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seventeenth greatest Wiener indices are
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Abstract
The Wiener index W is the sum of distances between all pairs of
vertices of a connected graph. An order relation of trees is obtained
with regard to the Wiener index. Based on this order relation, we
determine the trees on n > 9 vertices with the first to seventeenth
greatest Wiener indices, and they are chemical trees.

1 Introduction

The Wiener index is a graph invariant based on distances in a graph. It is
denoted by W(G) and defined as the sum of distances between all pairs of
vertices in a connected graph G-

W(G) = > deu,v) (1)

{up}CV(G)

where V(G) is the vertex set of G and dg(u,v) denotes the distance between
the vertices u,v € V(G).
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The Wiener index is much studied in the chemical literature, since Harold
Wiener [1], in 1947, was the first to consider it. Wiener’s original definition
was slightly different, yet equivalent to (1). The definition of the Wiener
index, such as in Eq. (1), was first given by Hosoya [2].

Starting from the middle of the 1970s, the Wiener index gained much
popularity and, since then, new results related to it are constantly being
reported. For a review, historical details and further bibliography on the
chemical applications of the Wiener index see [5,6,7,11,12,13]. Results on the
Wiener index of trees and hexagonal systems were summarized in [3,4,8,9,10].
Specifically, the trees with maximum or minimum Wiener index were deter-
mined. Of course, ordering trees by their Wiener indices is interesting and
valuable. Gutman et al. [16] gave a partial order among the starlike trees
and the trees with the first up to fifteenth smallest Wiener indices among
trees of order n are determined by Guo and Dong [14]. In this paper we
obtain some order relations for trees, using the formula for calculating the
Wiener index based on branching vertices, and determine the trees of order
n with the first to seventeenth greatest Wiener indices, all of these trees are
chemical trees.

There are many methods for computing the Wiener index of a tree. The
following Lemma 1 gives a formula discovered by Doyle and Graver [15],
which is suitable for calculating the Wiener index of trees with few branching
points.

Recall that a vertex u of a tree T is said to be a branching point of T
if dp(u) > 3. Furthermore, u is said to be a out-branching point if at most
one of the components of T'— u is not a path; otherwise, u is a in-branching
point of 7.

Note that any tree which is not a path has a out-branching point.

Lemma 1.([15]) Let T be a tree of order n, wuy,ug,---,u;x be all the
branching points of T', dr(u;) = m; (i =1,2,...,k), Ti1, Tia, . . ., Tim, be the
components of T' — u;, and n(T};) = n;; (j = 1,2,---,my;0 = 1,2,.... k).
Then

W( Cwi-&»l z Z nip niq Ty (2)

=1 1<p<g<r<m;

Wherenz—1+m2+"'+n7zmi:n*Li:l’Q’”"kaDdO’%H: < “‘?‘:1 )

2 Comparison of the Wiener indices of star-
like trees of order n

Let T'(n;ny,ng, ..., ny) denote the starlike tree of order n obtaining by in-
serting ny — 1,mo — 1,...,n,, — 1 vertices into m edges of the star S,,,1 of
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order m + 1 respectively, where ny +ns +--- +n,, =n — 1.

Note that any tree with only one branching point is a starlike tree, and
the starlike tree T'(n;ny,na,...,nm,) has a branching point with degree m.
By Eq. (2) of Lemma 1, we have

. _ 3
W(T(n;n1,n9,...,0m)) =Chyy — > (S
1<i<j<k<m
3)
_ (3
- Cn+l - f(n17n27 s 7nm)
Here, the function f(zy,s,...,2,) is defined as follows:
[, 2o, .. oxy) = > wmizjwy
1<i<j<k<n
where x1,z,, ..., x, are non-negative integers, n > 3.
Note that f(zi1,zs,...,,) is symmetric, i.e.,
f(l’l,l'g, ER 7-7;n) = f(xiuxiza v 7xin)
for any permutation x;,, iy, ..., %, of T1,Z9, ..., Tp.

Lemma 2. If ; >2; >1,1<i<n,1<j<n,i¢#j. Then
flre, o @iy, xn) > flon, .+ 1y =1 T,

Proof. Without loss of the generality, suppose that i =1 and j = n.
flzy, 2o, o xy) — fler + 1,29, ..., 2, — 1)

> mrzy — > mzgzre— oy (T + Dzjmg
1<i<j<k<n 1<i<j<k<n 1<j<k<n

- Y zmiz,—1)— ¥ (z1+D)zj(z, — 1)

1<i<j<n 1<j<n

- Y mmt Y omzi+ Y (mz — (o + 1) (@ — 1))z,

1<j<k<n 1<i<j<n 1<j<n

= (;m1+1—-2,) ¥ z;>0.

1<j<n

So, f(zy, @0, ... xn) > flwr+ 1,20, ... 2, — 1).
From Lemma 2 and Eq. (3), the following result is immediate.

Theorem 3. If ny > ny > --- >n,, > 1, then

(1) W(T'(n;n1+ Lingy oo yng — 1) > W(T(n;ng,na, ..oy Mp);

(i) WT'(n;...,n;+1,...,n;—1,...) > W(T(n;...,ngy...,ny,...).

And, the tree with maximum Wiener index among the starlike trees with
order n and a branching point of degree m is T'(n;n —m,1,...,1); the tree
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with maximum Wiener index among the starlike trees of order n is T'(n;n —
3,1,1).

We write T1 = T (T1 - Tg) if W(Tl) > W(TQ) (W(Tl) > W(Tg)) for two
trees T} and Ty. Using Theorem 3, some relations for ordering the starlike
trees of order n and a branching point of degree m are obtained as follows:

(i) m = 3.

T(nyn—3,1,1) = T(n;n—4,2,1) = T(n;n—>5,3,1) = T(n;n—6,4,1) -
T(n;n —5,2,2) = T(n;n —7,5,1) = T(n;n — 8,6,1) = T(n;n —6,3,2) >
T(nyn—9,7,1) = T(n;n—10,8,1) = T'(n;n —7,4,2) = T'(n;n —11,9,1) >
T(nyn—17,3,3) = T(n;n —12,10,1) = T(n;n — 8,5,2) > - --.

(ii) m = 4.

T(n;n —4,1,1,1) = T(n;n —5,2,1,1) = T(n;n —6,3,1,1) = T(n;n —
6,2,2,1) > T(n;n—"7,4,1,1) = T(n;n—7,3,2,1) = T(n;n—7,2,2,2) > ---

(iii) m = 5.

T(nyn —5,1,1,1,1) = T(n;n — 6,2,1,1,1) > T(n;n — 7,3,1,1,1) >
Tnyn—7,2,2,1,1) = ---.

And

W(T(n;n—4,1,1,1)) = C3 41 — 3n+ 11
W(T(n;n—5,2,1,1)) = C3,, —5n+23
W(T(n;n—6,3,1,1)) = C3, — Tn+32
W(T(n;n —6,2,2,1)) = C3,, — 8n+ 36
W(T(n;n —17,4,1,1)) = C2,; — 9n + 59
W(T(n;n—7,3,2,1)=C3, —1ln+71
W(T(sn—17,2,22)=C3, —12n+76
W(T(n;n—5,1,1,1,1)) = C3 ., —6n+26
W(T(n;n —6,2,1,1,1)) = C3,; — 9In + 47
W(T(n;n—7,3,1,1,1)) =C3,, —12n+ 74
W(T(nn—7,2,21,1)=C3,—13n+79
W(T(n;n—6,1,1,1,1,1)) = C3.; — 10n + 50
W(T(n;n—17,2,1,1,1,1)) = C3,; — 14n + 82.

Then, the ordering of the starlike trees of order n is:

T(nyn—3,1,1) = T(n;n —4,2,1) = T(n;n —5,3,1) = T(n;n —4,1,1,1)
= T(n;n—6,4,1) = T(n;n —5,2,2) = T'(n;n—"7,5,1) = T(n;n —5,2,1,1)
= T(n;n—28,6,1) = T(n;n—06,3,2) = T(n;n—>5,1,1,1,1) = T(n;n —9,7,1)
=T(n;n—16,3,1,1) = T(n;n —10,8,1) = T'(n;n —7,4,2) > T(n;n —6,2,2,1)
=T(n;n—11,9,1) > T(n;n —7,3,3) = T(n;n —7,4,1,1) = T(n;n —6,2,1,1,1)
= T(n;n—12,10,1) = T'(n;n — 8,5,2) - - -.

(4)
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3 Trees of order n with the first to seven-
teenth greatest Wiener indices

For convenience, we introduce a transfer operation: T'— Ty — T — T, as
shown in Figure 1, where T is a tree of order n, u is an out-branching point
of T, dr(u) = m, and all the components T1,T5,..., T, of T — u except T}
are paths.

.T2
----- —e, ¢ T3 J—k ceeee@
u u
T m Ta
TB TC
Figure 1.

Lemma 4. Let u be an out-branching point of a tree of order n, dr(u) =
m, and let all components 11,7, ..., T,, of T — u except T} be paths. Then

W(T) < W(Ta) < W(Tp) < W(Tc)

and W(T) = W(T4) (or W(Tp)) if and only if T = T4 (or Tg).

Proof. Let wuj,us,...,ur and u be all the branching points. Then
Uy, U, . . ., Uy are in Ty since Ty, ..., T, are paths. Suppose that dr(u;) = m;
and Ty, Do, . . ., Tim, are all the components of T — w;, n(T};) = ny;, j =
1,2,...,mi=1,2,... k;n(Ty) =n, t =1,2,...,m.

By Lemma 1, we have that

) k
W(T) =Chi— > X nphighy — X mingny,

i=11<p<g<r<m; 1<i<j<k<m

:Wo_f(”h”%-wa”m)

k
_ (3
where Wy = C;, , — 2 > NipTigMip -

i=11<p<g<r<m;

Without loss of generality, we can assume that ny > nz > --- > n,, > 1.
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From Lemma 2, we have

f(n17n27n3>- . ‘7nm717nm) > f(nhnZ + 1>n37~~~7nm717nm - 1) > e
> f(ny,ne +nm — Ling, .oy o1, 1) > f(n1,na + Ny N3y ooy My, 0) > -+
> f(ni,ne +n3+...+n,—1,1,0,...,0).

So, W(T') < W(T4) with the equality if and only if T' = T4 since W (T4) =
Woff(n17n2+n3+~~-+nmf 1,1,07...,0).
Also, W(T,) < W(Tg) with equality if and only if T = T4 since
W(Ty) = Wo—ni(na+nz+--+n,—1) = Wog—ni(n—2—ny) < Wy—(n—3).
Finally, W(T) < Wy = W (Tk).

Remark. From Lemma 4, the Wiener index increases after the transfer
operations: T'— T4 — Tp — Tr. Repeating the above operations, any tree
T with an out-branching point must be changed into a tree T in which any
out-branching point v has degree 3 and the components of T — u, except
one, have only one vertex; Also, T can be changed into a tree Ty with fewer
branching points than 7. So the path P, has the greatest Wiener index
among the trees of order n.

If a tree has exactly two branching points, then both branching points
must be out-branching points. From Lemma 4 the following result is imme-
diate.

Theorem 5. Let T be a tree of order n with exactly two branching
points, then W(T) < W(T(n;1,1;1,1) with equality if and only if T =
T(n;1,1;1,1), where T'(n;1,1;1,1) is shown in Figure 2.

Now, we consider the ordering of trees with exactly two branching points.
Let T be a tree of order n with exactly two branching points u; and us,
dr(ui) = r, dr(ug) = t. The orders of » — 1 components, which are paths,

of T — uy are py,...,p._1, the order of the component which is not a path
of T —uyisp.=n—(p1+---+p—1) — 1. The orders of ¢ — 1 components,
which are paths, of T'—us are ¢y, ..., ¢;_1, the order of the component which

is not a path of T'—wus is ¢ = n— (g1 + -+ + ¢—1) — 1. We denote this
tree by T(”%ph sy Pr—1341, - - '7qt71)7 where 7 < t, P1 > P2 > > Pr—1 and
q1 >G>+ > q1. By Lemma 1, we have

W(T(n;ph---apr—HQh---7Qt71)):CZJA* Z DPiPiPL — Z 4:q;5qk

1<i<j<k<r 1<i<j<k<t

:CS+1_f(p17p27~'-7p7“)_f(q17q27"'7Qt)' (5)



Figure 2.
Epi+Apratqt-+g-1 > 8, then W(T(n;p1, ..., pr15q15 - -+, Ge-1)) <
W(T(n;1,1;5,1)) = C3,, —6n-+38 by the transfer operation T' — T4 — T.
For pi+- - -4+pr1+qit- - 4q—1 < 7, the trees T(n; p1, ..., pr—13q1, -+ -5 Gi—1)
are shown in Figure 2. From Lemma 4 and Equation (4), the ordering of these



trees is:

T(n;1,1;1,1) = T(n;1,1;2,1) > T(n;1,1;3,1) > T(n;2,1;2,1) =
T(n;1,1;1,1,1) = T(n;1,1;4,1) = T(n; 1,1;2,2) = T(n;2,1;3,1) >
T(n:2,1;1,1,1) = T(n:2,1:2,2) = T(n;1,1;2,1,1) = T(n:3,1;1,1,1) >
T(n;1,1,1;1,1,1) = T(n;1,1;3,2) = T(n;2,1;2,1,1) = T'(n;2,2;1,1,1) >
T(n;1,1;1,1,1,1) = T(n; 1,1;3,1,1) > T'(n;2,1;1,1,1,1) =
T(n;1,1,1;2,1,1) = T(n;1,1;2,2,1) > T'(n; 1,1,1;1,1,1,1) >
T(n;1,1;2,1,1,1) = T(n;1,1;1,1,1,1,1) > -

(6)
For the trees with at least three branching points, we have the following
two results.

Theorem 6. Let T be a tree of order n with exactly three branching
points, then W(T') < W (Tg) with equality if and only if T = Tg, where Tg
is the tree of order n as shown in Figure 3.

Proof. Let uy,us,us be the three branching points of T. Let u; be an
in-branching point and us, u3 be out-branching points. By Lemma 4, we have

W(T) < W(Tp)

where Tp is the tree of order n with three branching points as shown in
Figure 3 and w; is its unique in-branching point.

Figure 3.

Let dr,(u) = m, T1,Ts,...,T,, be the components of Tp — u; and let
they be paths except T1,Ts, n(T;) = n;, @ = 1,2,...,m. By Lemma 1,
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W(G) =C3 —2(n—3)— > nnyny

1<i<j<k<m

=Chi1—2(n—=3) = f(ni,na, ..., nm)
<C3—2(n—3)— f(n,n2,n —ny —ny —1,0,...,0)

=C3,,—2(n—3)—nns(n—ng —ny — 1)

<C3,—2(n—3)—3na(n—4—ny) (ng is given and ny > 3)
<C3,—2(n—3)—3(n—>5) (sinceny>3andn—4—ny>1)
=W(Tg)

So, W(T) < W(Tg) and the equality holds if and only if n —n; —ny—1 =1
and ny = 3(or ng = 3), i.e, T = Tg.

Theorem 7. If T is a tree of order n with k& branching points, & > 3,
then W(T) < W(Tg).

Proof. We prove the theorem by induction on the number & of branching
points.

It is true for k = 3 from Theorem 6.

Let £ > 4 and T be a tree of order n with k branching points. Then
T must have an out-branching point u, and by Lemma 4, W(T') < W(1¢),
where T has k — 1 branching points. W (T¢) < W(Tg) by the inductive
hypothesis. So, W(T') < W (Tk).

Finally, we give the trees of order n with the first to seventeenth largest
Wiener indices. They all are chemical trees. Since W (Tg) = C2,; —5n+ 21,
W(T(n;n—5,2,1,1)) =C3,, —5n+35 and W(T(n;n —8,6,1)) = C3,, —
6n + 48, W(T(n;2,1:3,1)) = C3,, — 5n + 23 and W(T(n:2,1:1,1,1)) —
C3,, —5n+ 19, from Eqgs. (4) and (6), we have the ordering of trees with n
vertices.

Theorem 8. Let n > 9. Then T(n;n J1,1) = T(nyn —4,2,1) >
T(n;1,1;1,1) = T(n;m —5,3,1) = T(n;m —4,1,1,1) = T(n;1,1;2,1) >
T(n;n — 6,4,1) = T(n;n — 5,2,2) = T(n,1,1,3 1) = T(n;2,1;2,1) >
T(n;1,1;1,1,1) = T(n;n —7,5,1) > T(n,17174,1) T(nyn—5,2,1,1) =
T(n:1,1;2,2) = T(n;2,1;3,1) = T - -
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