Oforr=2p—2,2p—1;

D>0forr=2p2p+1,---,2q+1;

D<Oforr=2¢+2,2¢+3,---,4q — 2p + 3;

D >0forr=4q9—2p+4,4q¢ —2p+5.

Then, there are p edges in [X,Y] when r goes from 1 to 2p, no edge in
[X,Y] when r goes from 2p to 2¢ + 1, one edge in [X,Y] when r goes from
2¢ + 1 to 2¢ + 2, no edge in [X, Y] when r goes from 2¢ + 2 to 4¢ — 2p + 3,
p — 1 edges in [X,Y] when r goes from 4¢ — 2p + 3 to 4p; i.e., there are 2p
edges in [X,Y] when ¢t =p + 1.

So,n(e) =2(p+(p—1))+2p=06p—2.

Using Lemmas 1,2 and 13, we can give a formula for calculating PI index
of G = Tp?q[04, Cg]
Theorem 3. The PI index of G =T, 4[Cy4, C3] is

PI(G) = 144p*¢* — 16p*q — 40pg® + 8pq, if ¢ < p;
T\ 144p%¢% — 40p%q — 16pg® + 8pq, if ¢ > p+ 1.
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Proof. Let Fy, Es and Fj3 be the sets of horizontal edges, vertical edges

and oblique edges, respectively. Then we have |E(G)| = 12pq, and |E}(G)| =

|y

(G)| = E3(G)| = 4pq. By Lemmas 1,2 and 13, we have that

PI(G) =BG = > mnle)

ecE(G)
=144p’¢> = % n(e) = ¥ nle) = X nle)
ecFy ec ks ecks
_ [ 144p°¢% — 16p%q — 40pg® + 8pq, if ¢ < p;
T\ 144p*¢® — 40p%q — 16pg® + 8pq, if ¢ > p + 1.
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