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Abstract

AT, ,[C4, Cs] is a torus covered by alternating Cy and Cs. This pa-
per presents a method for deriving formulas for calculating the Wiener
index of the torus T}, 4[C4, Cs].

1 Introduction

The Wiener index is a graph invariant based on distances in a graph. It is
denoted by W (G) and defined as the sum of distances between all pairs of
vertices in a connected graph G:

WE)= Y delwr) =5 Y de) (1)

{u,v}CV(G) veV(Q)

where V(G) is the vertex set of G and dg(u, v) denotes the distance between
the vertices u,v € V(G) and dg(v) is the sum of distances between v and
all other vertices of G.

The Wiener index is much studied in the chemical literature, since Harold
Wiener [1], in 1947, was the first to consider it. Wiener’s original definition
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Figure 1. (a) a cutting of G = Ty 2[C4, Cs);
(b) side view; (c) top view.

Starting from the middle of the 1970s, the Wiener index gained much
popularity and, since then, new results related to it are constantly being
reported. For a review, historical details and further bibliography on the
chemical applications of the Wiener index see [5,6,7,11,12,13,18]. Results
on the Wiener index of trees and hexagonal systems were summarized in
[3,4,8,9,10].

The primary aim of this article presents a method for deriving formulas
for calculating the Wiener index of the torus T}, 4[Cy, Cg] covered by Cy
and Cg. Some literatures related this topic in chemical graph theory, see
[14-17,19-21].

Our notations are mainly taken from [7,8]. Throughout this paper G =
Tp.q[C4,Cs] denotes a torus covered by Cy and Cg with 4¢ rows and 2p
columns in its cutting, see Figure 1.

G = T 4[C4, Cg] has 8pq vertices. To compute the Wiener index of this
graph, we assume that x;; denotes the vertex in row ¢ and column j of the
2-dimensional lattice of G, see Figure 2. From the symmetry of the tori G,
x;; can be changed into z,; by using the rotations and reflections. Then,
dg(zij) = da(xre). So, we have

Lemma 1. Let G = T 4[C4, Cs], then W(G) = 4pgdg(x), where z be
any vertex of G.

To calculating W (G), we need only calculate dg(z) for a vertex x of
G =T, 4[C4, Cq].
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2 The distances in G = T),,[Cy, C]

In this section, we will give a formula for calculating the distances between
z11 and any other vertices of G = T}, 4[C4, Cg]. The elementary results come
from [16].

We first consider four graphs G, G2, G3 and G4, where (1 is obtaining
from G = T, 4[C4, Cg] by deleting the horizontal edges between columns 1
and 2p and the vertical edges between rows 1 and 4q (see Figure 2), G is
obtaining from G = Tj 4[Cy, Cg] by deleting the horizontal edges between
columns 1 and 2 and the vertical edges between rows 1 and 4q, G5 is obtain-
ing from G = T}, 4[C4, Cs] by deleting the horizontal edges between columns
1 and 2p and the vertical edges between rows 3 and 4, G4 is obtaining from
G = Ty 4[C4, Cg] by deleting the horizontal edges between columns 1 and 2
and the vertical edges between rows 3 and 4. And the distances from x1; in
G is the minimum of the ones in G1, G2, G3 and Gy.

In the following, d(x11,2rt), di(z11,%re), do(x11,Trt), d3(z11,20) and
dy4(x11, 2r) denote the distance between z17 and z,4 in G, G1, G2, G3 and
G4, respectively.

The distances from x1; to other vertices in G; as showing in Figure 2.
And we have

Lemma 2([16]).
r—2, 1<t <[5 +2
di(z11, @) =t +{ 2[2E=3]— 1, ¢t>[4]+ 3 and 1 is odd;
2[4r=2] — 2 t > [f]+3 and r is even
where [z] denotes the maximum integer not larger than z over all the paper.
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Figure 2. Some distances from the vertex 11 in G1,Go,G3
and G4, where p=7 and q=4.

The distances from z17 to other vertices in Gy as showing in Figure 2.
And we have
Lemma 3([16]).

r—2, 1<t <[5]+1;
do(x11, 20p) =t + 2[2‘/%*1} -1, ¢ >[5]+2andris odd;
2[#] -2, t'>[f]+2andriseven

where da (11, x,) is the distance between x17 and .y in G2 and
st t=1
W+2—t, t>2

Also, we have

Lemma 4([16]).

o 1<t <[5 +2
da(z1n,2p) =t 2[2HH] =3, ¢ > [ZFL) 4 3 and ' is odd;
224 2 ¢ >["Z1] 43 and # is even.

where ds(z11,x,+¢) is the distance between x1; and z,,; in G3, and

r )L r=1
"= 4g4+2—7, r>2
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Lemma 5([16]).

-2, 1<t <["F+1
dy(z11, Tprp) =t + 2[%} -1, t'> [W%l] + 2 and 7’ is odd;
2[%}7 t > [W%l] +2 and ¢’ is even.

where dy(z11,x,¢) is the distance between x1; and x4y in Gy.

Now we can give a formula of calculating the distances from z1; to other
vertices in G = T}, 4[Cy, C3].

Theorem 1([16]). (i) d(z11,2r) = di(z11,204) f 1 <t < p+1 and
1<r<2¢+1;

(ii) d(z11, xpt) = da(z11,200) f p+2 <t <2pand 1 <r <2¢+1;

(iil) d(z11,zr¢) = d3(x11,20¢) 1 <t <p+1and 2¢+ 2 < r < 4g;

(iv) d(x11, 2re) = da(211,2¢) f p+2 <t < 2pand 2g 42 <7 < 4q.

3 A formula for calculating Wiener index of G =
Tpvq [04’ 08]

In this section, we will give a formula for calculating Wiener index of G =
Tp,q[Ci, Cs].-

Let A(p, q) = (art)agx2p be a matrix with 4¢ rows and 2p columns, where
ary = d(x11, Tr¢) is the distance between x17 and 4 in G, and

P+l 2p 2p
Di(r) =Y am; Da(r) = > ap; D(r) = Di(r) + Da(r) = 3 an
i=1 t=p+2 =1

then D(r) is the sum of the elements on row r in A(p,¢), i.e., the sum of
the distances from 11 to the vertices in row r of the 2-dimensional lattice

4q 2p 4q
of G. And dg(z11) = X > an =Y, D(r).
r=1t=1 r=1
Lemma 6. If p > g+ 2, then dg(z11) = ?93 + 3p%q + 8¢% + %q +

D P =1 p
8 [51+8 > [(1+16 % > [B].
k=2 k=q+2 =1 k=I+1
Proof. Using Theorem 1, we first compute D(r).
Case I.1 <r <2¢+ 1. Then % <p+1sincep>q+2.

(i) If r is even, then

rig
D _p+1d — 2 _ R 2t4r=27 _
1(r) =Y di(zi,an) = X (E+r—2)+ ¥ (t+2[52] - 2)
t=1 t=1 t=75+3
VS S R P D p{g [26r=2]
=3P —3PpT3 5 1
:§+3

P
z%pi%p+%r2+2rfl+2 > [Qtir]
t=242
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2p
Dy(r) = > d(z11, %)

2
= Y da(211, 20p)
t=p+2 =2
551 . /
=Y {H+r-2)+ ¥ (¢ +203)-2)
t'=2 =542
=3

P ’
Sp+ari+1+2 Y [EH]
=542

D
And, D(r) = Di(r) + Da(r) =p* = 2p+r2 +2r +4 > [f7]
(ii) If r is odd, then

k=5+2
r+3
pt1 :
Di(r) = tE_:] di(11, 0t) = tZ: t+r—2)+

p+1
Z (t+2[2t+r 3]
t="132

P+ p+ir+r—342 5 2=l

t= 7‘+3
2p
Dy(r) = . Z+2 d(zri1, o) = t/ZZ da(z11, Tyer)
= =
r+l

P ’
t,ZQ(t’ tr=2)+ X (¢ 2[2Er=1] — 1)
=12

=ipP—ip+irt-r+i+2 23[2’5'7_1]
Wyt
"
And, D(r) = Di(r) + Da(r) = p* + 72 —1+4 > [ZEr=1]

k:_142>3
5 Poorok
S D)= Y (P-2+riir+4 Y [
r=1 r is even k=542
P
+ Y @PHrP-1+4 Y (21
r is odd [

2

P*(2q+1) — 2pq + Z r2+22+4+6+--
(Q+1)+4(Z[2k+2}+ Z[2k+4]

(35 3]+ 35122

-+ 2q)
3 ()
k=q+2 4

R Z [2k1—2q])

k=q+2

p*(2q +1) — 2pg + 1(2q+ 1)(2q+2)(4q+3)
+(2¢-1)(g+1)+4 Z[ ]+8( 3
FOE2 4 3 [

k:4 k=q+2

= +-2pq+8q+1@<—2pq+1—6

+4Z[]+82 Z[@ﬂ

=1 k=142
Case II. 2q + 2 g r < 4q, ie., 2 <7 < 2q. Then &5 < p 4+ 1 since
p=q+2

[’““}

(i) If r is even, then 7’ = 4¢ + 2 — r is also even. And

1)
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p+l 2 p+1 ,
Di(r) =¥ ds(wi, o) = 3 (t+7 —=2)+ 3 (t+2[245] - 2)
t/:l t=1 (=t
N / Pl 2t—1)+r'—2
=Y t+r=2)+ ¥ (t+2[—7—))
t=1 =
R S =)

1= /42

2p P
Dy(r) = Y d(zi1,20) = Y da(11, zpp)
t=p+2 =2

s

= S (W hr-2) X (4 222)

t'=2 = /42

p ’
:%p2+%p+%T/2—27“/+1+2 Z [22&-{;{—2}

7
y__r'+2
= 2

p ’
And, D(r) = D1(r) + Do(r) = p> + 2p 4+ 72 =27 +4 Y [72]”2 =2],

(ii) If r is odd, then
ptl e ) pl o
Dy(r) = t; d3(211, Tpry) = t; (t+r"=2)+ > (t+2[55 =] = 3)
= - =t
r'+3
2 pt1 /
2(t—1)+r'—1
= S (t+r' =2+ 25(t+2[%]71)
= P
p ’
—_ %pZ-‘r%p-i-%T/Q-ﬁ—T,—%-i-Q Z [2t+£—1]
2p P
Do(r) = 3 d(xi,xp) = Y da(211, 2rp)
t=p+2 t'=2
'+l »
2 ’ S
=X W+r=-29+ ¥ ('+ 2[2dr=1] 1)
= pr=rl*

2

p Il

=ipP—ip+ v+ 142 ¥ [EHE
f/ir’+3
CT 2

P ’
And, D(r) = Di(r) + Do(r) =p?> + 72 —1+4 Y [72’”2 =1

k77";3
4q 2q
> D(r)= > D(r)
r=2q+2 r'=2
p !
= ¥ @+t -2+4 Y [P
r’ is even k=122
P .,
+ Y @14y B
r’ is odd k=133

P -1 p
= 3@ +2%q—p*+2pg—Sq+4 X 5] +8 Y X [BH]
k=2 =1 k=I+2



Therefore, we have

4q 2p 4q 2g+1 4q
do(zn) =3 Yan= 3 D(r)= X D(r)+ > D(r)
r=1t=1 r=1 r=1 r=2q+2
. j a P
=33+ 2%+ 82 +p* —2pq + Wq+4 X [E]+8Y > [EH
k=2 1=1k=I+2
P =1 p
+3@ + 2% —pP+2pg— Sq+4 (B +8 T > [EH]
k=2 =1 k=l+2

p p -1
=Wt +4p2g+ 8¢+ Jq+8 2 (5148 ¥ MU +16 % > [
k=2 k=q+2 I=1 k=I+1
For an exact expression, we need the following lemma.

Lemma 7. If z < y, then

%(Zﬂ - %) + %l’, if x and y are even;
= 1(1/2 —2%) + ?ZL — %, if the parity of z and y are different;
i(y2—$2)+§3:—%, if z and y are odd.

The proof of Lemma 7 is easy and omitted here.

Using Lemmas 1, 6 and 7, we can give a formula for calculating Wiener

index of G = T) 4[C4, C3].
Theorem 2. Let p > ¢+ 2. W/(G) is the Wiener index of G =

ILQ[CM,C&L
()If p and g are even, then

40 .16
W(G) = —48pq — gpq2 +32p¢* + 16pg® + 16p°¢® + qu“;
(i))If p is even and ¢ is odd, then

136 A 16
W(G) = —64pq — 7pq2 +32p°¢% + 16pg® + 16p°¢* + gpq“;

(iii)If p is odd and ¢ is even, then
136 . . . 16
W(G) = =96pq = —=pg* + 320" + 16pg° + 160" + —"pg’;
(iv)If p and q are odd, then

40 16
W(G) = 7120pq47?;qu%*32p3q2%716pq3%716p2q3+7?;pq?

Proof. (1) If p and ¢ are even, then by Lemma 7, we have

P
S 102 s 1=t



P
=+ ) )+ = 0"+ o -2,

P
X552 =4((p+2)? ~6%) +3=3p* +p -5,

P
P =1 +37 -8+ F =’ + 3p - 10,

P
L5 = 4((p+4)? —10%) +5 = 3p* + 2p — 16,

=5
ZEE =i +a-2° - (20-2) + (- 1),

=q

p —
2 [ =1+ a - 17 - (207 + 5(4g - 1),
=q
P
2 =500 - Qo+ 2 + g+ 1) = 3+ apa - 34" — o
;—ql p g1 52
Y [ =2Z((+ 1) - QU+ D)+ T @t +1) + 5 X (4r—1)
2 1 p 1
=1 k=I+2 =1 R t= r=2

By Lemma 6,
X 2 P
da(zn) = W +4p%q+8¢2 + Sq+8 X (5] +8  [HY]
k=2 k=q+2

=1 p bl
+16 3 > [55]
=1 k=T+1
= D@ +4p%+8¢% + S+ 2p* + (2p* + 4pg — 6¢* — 8q)
+(—12 — 4p? 4 2q — 4pq + 4p3q + 2q2 +4pg? — 4¢%)
= —12— D¢+ 8pq +4¢* + 4pg® + 3¢

By Lemma 1, we have
W(G) = 4pqdg(w11) = —48pq — Lpg® + 32p3¢* + 16pg® + 16p*¢® + Lpqg’.

(2) If p is even and ¢ is odd, then by Lemma 7, we have

p
=107 -2)+1= 1,

p

L=+ ) - )+ ="+ hp -2,

p

X2 =4 +2)? =67 +3=3p* +p -5,

p . .
L5 =0((p+3)? —8%) + P = 39"+ 3p — 10,
p

>[5 = 3((p+4)* = 10%) +5 = p* + 2p — 16,

~
I
o
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) iﬂ[%} = Hp+q-1)2— (20 +q,
=q

M= 1((p+a)? - (2¢+2)%) + j4g+1) - 1)
k=q+2 )

—i+1P° —a+3pa— 54

& ke 1% 2 z
T8 = KT @0 - )+ S e
1
+1 247'71)
=
By Lemma 6,

E D y4
da(zn) = $¢® +4p%q+8¢% + Sq + 8k22[§] +8 Z“[Lﬁq}
— E

=1 k=1+1
= 5+4pq+8q +3q+2p + (- 2—|—2p2—8q—|—4pq—6q2)
+( 4 — 4p® — 6q — 4pq + 4p? q+2q +4pq274q3)
= —16—34q+8p q+4¢* + 4pg® + q

By Lemma 1, we have
W(G) = 4pgda(z11) = —64pg — 235pg® + 32p3* + 16pg® + 16p°¢> + Lpg*.

(3) If p is odd and q is even, then by Lemma 7, we have

p
L=t -2 1=t}

S = M+ )2 - 42) +2,

> 2[%] =i(p+9)? - (2¢+2) + ;4 +1) - 1)

=i+’ —a+ g —id
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ol p s 9 3 -
22 (551 = z(lZ((erl) (2(l+1)))+22t+1 2 (4r=1)
=1 k= =1 =1 r=
5 2 3 2 3
= §-f-Y-gde g
By Lemma 6,

. P p
de(z11) = lgi’q5+4p2q+8q2+§q+8k§2[§]+8 > [

k=q+2
q—1 p
+16 3 > [
=1 k=Il+1
= 1 5+4p q+8¢> + §q+ (20° = 2) + (=2 + 2p* — 8¢ + 4pq
76q )+ (=20 — 4p® — 6q — 4pq + 4p3q + 2¢° + 4pg® — 4q¢°)
= 24— g4+ 8p’q+4¢* + 4p® + 3¢°
By Lemma 1, we have
W (G) = 4pgda(z11) = —96pg— 158 pq? +32p3¢* + 16pg> + 16pq> + L pg”.

(4) If p and ¢ are odd, then by Lemma 7, we have

Sl=10* -2+ 3= -

)

el

B =i+ -4 +2,
((p+2)* = 6%) + 4,

(p+3)*—8%) +4,

e

1 = L(p+42 109+

bl el el el >
= T0ts Tt e e
ol
vl
L
Il
AN,

S EHE2] = L((p+ g — 2) — (20— 2)%) + (g — 1),

L1 = 3 (p+ g - 17 - (20°) + (g — D),

AM@A

D .
> [ =1 +a)® ~ (2¢+2%) +(a+1) = [p° — a+ 300 — 1a*

g—1

MN\

0?2 = (20 +1)?

g _pq . pPq
s—a2tT+

1 q
+ZZ(4T_1)
r=3

o

+
+

oS N
=l

_
4

%\

By Lemma 6,
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d — 163 42 82 8 817 8 k+q
clan) = ¥PE+4p*q+87 +5¢+8 >[5+ Z[z]
k=2 k=q+2

=1 k=l+1
= Y +ap’q+84 + Q+(2P2*2)+(2PQ*SQ+4PQ*6612)
+( 28 — 4p? 4+ 2¢ — 4pq+4p q+2q +4pg® — 4¢%)
= 30—10q+8pq+4q + 4pg? +
By Lemma 1, we have

W(G) = 4pqdc(z11) = —120pg— 2 pg®+32p> ¢+ 16pg® +16p°¢> + L pg*.

In the following, we compute the Wiener index of G = T, 4[C4, Cg] for
p<q+2. Let C(t) denote the sum of the elements of column ¢ in A(p, q).

2q+1 4q
( ) Z Art = Z art + Z Q-
r=2q+2

Lemma 8. If p < ¢+ 1, then

32
dg(z11) = -8+ 3

+2 p p t
1620 [~
t=

3 2 k=t

t’:2
Proof. Using Theorem 1, we first compute C(t).

CaseI. 1 < t<2.
2g+1

o) = Z ar1 = Z di(z11, 1) + Z d3(x11, Tr1)
3 +1
= Z (r—1)+ /Z(r —1) =442
2q+1r =2
c(2)= 2 ary = Z di(z11, 22 + Z dz(z11, x2)
2q+1 2q

= > r+ Z v = 4q + 4¢>.
r=1

Case II.3<t<p+1.
2q+1 2q+1 2t—5 2g+1
Yoan = Y di(ri, ) = Y di(@i,ae) + Y di(win, o)
r=1 r=1 r=1 r=2t—4

= ((t+ 22 = 3) o+ (¢ + 2[R = 3) - (¢ 4 2[ZHEEL _g))

+((2t 112[%} —d) (b4 2[HEE2] ) o (4 2 2EEOE2] )
q
+ Y (t+r-2)

r=2t—4

= —3—q+ 2%+ Tt + 2t — 2% — 2[5! ]+4Z[t+k]
k=



4q

Z Qrt =

r=2q+2

2q
>
r'=2
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2t—4 2q
ds(z11, ) = X dg(@r,2ee) + 2 ds(@11, Tee)
r'=2 r'=2t—3

= ((t+ 2[2E34L) — 3) 4 (£ 4 2[2EBEL] _ 3) ... 4 (¢ 4 22D 3y

+(t + 20257 -
2

2) + (¢ + 2[254) — 2) + -+ (¢ + 2[2F2Y] _9))

+ Eq: (t+1 —2)

r'=2t-3

= —1-3q+2¢* + 5t + 2qt — 2t* — [‘*1]+4z[%}

C(t)

4q

2q+1 4q

= Z Art = Z art + Z Qrt
r=1 r=1

r=2q+2

t—2
=—4 —4q+4¢% + 12t + 4dqt — 4% — 4[] + 8;1[%].

p+1

S Ot
t=1

)

4q + 84> +z( 4 —4q+ 4q7 + 12t + 4qt — 412
[t+1]+8 Z[t+k})

—4+16p—*p +2pq+2p q+ 4¢% + 4pg?

B SSICI TS S IC]
t=3 t=3 k=1

Case IIL. p+2 <t < 2p,ie., 2<t <p.

2q+1 2q+1 2q+1
Yoa =) da(x11, %) = E da(z11, pp) + Y da(w11, 2pyr)
r=1 r=1 , r=2t'-2
_ ((t/ + 2[2t 4;11+3] _ ) + (t/ 4 2[21& -23—&-3] )
o+t + 2[R - 3)) o (¢ 4 2224 — )
(22 gy g (¢ (2 s 1 _4))
2q+1
+ Y (+r-2)
r=2t'—2
= 1—q+2¢%+3t +2qt' — 22 — [t’+2} 44 ZQ[t’Hc]
4q
art = Z da(211, Tprpr)
r=2q+2 r'=2
2t/ —2
= Z dy(x11, Tprpr) + Z dy(z11, Zrp)
=211
_ ((t/+2[2t -;13+31] ) (t/+2[2t’-25+3] /3)+
+(t' + 2[2t+(2t47—3)+3] —3)) + (¢ + 2[2E22) _ 9
(4 2[R 9y o (¢ Z[M} 2))
2q
+ Y (+r-2)
r=2t'—1
’ t/ ’
= 3-3¢+2¢° +t +2qt' — 267 — 2[LF2] + 4k§2[f k1
4q 2q+1 4q -
C(t) = Z Art = Z Ay + Z Qrt
r=1 r=1 r=2q+2
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—4— 4q +4q2 +4t/ +4qt/ t/Z [t/+2] 48 Z [t’+k}

& P 2 / 12 t'4+2
S Clt)= Y (4—4q+4¢* + 4t + 4qt' — 4¢ 4[+]+82[ k1)
t=p+2 t'=2

= —4+%p—3p° —2pq+2p% — 4¢® + 4pg® — 4 Z [457]
p t
+8 Y ¥ [HE]
=2 k=2
Therefore, we have

2p 4q 2p p+1 2p
da(z11) = ;:1 ;1 arp = t; c(t) = t; cit)y+ > C@)

t=p+2

ptl
= —4+4+8p— 2p3 + 2pg + 2p%q + 4% + 4pg? —42[%1]
+ —
+8§ Z[%] 4+ ¥p— 30" — 2pg + 2p°q — 4¢°
- P p t ’
+4pg® — z[t 2]+82 Z[”k}
o s #42 S
= 84 82p— 8B 4 dp?q + 8pg? —82[ ]+16t§32k22[ 5]
p P
= 8+ 32p 813 4 4p%q + 8pg? —82[t+2]+16§2k§[%1

Theorem 3.

If p < g+ 1, then the Wiener index of G = T}, 4[C4, Cg] is W(G)
) —96pg — 136;D2q + 16p3q + 16;D4q + 16;03q2 +32p%¢%, if p is even;
= 136172(] + 1 1640 1 16p3¢% + 32p2q if p is odd.

Proof. (1) If p is even, then by Lemma 7, we have

éz[t’ﬂ =Hp+2?-4)+2=-1+p+ 1p?,
S = e+ 2P - +2

S =K+ - )+

S =P8 +a,

S =K+ 52 - 10 +
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S [ = L+ (p— 1) — (20— 2)) + LA —1) - 1),

t=2 k=t é: . 32 3
= - F+%+T
By Lemma 8,
b
do(znn) = =8+ %p—5p° +4pPq+8pg* —8 3 [FF2]
t'=2
+16 Z Z[”’“}
= —8+3p— +4pq+8pq2—8(—1+p+§p2)
+16( 7P+“P + 2y

= %4p+4p + +8pq +4p%q

By Lemma 1, we have
W(G) = 4pqdc(z11) = —96pq — 138p%q+ 16p3q+ LEpiq+16p3¢> +32p%¢>.

(2) If p is odd, then by Lemma 7, we have

Sl =+ 2P - 42—t =T 4pt
S =i+t - )+
SR =M +37 - ) +3,
S =42 -8+
S =K +52 - 10 45,

5 =+ -2 - 2p =) + (0 -2),

5 = L+ (-1 - 2p—2) + Ha - 1) - ),

S = K +pP - ) +p,

> 3[4

t=2 k=t =2 5 t:
i R AL

I
.
i
=
P
=
=
+
=
()
|
.
[N~}
S
=
no
=
MN\
iy
DO
~
+
-
=
+
=
.
]
iy
[0
3
|
o
=

By Lemma 8,
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p

dg(r1) = —8+32 3p— p3 +4p?q + 8pg® — 8 Z[t+2]+16t 2];)‘[%]
= —8+%p—3p +4p q+8pq —8(=2+p+1p?
+16(———7+ +2)

= p+3p3+4pq+8pq

By Lemma 1, we have
W(G) = dpgdc(z11) = =¥ p’q + Pp'q + 16p°¢* + 32p°¢

For example. From the figure 2, we have p =7 and ¢ =4

8§ 9 12 13 12 11 8 7
7T 10 11 14 13 10 9 6
g8 11 12 15 14 11 10 7
9 10 13 14 13 12 9 8
10 11 14 15 14 13 10 9
9 12 13 16 15 12 11 8
10 13 14 17 16 13 12 9
11 12 15 16 15 14 11 10
13 16 17 16 15 12 11
11 14 15 18 17 14 13 10
10 13 14 17 16 13 12 9
11 12 15 16 15 14 11 10
10 11 14 15 14 13 10 9
9 12 13 16 15 12 11 8
§ 11 12 15 14 11 10 7
9 10 13 14 13 12 9 8

Then W (T74[C4, Cs]) = 4pgq Z Z = 234752. By Theorem 2, we have
=1 ]_

also that W (T74[C4,Cg]) = —96pg — 136pq + 32p%¢2 + 16pg® + 16p%q
pgt = 234752.

If p = 5 and ¢ = 4, then we can obtain A(5,4) from A(7 4) by deleting its
columns 7,8,9 and 10. So, W (T5.4[C4, Cs]) = 4pq Z Z = 96000. And from

i=1j5=1

Theorem 3, we have the same value W (T54[C4,Cs]) = 16p2q + 156p4q +
16p3¢% + 32p%¢> = 96000.

© 0 3 O T W
© 00O o Ut
© 00 3O Ut oy Ut

=
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—
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—
o

_ =
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PO OB TT O 1 00 © 00 ~1 ST N
CUk T 1 O S

S 1 0~ 0 ©

TN o N ©

~

References

1 H. Wiener, Structural determination of paraffin boiling points, J. Am.
Chem. Soc. 69 (1947) 17-20.

2 H. Hosoya, Topological index: A newly proposed quantity character-
izing the topological nature of structural isomers of saturated hydro-
carbons, Bull. Chem. Soc. Jpn. 4 (1971) 2332-2339.



10

11

12

13

14

15

16

17

18

-373-

A. A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: the-
ory and applications, Acta Appl. Math. 66 (2001) 211-249.

A. A. Dobrynin, I. Gutman, S. Klavzar, P. Zigert, Wiener index of
hexagonal systems, Acta Appl. Math. 72 (2002) 247-294.

I. Gutman, Y. N. Yeh, S. L. Lee, J. C. Chen, Wiener numbers of
dendrimers, MATCH Commun. Math. Comput. Chem. 30 (1994)
103-115.

G. R. T. Hendry, On mean distance in certain classes of graphs, Net-
works 19 (1989) 451-457.

B. Mohar, Eigenvalues, diameter, and mean distance in graphs, Graphs
Combin. 7 (1991) 53-64.

R. C. Entringer, Distance in graphs: Trees, J. Combin. Math. Com-
bin. Comput. 24 (1997) 65-84.

R. C. Entringer, A. Meir, J. W. Moon, L. A. Székely, On the Wiener
index of trees from certain families, Australas. J. Combin. 10 (1994)
211-224.

O. Gerstel, S. Zaks, A new characterization of tree medians with ap-
plications to distributed algorithms, Lecture Notes Comput. Sci. 657
(1993) 135-144.

I. Gutman, J. H. Potgieter, Wiener index and intermolecular forces,
J. Serb. Chem. Soc. 62 (1997) 185-192.

I. Gutman, Y. N. Yeh, S. L. Lee, Y. L. Luo, Some recent results in the
theory of the Wiener number, Indian J. Chem. 32A (1993) 651-661.

S. Nikoli¢, N. Trinajsti¢, Z. Mihali¢, The Wiener index: developments
and applications, Croat. Chem. Acta 68 (1995) 105-129.

M. V. Diudea, I. Silagehi-Dumitrescu, B. Parv, Toranes versus torenes,
MATCH Commun. Math. Comput. Chem. 44 (2001) 117-133.

M. V. Diudea, I. Silagehi-Dumitrescu, B. Parv, Toroidal fullerenes
from square tiled tori, Internet Electron. J. Mol. Des. 1 (2002) 10—
22.

H. Y. Deng, PI indices of tori T} 4[Cy,Cg] covered by Cy and Cg,
submitted to MATCH Commun. Math. Comput. Chem.

H. Y. Deng, The PI index of TUV Cg[2p; q], MATCH Commun. Math.
Comput. Chem. 55 (2006) 461-476.

H. Y. Deng, The trees on n > 9 vertices with the first to seventeenth
greatest Wiener indices are chemical trees, accepted by MATCH Com-
mun. Math. Comput. Chem.



-374-

19 S. Yousefi and A. R. Ashrafi, An exact expression for the Wiener index
of a polyhex nanotorus, MATCH Commun. Math. Comput. Chem.
56 (2006) 169-178.

20 P. E. John and M. V. Diudea, Wiener index of zig-zag polyhex nan-
otubes, Croat. Chem. Acta 77 (2004) 127-132.

21 M. V. Diudea, M.Stefu, B. Parv and P. E. John, Wiener index of
armchair polyhex nanotubes, Croat. Chem. Acta 77 (2004) 111-115.



