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Abstract

The energy of a graph is the sum of the absolute values of its eigenvalues. Two graphs
are said to be equienergetic if their energies are equal. We show how infinitely many
pairs of equienergetic bipartite graphs can be constructed, such that these bipartite
graphs are connected, possess equal number of vertices, equal number of edges, and
are not cospectral.
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INTRODUCTION

The concept of graph energy was introduced by Gutman long times ago. Recently
this concept started to attract considerable attention of mathematicians involved in
the study of graph spectral theory; for recent mathematical works on the energy of
graphs see [2,3,5,7-10,13-15] and the references of quoted therein.

Using the notation and terminology of the paper [10], we denote by Ay, Aa, ..., A,
the eigenvalues of a graph G and by n the number of its vertices. The energy of the
graph G is then defined as E(G) = |A{| + |A2| + -+ + [An| . Two graphs G; and G,
are said to be equienergetic if E(G;) = E(Gs).

Let L?(G) denote the second iterated line graph of the graph G. In the papers
(10, 11, 12] the following theorem has been proved.

Theorem 1. Let Gy and G be two reqular graphs, both on n vertices, both of
degree v > 3. Then

(1). L*(Gy) and L*(Gy) are equienergetic, and E(L*(Gy)) = E(L*(Gy)) = 2nr(r—2).

(2). L*(G,) and L*(G2) are equienergetic, and E(L*(Gh)) = E(L*(G2)) = (nr —
4)(2r — 3) — 2, where G denotes the complement of the graph G .

Theorem 1 gives a systematic method for constructing pairs of equienergetic
graphs. On the other hand, until now no systematic method for constructing pairs of
equienergetic bipartite graphs was reported. Here we are now able to offer one, that
is similar to Theorem 1.

For studying networks, N. Alon [1] introduced the extended double cover of a
graph to obtain expanders from magnifier. This motivated our interest in studying
the energies of the extended double graphs.

Let G be a simple graph with vertex set V' = {vy,v2,...,v,}. The extended
double cover of G, denote by G* is the bipartite graph with bipartition (X,Y’) where
X ={z1,29,...,2,} and Y = {y1, ¥, ..., Yn}, in which z; and y; are adjacent if and
only if i = j or v; and v; are adjacent in G. It is easy to see that G* is connected if
and only if G is connected and G* is regular of degree r + 1 if and only if G is regular

of degree 7.



- 365-

The following is the main result of this note.

Theorem 2. Let Gy and G be two reqular graphs, both on n vertices, both of

degree v > 3. Then

(1). (L3(Gy))* and (L*(G3))* are equienergetic bipartite graphs, and E((L*(G1))*) =
E((L*(G2))*) = nr(3r —5).

(2). (L*(G1))* and (L*(G2))* are equienergetic bipartite graphs, and E((L*(Gh))*) =
E((L*(G2))*) = (bnr — 16)(r — 2) + nr — 8.

(3). (L*(G1))* and (L?*(Gs))* are equienergetic graphs, and E((L?*(Gy))*) =
E((L*(G2))*) = 2nr —4)(2r — 3) — 2.

PROOF OF THEOREM 2

In order to prove Theorem 2, we first give the relation between the eigenvalues of

a graph G and its extended double cover G*.

Lemma 3. Let Ay, Ao, ..., A\, be the eigenvalues of the graph G . Then the eigen-
values of G* are £(A\ + 1), £(Xa+1),..., £\, +1).

Proof. Let the adjacency matrix of G be A. Then G* has adjacency matrix
( 0 A+I

A+1 0
and x is an eigenvector corresponding to A, that is, Az = Ax. Then we have

[t () = aen(2)
(b (%) = (%)

Thus G* has two eigenvalues £ (A + 1) corresponding to the eigenvalue A of G . Hence

) , where [ is the unit matrix. Suppose that A is an eigenvalue of G

the lemma follows. O

Proof of Theorem 2. From [11] we know that if G is a regular graph of order n
and degree 7, then L?(G) is a regular graph of order nr(r — 1)/2 and degree 4r — 6.
If Ay, Ao, ..., A, are the eigenvalues of G, then the spectrum of L?(G) consists of the
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numbers
i +3r—6 i=1,2,....n

2r—6 n(r —2)/2 times (1)
-2 nr(r — 2)/2 times

*

Combining Lemma 3 and (1), we obtain that the eigenvalues of (L*(G))* are:
£(\ +3r —5) i=1,2,....n
+(2r —5) n(r—2)/2 times (2)
+1 nr(r —2)/2 times
Recall that all eigenvalues of a regular graph of degree r lie in the interval [—r, +7] .
Therefore, we obtain A;+3r —5 > 0. From (2) we can express the energy of (L2(G))*

as:

2 Zn:()\z +3r—5)+ (2r —5)n(r —2)/2 +nr(r —2)/2

i=1

E((L*(G))")

= nr(3r—5) (recall that i A =0).
=1

If G is regular of order n and degree r, then its complement G is a regular graph

of order n and degree n —r — 1. The spectrum of G consists of the numbers (see [4]):

n—r—1 ®)
3
-A—1 1=23,...,n

Combining (1) and (3), we obtain that the eigenvalues of L?(G) are:

nr(r—1)/2—4r+5

X —3r+5 i=2,3,...,n
_ (4)
—2r+5 n(r —2)/2 times
1 nr(r —2)/2 times

Combining Lemma 3 and (4), we obtain that the eigenvalues (L?(G))* are:
t(nr(r—1)/2 —4r +6)
+£(—Xi — 37 +6) i=23,....n
+(—2r +6) n(r—2)/2 times
+2 nr(r —2)/2 times
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From (5) we can express the energy of L?(G))* as:

E@@)) = 2nr(r—1)/2 = dr +6+3 (A + 3r — 6)

+(2r —6)n(r —2)/2+2 ;::zr(r —2)/2]

= (bnr—16)(r —2)+nr—38

Combining Lemma 3 and (5), we obtain that the eigenvalues of the of (L?(G))*

are:
nr(r—1)—4r—5-1

—(4r—5)—1
H(-X\—3r+5) -1 1=2,3,...,n (6)
+(2r—5)—1 n(r—2)/2 times
+1-1 nr(r —2)/2 times

From (6) we can express the energy of (L?(G))* as:

E((L*(G))*) = Q[nr(r—1)/2—4r+4+4r—4+zn:()\,;+37‘—6)

=2

+ (2r—6)n(r—2)/2+nr(r—2)/2x 2]

(2nr —4)(2r—3) —2.

Hence Theorem 2 follows. O

DISCUSSION

In full analogy with the corollaries of Theorem 1 (stated in [10] and [12]), we now

have:

Corollary 2.1. Let Gy and Gy be two regular graphs, both on n vertices, both of
degree v > 3. Then for any k > 2, the following pairs of graphs are equienergetic:

(1) (L*(Gh))™ and (L*(G))* ;

(2) (LX(Gh))" and (LK(Ga))" ;

(3) (LE(Gh))* and (L¥(Ga))* .
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Corollary 2.2. Let Gy and G5 be two connected and non-cospectral reqular graphs,
both on n wertices, both of degree v > 3. Then for any k > 2, both (L*(G)))*
and (L*¥(Gs))* are regular, bipartite, connected, non-cospectral, and equienergetic.
Furthermore, (L¥(G1))* and (L*(G2))* possess the same number of vertices, and the

same number of edges.

Within Theorem 2 we obtained the expression (in terms of n and r) for the
energy of the extended double cover of the second iterated line graph of a regular
graph. Analogous (yet much less simple) expressions could be calculated also for
E((L*@Q))") , k > 2, i. e, the energy of the extended double cover of the k-th
iterated line graph, k > 2, of a regular graph on n vertices and of degree r > 3 is
also fully determined by the parameters n and .

A graph G on n vertex is called hyperenergetic if E(G) > 2n — 2. In [6] it was
shown that if G has more than 2n — 1 edges then all its iterated line graphs L*(G) are

hyperenergetic. From the expressions for the energies of the graphs L?(GQ), L*(G),

(L2(@Q))*, (L2(GQ))*, (L2(G))*, it is not difficult to see that these all are hyperenergetic

forr>3andn>5.

Similar to the extended double cover of a graph, we may define the extended
m-cover of a graph as follows:

Let G be a simple graph with vertex set V' = {v1,v2,...,v,}. The extended
m-cover (m > 2) of G, denote by G | is the m-partite graph with m-partition
(X1, Xs,..., X)) where X; = {x(ll),x(;), oz} Xy = {ac(lz),x(;)7 sz
X = {x(lm),xém), ..,x™} "in which z¥ and xﬁ are adjacent if and only if ¢ = 5
or v; and v; are adjacent in G (for any k # ). It is not difficult to prove that if
the characteristic polynomial (of the adjacency matrix) of G is ¢(G,x), then the

characteristic polynomial (of the adjacency matrix) of G™ is

(G, ) = ¢ Y G, —z — 1)¢ <G7 mx_ 1 1) '

In other words, if the eigenvalues of G are Aj, Aa, ..., A, , then the eigenvalues of G™
are (m—1)(\;+1) and —(\;+1) (m—1 times), ¢ = 1,2,...,n. From this fact, we can
show that if G is an 7-regular graph with n vertices, then the energy of (L*(G))(™ is
[mnr(3r — 5)]/2, which is independent of the structure of the graph G'.
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