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ABSTRACT

A complete description of the genetic reactions among the derivatives of ethane CoHg by
using Lunn-Senior’s mathematical model of isomerism in organic chemistry is presented.
Lunn-Senior’s automorphism group (the structural group of the mathematical structure
underlying the model) is introduced, found for some important substructures, and used
for a comprehensive study of all pairs of derivatives that can and that can not be
distinguished via substitution reactions.

1. RATIONALE

Lunn-Senior’s theory is based on a division of the molecule under question into skeleton
and a set of d univalent substituents, and this division is fixed during a particular
consideration. If we also fix a numbering 1,2,...,d of the valences of the substituents,
then a distribution of A; in number ligands of type 1, Ao in number ligands of type
Zg, and so on, Ay + A2 + - -+ = d, is uniquely determined via a dissection of the integer-
valued interval [1,d] = {1,2,...,d} into disjoined subsets Ay, As,..., where 4; is the
set of numbers of valences of the substituents of type x;, i = 1,2.... We have |4;] =
A; and may suppose that A\; > Ag > -+, s0 A = (A, Ag,...) is a partition of the
number d. Then the dissection A = (A1, Aa,...) of the set [1,d] is called tabloid with
d nodes. Thus, the partition A represents the empirical formula dugz ... and the
tabloid A represents the structural formula of the ligands. The substitution isomerism,
stereoisomerism, and structural isomerism define three equivalence relations on the set
Ty of all tabloids (structural formulae) A, and on its subsets T\ C T, consisting of
all tabloids (structural formulac) A of shape A (with empirical formula z}'z3?...).
The fundamental assumption of Lunn and Senior in [4] is (up to a slight change of
the terminology) that the classes of these equivalence relations are produced as orbits
of three permutation groups G, G, and G”, respectively, which are subgroups of the
symmetric group Sy and inherit the natural action ¢(A) = ({(A1),¢(A2),...) of Sg on
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the set Ty. Since the symmetric group Sy is d-transitive, we can identify the factor-set
Sq\Ty with the set Py of all partitions A of d. If ¢: Ty — P, is the canonical projection
that assigns to each tabloid A its shape A, p(A) = A\, A1 = |A1], A2 = |A3],..., then
@71 ()\) =T\.

Further, Lunn and Senior assume that G = G’ or G’ contains G as a (normal) subgroup
of index 2, and the last statement is true if and only if there are chiral pairs among the
stereoisomers of the molecule under consideration; the chiral pairs are represented by
the G’-orbits in T, that contain two G-orbits and the dimers are represented by the G-
orbits in Ty that contain one G-orbit. Moreover, every structural isomer is represented
by a G"-orbit in Ty, and any such orbit is a union of G’-orbits. As a consequence of the
latter we obtain that the group G’ is a subgroup of G”.

Let Ty, (Ta.r, Ta;g) be the set of all G-orbits (G'-orbits, G”-orbits, respectively) in
the set Ty;. The canonical projection ¢ factors out to a canonical projection pg: Tg.c —
Py and for any A € P; the inverse image goal(/\) = T\,q can be identified with the
factor-set G\T\. Similarly we get the canonical projections ¢g:Tg.qr — Py and
par:Tg,grn — Py, and the inverse images T\, and T);g. The elements of the set
Ta.c ( Ta;ery Taser) represent the univalent substitution isomers (stereoisomers, struc-
tural isomers, respectively). The above projections allow us to say that a univalent
substitution isomer (stereoisomer, structural isomer) has empirical formula 31232 ...
if for the corresponding G-orbit a € Ty, (G'-orbit a’ € Ty.qr, G"-orbit a” € Ty, re-
spectively) one has pg(a) = X (@i (a’) = A, par(a”) = A, respectively). Equivalently,
a €T (d €Thg, a'" € Thgr, respectively).

Because of the inclusions G < G’ < G”, the G-orbit a = Og(A), A € T4, which
represents an univalent substitution isomer produces canonically a G’-orbit @’ = O¢(A)
that represents a stereoisomer, and a G”-orbit a” = O (A) that represents a structural
isomer. Moreover, any G’-orbit ¢’ = Og/(A) produces canonically the G”-orbit a” =
Ogr(A). Thus, we get a diagram

Ta.c
v/ N Y
Td;G’ — Td;G”
1/}/

of canonical surjective maps 1, ¢, 9", which is commutative, that is, 1)’ ot = ¢)"". This
diagram allows us to say that two univalent substitution isomers are stereoisomerically
(structurally) identical if for the corresponding G-orbits a and b one has ¥ (a) = 9(b)
(" (a) = 9" (b), respectively). Similarly, we say that two stereoisomers are structurally
identical if for the corresponding G’-orbits @’ and b’ one has ¢'(a’) = ¢'(b'). The
commutativity of the above diagram yields that if two univalent substitution isomers
are stereoisomerically identical, then they also are structurally identical.

Since any G’-orbit (G”-orbit) is a union of G-orbits, we can identify it with a subset of
the corresponding T,¢. In particular, any chiral pair can be identified with a pair of
elements in this T).q.

The model reflects the substitution (genetic) reactions among the derivatives via intro-
ducing a partial order on the set Ty, in the following way:

(a) on the level of empirical formulae a simple substitution reaction has the form

R L o B (1.1)

[ J [ g
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where A\, € Py, and py = A, .o g = N+ 1,00, g = Ay — 1, ig = Ag, that is,
a replacement of a ligand of type x; by a ligand of type z;, and in this case we write
w=pijAand A < p;

(b) on the level of structural formulae the simple substitution reaction (1.1) has the
form

B:(Bl,B%BlBJ) —>A:(A1,A2,A7A]), (12)

where B can be obtained from A by moving an element s € A; to the set A;, and in this
case we write B = R; ;A and A < B; formula (1.2) carries the following instruction:
“replace the ligand of type z; of B in position s by a ligand of type z;, and, as a result,
obtain A”;

(c) in general: we write A < p if A can be obtained from p via a finite sequence of simple
replacements of the type (a) — this is the famous dominance order on the set Py; we
write A < B if B can be obtained from A via a finite sequence of simple movements
of type (b) — this a partial order on the set Ty; an equivalent definition of the latter
partial order is: A< Bif AyUAs...UA, CB1UBy...UBg forallk=1,2,...d;

(d) we factor out the partial order from (c) and get a partial order on the set Ty of
G-orbits via the rule: a < b if there exist A € a and B € b such that A < B.

The relation a < b means that the product that corresponds to a can be obtained from
the product that corresponds to b via several consecutive simple substitution reactions.
Therefore the partially ordered set Ty.c represents the univalent substitution isomers
and all possible genetic relations among them.

An important problem that can be (at least partially) solved within the framework of
Lunn-Senior’s model is: given an univalent substitution isomer how to find (the G-
orbit of) the structural formula that corresponds to this isomer. The classical Kérner
relations show that this problem can be solved completely for the di-substitution and
tri-substitution homogeneous derivatives of benzene (with empirical formulae CSxix2
and CS23z3), thus identifying them as para, ortho, meta compound, and asymmet-
rical, vicinal, symmetrical compound, respectively. On the other hand, the pairs of
structurally identical di-substitution homogeneous and di-substitution heterogeneous
derivatives of ethene (with empirical formulae C22223 and C2z?z273) can not be iden-
tified with their structural formulae using only substitution reactions. The intrinsic
reason of this phenomenon is the existence of an automorphism of the mathematical
structure that underlies the model, which maps one of the members of the pair onto the
other. The formal definitions are as follows. Several univalent substitution isomers with
substituents empirical formula a:{“a:%” ... are said to be indistinguishable via substitu-
tion reactions if for any pair of elements of the corresponding set of structural formulae
{a,b,...} C Thq, say a, b, there exists an automorphism o: Ty, — Ty, of the partially
ordered set Ty, such that: (i)a(Tue) = Tyq for any p € Py, (ii) o maps any chiral
pair onto a chiral pair, (iii) ¢ and a(c) are structurally identical for any ¢ € Ty, and
(iv) a(a) = b. Otherwise, they are called distinguishable via substitution reactions.
Unfortunately, the chemists have synthesized enough products with a given substituents
empirical formula only for small number of A\ € P; — usually they know the mono-
substitution (A = (d — 1, 1)), di-substitution (A = (d —2,2), (d — 2, 12)), tri-substitution
(A=(d—3,3),(d—3,2,1),(d—3,1%)), etc. derivatives. Thus, most of the time we have
to consider not the whole partially ordered set Ty, alone, but some parts of it — the
subsets of the form Tp,¢ = UuepT);q, where D C P, with the induced partial order.
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Similarly, we set TD;G’ = U;LEDT;L:,GH TD;G” = UMEDTN;G’H and let

TD;G
Yp N YD
Tp,cr — Tpigr
U

be the corresponding commutative diagram build by the surjective restrictions ¢p, ¥/,
. For a fixed D C P, the above definitions can be generalized in the following way.
Several univalent substitution isomers with substituents empirical formula x?lxg‘z R
A € D, are said to be indistinguishable via substitution reactions among the elements
of Tp,g if for any pair of elements of the corresponding set of structural formulae
{a,b,...} C Th.q, say a, b, there exists an automorphism «: Tp,¢ — Tp,¢ of the partially
ordered set T, such that: (ip) a(Ty;a) = Ty for any p € D, (iip) o maps any chiral
pair onto a chiral pair, (ilip) ¢ and «(c) are structurally identical for any ¢ € Tp,q, and
(ivp) a(a) = b. Otherwise, they are called distinguishable via substitution reactions
amonyg the elements of Tp.q.
Let Aut(Tp.) be group of the automorphisms of the partially ordered set Tp. (that
is, bijections w:Tp.¢ — Tp,¢ such that the inequalities a < b and u(a) < u(b) are
equivalent for any pair a,b € Tp,g). The elements of Aut(Tp.;) which satisfy the
condition (ip) form a subgroup Auto(Tp,c) < Aut(Tp,c), and those of them that obey
the condition (iip) form a subgroup Auty(Tp,q) < Auto(Tp,g). The elements of the
latter are called chiral automorphisms of the partially ordered set Tp.g. In order to
take into account also the structural isomerism we introduce the following group of
automorphisms:

Aut)(Tp,c) = {a € Auth(Tpa) | ¥h oo = ¥ih}

The condition ¢7, o @ = ¥, is equivalent to (iiip).The group Autj(Tp,c) is called
Lunn-Senior’s automorphism group and its elements are said to be Lunn-Senior’s au-
tomorphisms of Tp.q.

More generally, let U C Ty be a union of G”-orbits. For any p € Py we set U, =
UNT,a. We define Lunn-Senior’s automorphism group Auty(U) to be the set of all
automorphisms « of the partially ordered set U, such that a(U,) = U, for any p € Py,
the automorphism « maps any chiral pair in U onto a chiral pair, and any G"-orbit
onto itself.

The group Auto(Tp,c) acts naturally on the set Tp. and all of its subgroups inherit
that action. The fact that the elements of a set of univalent substitution isomers with
empirical formula xi’x%‘z ..., A € D, are indistinguishable via substitution reactions
among the elements of T, is equivalent to the statement that the corresponding set of
structural formulae {a,b,...} C Ty, is contained in a single Aut((Tp,c)-orbit in Tp.q-.
In case there are chiral pairs among the derivatives of the molecule under question
we have |G’ : G| = 2, and then any element 7 € G’\G produces an involution 7 €
Autl(Tp.c) (so called chiral involution) which permutes the members of the chiral
pairs and leaves the dimers invariant. In this case Lunn-Senior’s automorphism group
Aut{(Tp,c) contains the cyclic group () of order 2, so its order is even, and, in par-
ticular, Aut{(Tp,c) is not trivial. We note especially the particular case when D has a
single element A. Then the set Ty, is trivially ordered (that is, a < b is equivalent to
a = b), so Lunn-Senior’s automorphism group Auty(Tx,c) consists of all permutations
of the set Ty, that map any chiral pair onto a chiral pair and any G”-orbit onto itself.
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REMARK 1.3. The relation of indistinguishability defined here implies the relation with
the same name defined in [3], but does not coincide with it. Nevertheless, all statements
proved there are true, if the words indistinguishable and distinguishable have the present
meaning.

Section 2 contains a meticulous listing of all G-orbits, G’-orbits, and G”-orbits in T},
as well as their elements, for all A € P;. Equivalently, we list all univalent substitution
isomers, stereoisomers, and structural isomers of ethane with fixed empirical formula
A for all A € Py, as well as all different distributions of ligands that produce the same
isomer. Moreover, we find all inequalities among the elements of T§,q, that is, all
substitution reactions among the products of ethane.

In Section 3 we prove several ad hoc lemmas and theorems 3.8, 3.41, 3.44, that describe
the Lunn-Senior automorphism groups Aut((I'p,c) for various subsets D C Fs. Corol-
laries 3.39, 3.40, 3.42, 3.45, of these theorems present structurally identical products of
ethane that can and that can not be distinguished via substitution reactions among the
elements of certain Tp.q.

2. THE GENETIC REACTIONS

Let G, G', and G” be the Lunn-Senior’s groups of substitution isomerism, stereoiso-
merism, and structural isomerism of ethane, respectively. We know from [4, section
V], or [2, corollaries 1.4.3, 1.4.4] that the group G < S coincides up to conjugation
in the symmetric group Sg with the group ((123), (456), (14)(25)(36)) of order 18, and
that then the group G’ coincides with the group ((123), (456), (14)(25)(36), (12)(45)) of
order 36. The graph which represents the structural formula of ethane shows that the
group G” coincides with the (unique up to conjugation in Sg) group

((123), (456), (14)(25)(36), (12), (45))

of order 72.

Below we list the elements of the sets Tx,q, Th;a7, Th;gr for all A € Ps as well as all
inequalities among the elements of T.. We also list all elements A of each particular
G-orbit a € Ty, because we think it would be of use of the chemists to have ready to
hand all equivalent structural formulae A (that is, all equivalent positions of the ligands)
which represent the substitution isomer that corresponds to a.

Case 1. A = (6).
We have
Tiey.c = Tioy,ar = Loy, = {a@) } (2.1)

where ag) is the only G- and at the same time G'- and G"'-orbit
{({1,2,3,4,5,6})}

of the tabloid A® = ({1,2,3,4,5,6}). The orbit a(g) represents the parent molecule of
ethane.

Case 2. A = (5,1).
‘We have
Teae = Tee = Teer = {ae) ) (2.2)
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where a5 1) is the only G- and at the same time G'- and G”-orbit
{({1,2,3,4,5},{6}), ({1,2,3,5,6}, {4}), ({1,2,3,4,6}, {5}),

({1,2,4,5,6},{3}), ({2,3,4,5,6},{1}), ({1,3,4,5,6},{2}) },

of the tabloid A®V = ({1,2,3,4,5},{6}).

The only possible substitution reaction between the parent substance of ethane and its
mono-substitution derivative is designated a(s,1) < a6), because R176A(5"1) = A®) and
hence A1) < A). The operation Ry ¢ performed on A1) means "replace the ligand
of type x2 in position 6 by a ligand of type x;”. The converse operation "replace the
ligand of type x; in position 6 by a ligand of type x3” is the essence of the simple
substitution reaction

A6) oG

Case 3. A= (4,2).
Now, we have
Tu2yc = Ta2ye = Ta2)er = {aw,2), b2} (2.3)

where a4,9) is the G-, G'-, and G"'-orbit
{({1,2,3,4},{5,6}), ({1,2,3,5},{4,6}), ({1,2,3,6},{4,5}),

({1,4,5,6},{2,3}), ({2,4,5,6},{1,3}), ({3,4,5,6}, {1,2})},
of the tabloid A2 = ({1,2,3,4}, {5,6});
ba,2) is the G-, G'-, and G"-orbit
{({1,2,4,5},{3,6}),({2,3,4,5},{1,6}), ({1,3,4,5},{2,6}),

({17 27 576}7 {37 4})7 ({17 27 47 6}7 {37 5})7 ({27 37 57 6}7 {17 4})7
({27 3747 6}7 {17 5})7 ({1737 5’ 6}7 {27 4})7 ({17 3747 6}7 {27 5})}7

of the tabloid B2 = ({1,2,4,5},{3,6}).
All inequalities between the structural formulae of the di-substitution homogeneous and
mono-substitution derivatives of ethane are

AB2) o AGY pU2) o 4G,

because
Ry sA42 = AGD R B2 = 461,

Thus, we get the simple substitution reactions

AGD L, 442) 4G _, pa2),

which mean "replace the ligand of type z; in position 5 of the tabloid A®Y) by a ligand
of type z”, and ”replace the ligand of type x; in position 3 of the tabloid A®Y by a
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ligand of type x5”, respectively. The existence of these simple substitution reactions is
designated as follows:

aga,2) < a(s,1)s b2y < ae -

Case 4. A = (4,12).
We have
Tia12y:¢ = {a@12), bua2), a2t (2.4)

where:
4,12y is the G-orbit

{({1,2,3,4},{5},{6}), ({1,2,3,5}, {6}, {4}), ({1, 2, 3,6}, {4}, {5}),

({1,4,5,6},{2},{3}),({2,4,5,6}, {3}, {1}), ({3,4,5,6}, {1}, {2})}
of the tabloid A(*1*) = ({1,2,3,4}, {5}, {6});
b(4,12) is the G-orbit

{({1,2,3,4},{6},{5}), ({1,2,3,5},{4},{6}), ({1,2,3,6}, {5}, {4}),

({2,4,5,6},{1},{3}), ({3,4,5,6}, {2}, {1}), ({1,4,5,6}, {3}, {2})}
of the tabloid B(*'*) = ({1,2,3,4}, {6}, {5});
C(4,12) is the G-orbit

{({1,2,4,5},{3},{6}), ({2,3,4,5}, {1}, {6}), ({1,3,4,5}, {2}, {6}),
({1,2,5,6}, {3}, {4}), ({1,2,4,6}, {3}, {5}), ({2, 3,5,6}, {1}, {4}),
({2,3,4,6},{1},{5}), ({1,3,5,6},{2}, {4}), ({1, 3,4,6}, {2}, {5}),
({1,2,4,5},{6},{3}), ({1,2,5,6}, {4}, {3}), ({1, 2,4,6}, {5}, {3}),
({2,3,4,5},{6},{1}), ({1,3,4,5},{6},{2}), ({2, 3,5,6}, {4}, {1}),
({1,3,5,6},{4},{2}), ({2,3,4,6}, {5}, {1}), ({1,3,4,6}, {5}, {2})}

of the tabloid C(*'*) = ({1,2,4,5}, {3}, {6}).
We have the following inequalities between the di-substitution heterogeneous and the
di-substitution homogeneous derivatives of ethane

4(41%) <A(4’2>, B(4,12) <A(4*2), C(4,12) <B<4"2),

because ) ) )
R2,6A(4’1 ) _ R2,53(4’1 ) _ A(4,2)7 Rz,gC(‘L’l ) — B@2)

Thus, we obtain the following simple substitution reactions:
A2 A(4’12), A42) B(4’12), B&2 __, 0(4,12)7

which mean "replace the ligand of type 5 in position 6 of the tabloid A(*?) by a ligand

» N

of type 3”, "replace the ligand of type x5 in position 5 of the tabloid A(*?) by a ligand



-28-

of type z3”, and "replace the ligand of type x5 in position 6 of the tabloid B(*?) by a
ligand of type x3”, respectively. The existence of these simple substitution reactions is
designated as follows:

a@4,12) < 042), ba12) <o), ca12) <bua):

Below, in general, we omit similar remarks and present only the corresponding re-
placements by using the operators R; s and write down the inequalities that show the
existence of substitution reactions.

The set of G’-orbits in Ty 12y is

Ta2ycr = {ag2y Uba,i2), ca2)}- (2.5)

In particular, the products that correspond to the formulae a4 12y and by 12y form a
chiral pair and the product that corresponds to c(412) is a dimer. Since the sets of
G’-orbits and G"-orbits coincide,

Ta12y6r = {a@12) Ubwu,12), a1y} (2.6)

we obtain that the product that corresponds to ¢y 12) and any of the products which
correspond to the members of the chiral pair {a(4, 12, b(4712)} are structural isomers.

Case 5. A\ = (3%).
In this case we have

T(32);G = T(32);G’ = T(32);G/r = {a(32), b(gz)}, (27)

where:
a(s?y is the G-, G’-, and G”-orbit

{({1,2,3},{4,5,6}), ({4,5,6},{1,2,3})},

of the tabloid A(*) = ({1,2,3}, {4,5,6});
b(z2) is the G-, G'-, and G"-orbit

{({1,2,4},{3,5,6}), ({2, 3,4},{1,5,6}), ({1, 3,4}, {2,5,6}),
({1,2,5},{3,4,6}), ({1,2,6},{3,4,5}), ({2,3,5}, {1,4,6}),
({2,3,6},{1,4,5}), ({1,3,5}, {2,4,6}), ({1, 3,6}, {2,4,5}),
({1,4,5},{2,3,6}), ({1,5,6},{2,3,4}), ({1,4,6}, {2,3,5}),
({2,4,5},{1,3,6}), ({3,4,5}, {1,2,6}), ({2,5,6}, {1, 3, 4}),
({3,5,6},{1,2,4}), ({2,4,6},{1,3,5}), ({3,4,6},{1,2,5})}

of the tabloid B(*) = ({1,2,4},{3,5,6}).
We have the inequalities

A(32) <A(472), B(32) <A(472), B(32) <B(472),
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because ) ) )
Ri4A®) = Ry 3B(¥) = 442 R B(¥) = p4.2),

Therefore
a(32) < a(4,2), b(32) < a(4,2) b(gz) < b(4y2).

Case 6. A = (3,2,1).
We have
T(3,2,1);G = {0(3,271)7 5(3,2,1)70(3,2,1)7 6(372,1)}7 (2~8)

where:
a(3,2,1) is the G-orbit

{({1,2,3},{4,5},{6}), ({1, 2,3}, {5,6}, {4}), ({1, 2,3}, {4, 6}, {5}),

({4,5,6},{1,2},{3}), ({4,5,6},{2,3}, {1}), ({4,5,6},{1,3}, {2})}
of the tabloid AG2V = ({1,2,3},{4,5},{6});
b(3,2,1) is the G-orbit

{({1,2,4},{3,5},{6}), ({2, 3,4}, {1, 5}, {6}), ({1, 3,4}, {2, 5}, {6}),

({1,2,5},{3,6},{4}), ({1,2,6},{3,4}, {5}), ({2, 3,5}, {1,6}, {4}),

({2,3,6},{1,4},{5}), ({1,3,5},{2,6}, {4}), ({1, 3,6}, {2, 4}, {5}),

({1,4,5},{2,6},{3}), ({1,5,6},{2,4}, {3}), ({1, 4,6},{2,5}, {3}),
({2,4,5},{3,6},{1}), ({3,4,5},{1,6},{2}), ({2, 5,6}, {3, 4}, {1}),
({3,5,6},{1,4},{2}), ({2,4,6},{3,5},{1}), ({3,4,6},{1,5}, {2})}

of the tabloid B2 = ({1,2,4},{3,5},{6});

€(3,2,1) is the G-orbit

{({1,2,4},{3,6},{5}), ({2, 3,4}, {1,6},{5}), ({1, 3,4}, {2, 6}, {5}),

({1,2,5},{3,4},{6}), ({1, 2,6},{3,5}, {4}), ({2, 3,5}, {1, 4}, {6}),
({2,3,6},{1,5},{4}), ({1.3,5},{2,4},{6}), ({1, 3,6}, {2,5}, {4}),
({1,4,5},{3,6},{2}), ({2,4,5},{1,6}, {3}), ({3,4,5},{2,6}, {1}),
({1,5,6},{3,4},{2}), ({1.4,6},{3,5},{2}), ({2,5,6},{1,4}, {3}),
({2,4,6},{1,5},{3}), ({3,5,6},{2,4}, {1}), ({3,4,6},{2,5}, {1})}
of the tabloid C'321) = ({1, 2,4}, {3,6}, {5});
€(3,2,1) is the G-orbit

{({17 27 4}’ {57 6}7 {3})7 ({27 37 4}7 {57 6}7 {1})7 ({17 374}7 {5’ 6}7 {2})7

({1,2,5},{4,6},{3}), ({1,2,6},{4,5}, {3}), ({2, 3,5}, {4,6}, {1}),
({2,3,6},{4,5}, {1}), ({1, 3,5}, {4,6}, {2}), ({1, 3,6}, {4, 5}, {2}),

)
)
)
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({1,4,5},{2,3},{6}), ({1,5,6},{2,3}, {4}), ({1, 4,6}, {2, 3}, {5}),
({2,4,5},{1,3},{6}), ({3,4,5},{1,2},{6}), ({2, 5,6}, {1, 3}, {4}),
({3,5,6},{1,2},{4}), ({2,4,6},{1,3}, {5}), ({3,4,6},{1,2}, {5})}

of the tabloid EG>Y = ({1,2,4}, {5,6}, {3}).
All inequalities between the tabloids of shape (3,2,1) and the tabloids of shape (4, 12)
and (32), respectively, are as follows:

A43.2.0) <A(4712), BB21) <A(4,12)7

(465)AG2D < p(1%) cG:21) < plar?),

BB2Y < o(41) | (456)032D < ¢(41) | (14)(25)(36)EG2D < ¢(41%),

and
AB2D A(az)7
B2 B(sz)7 B2 o B(32),E<3’2’1) < B(32)7
because )
R1,4A(3’2’1) _ RL3B(3,2,1) _ A(4’12),
R1,4(465)A<3’2’1) = R1130<3’2"1) = B(4"12),
Ry 5sBG2D = Ry 4(456)CB21 = Ry 5(14)(25)(36) EG2D = ¢(+1),

and

Ry g AG2D — 43%)

RMB(&'?'U _ R2A50<3"2’1) _ R2A3E(3’2’1) _ B(32).
Therefore all simple substitution reactions between (3, 2, 1)-derivatives of ethane and its
(4,12)-derivatives and (3%)-derivatives, respectively, are:

a@,2.1) < a(4,12), b2 <a@2),

a2 < bu2y, €321 < b2,
bz,2,1) < C4,12)5 €(3,2,1) < C(4,12)5 €(3,2,1) < C(4,12),

and
ae3,2,1) < A(32),

b21) <2y, C3.2,1) <D32), €32,1) < b(z2)-
The set of G'-orbits in Tis 2 1y is
T2.1)60 = {a3,2.1),b3,2,1) U €(3,2,1)5 €(3,2,1) }» (2.9)

so, in particular, the products that correspond to formulae b(3 21y and c3 2,1y form a
chiral pair and the products that correspond to a3 2,1) and e(3 2,1y are dimers.
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Since the set T{3,2,1); of G"-orbits in T(3 5 1y coincides with the set of G'-orbits there,
we obtain that the members of different sets below are structural isomers:

{0(3,2,1)}7 {b(3,2,1)>0(3,2,1)}7 {6(3,2,1)}4 (2.10)
Case 7. A = (3,13).
Now, we have
3,136 = 103,13, 0(3,1%), €(3,13), €(3,13), £(3.13), I3,1%), k(3,13), £(3,1%) } (2.11)

where:
ags,13) 18 the G-orbit

{({1,2,3}, {4}, {5}, {6}), ({1,2,3}, {5}, {6}, {4}), ({1, 2,3}, {6}, {4}, {5}),

({4,5,6}, {1}, {2}, {3}). ({4,5,6}, {2}, {3}, {1}), ({4, 5,6}, {3}, {1}, {2})}
of the tabloid A('*) = ({1,2,3}, {4}, {5}, {6});
b(3,13) is the G-orbit

{({1,2,3}, {4}, {6}, {5}), ({1, 2,3}, {5}, {4}, {6}), ({1, 2,3}, {6}, {5}, {4}),

({4,5,6}, {1}, {3}, {2}), ({4,5,6}, {2}, {1}. {3}), ({4,5,6}, {3}, {2}, {1})}
of the tabloid B(*) = ({1,2,3}, {4}, {6}.{5});
€(3,13) 18 the G-orbit

{({1,2,4},{5}, {3}, {6}), ({2, 3,4}, {5}, {1}, {6}), ({1, 3,4}, {5}, {2}, {6}),

({1,2,5}, {6}, {3}, {4}), ({1, 2,6}, {4}, {3}, {5}), ({2, 3,5}, {6}, {1}, {4}),
({2,363, {4}, {1}, {5}). ({1, 3,5}, {6}, {2}, {4}), ({1, 3,6}, {4}, {2}, {5}),
({1,4,5},{2},{6},{3}), ({1,5,6}, {2}, {4}, {3}), ({1, 4,6}, {2}, {5}, {3}),
({2,4,5}, {3}, {6}, {1}), ({3, 4,5}, {1}, {6}, {2}), ({2,5,6}, {3}, {4}, {1}),
({3,5,6}, {1}, {4}, {2}), ({2,4,6}, {3}, {5}, {1}), ({3, 4,6}, {1}, {5}, {2})}
of the tabloid C(3*") = ({1,2,4}, {5},{3},{6});
€(3,13) is the G-orbit

{({1,2,4},{6}, {3}, {5}), ({2,3,4}, {6}, {1}, {5}), ({1, 3,4}, {6}, {2}, {5}),

({1,2,5}, {4}, {3}, {6}), ({1, 2,6}, {5}, {3}, {4}), ({2, 3,5}, {4}, {1}, {6}),
({2,3,6}, {5}, {1}, {4}), ({1, 3,5}, {4}, {2}, {6}), ({1, 3,6}, {5}, {2}, {4}),
({1,4,5}, {3}, {6}, {2}), ({1, 5,6}, {3}, {4}, {2}), ({1, 4,6}, {3}, {5}, {2}),
({2,4,5}, {1}, {6}, {3}), ({3,4,5}, {2}, {6}, {1}), ({2, 5,6}, {1}, {4}, {3}),
({3,5,6}, {2}, {4}, {1}), (12,4, 6}, {1}, {5}, {3}), ({3, 4,6}, {2}, {5}, {1 D)}
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of the tabloid E(1°) = ({1,2,4}, {6}, {3}, {5});
f(3,13) is the G-orbit

{({1,2,4},{5}, {6}, {3}), ({2, 3,4}, {5}, {6}, {1}), ({1, 3,4}, {5}, {6}, {2}),

({1,2,5}, {6}, {4}, {3}), ({1, 2,6}, {4}, {5}, {3}), ({2, 3,5}, {6}, {4}, {1}),

({2,3,6}, {4}, {5}, {1}), ({1, 3,5}, {6}, {4}, {2}), ({1, 3,6}, {4}, {5}, {2}),

({1,4,5}, {2}, {3}, {6}), ({1,5,6}, {2}, {3}, {4}), ({1, 4,6}, {2}, {3}, {5}),
({2,4,5}, {3}, {1}, {6}), ({3, 4,5}, {1}, {2}, {6}), ({2,5,6}, {3}, {1}, {4}),
({3,5,6}, {1}, {2}, {4}), ({2,4,6}, {3}, {1}, {5}), ({3, 4,6}, {1}, {2}, {5})}

of the tabloid F(3'*) = ({1,2,4}, {5},{6}, {3}):

hys,13) is the G-orbit

{({1,2,4},{6}, {5}, {3}), ({2,3,4},{6}, {5}, {1}), ({1, 3,4}, {6}, {5}, {2}),

{1,2,5}, {4}, {6}, {3}), ({1, 2,6}, {5}, {4}, {3}), ({2, 3,5}, {4}, {6}, {1}),
{2,3,6}, {5}, {4}, {1}), ({1, 3,5}, {4}, {6}, {2}), ({1, 3,6}, {5}, {4}, {2}

{1,4,5}, {3}, {2}, {6}), ({1, 5,6}, {3}, {2}, {4}), ({1, 4,6}, {3}, {2}, {5}
{2,4,5} {1}, {3}, {6}), ({3, 4,5}, {2}, {1}, {6}), ({2, 5, 6}, {1}, {3}, {4}
({3,5,6}, {2}, {1}, {4}), ({2,4, 6}, {1}, {3}, {5}), ({3, 4,6}, {2}, {1}, {5})}

of the tabloid H(***) = ({1,2,4}, {6},{5}, {3});
k(3,13 is the G-orbit

) )

( ) ( )
( ) ( )
( ) ( )
( ) ( )

{({1,2,4},{3},{5},{6}), ({2,3,4}, {1}, {5}, {6}), ({1, 3,4}, {2}, {5}, {6}),

{1,2,5}, {3}, {6}, {4}), ({1, 2,6}, {3}, {4}, {5}), ({2, 3, 5}, {1}, {6}, {4}),
{2,3,6}, {1}, {4}, {5}), ({1, 3,5}, {2}, {6}, {4}), ({1, 3,6}, {2}, {4}, {5}
{1,4,5},{6}, {2}, {3}), ({1, 5,6}, {4}, {2}, {3}), ({1,4,6}, {5}, {2}, {3}
{2,4,5},{6}, {3}, {1}), ({3, 4,5}, {6}, {1}, {2}), ({2, 5, 6}, {4}, {3}, {1}
({3,5,6}, {4}, {1}, {2}), ({2,4, 6}, {5}, {3}, {1}), ({3, 4,6}, {5}, {1}, {2}1)}

of the tabloid (") = ({1,2,4}, {3}, {5}, {6});
£(3,13 is the G-orbit

( )
( )
( )
( )

)
)

{({1,2,4}, {3}, {6}, {5}), ({2, 3,4}, {1}, {6}, {5}), ({1, 3,4}, {2}, {6}, {5}),
({1,2,5}, {3}, {4}, {6}), ({1,2,6}, {3}, {5}, {4}), ({2, 3,5}, {1}, {4}, {6}),
({2,3,6}, {1}, {5}, {4}), ({1, 3,5}, {2}, {4}, {6}), ({1, 3,6}, {2}, {5}, {4}),
({1,4,5}, {6}, {3}, {2}), ({1, 5,6}, {4}, {3}, {2}), ({1, 4,6}, {5}, {3}, {2}),
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({2,4,5},{6}, {1}, {3}), ({3,4,5}, {6}, {2}, {1}), ({2, 5,6}, {4}, {1}, {3}),
({3,5,6}, {4}, {2}, {1}), ({2,4,6}, {5}, {1}, {3}), ({3,4,6}, {5}, {2}, {1})},

of the tabloid L") = ({1,2,4}, {3}, {6}, {5}).
We have the following inequalities between the tabloids of shape (3,2, 1) and the tabloids
of shape (3, 1%):

A(3,13) < A<3"2'1), B(3,13) < A(3,2,1)7

0(3,13) <B<3’2’1), F(3,13) <B(3’2’1)7 K(s,ﬁ) <B(3,2A,1)’ L(3,13) <B(3’2’1),
E(3.1°%) < B2, H(31%) < B2,
K(3,13) <C(3’2’1), L(3,13) <C(3’2’1>7

0(3,13) <E(3’2’1), E(3,13) <E(3*271), F(3,13) <E<3*271), H(3,13) <E(3’2’1),

because ) )
RosRssACT) = Ry s BE1) = AB20)

Ry3R36CY) = Ry s FOY) = Ry s Ry s K (1) = Ry s (1) = BB2),
R2,3R375E(3’13) _ R273H(3,13) _ R276K(3’13) _ R2,6R375L(3’13) _ C<3‘2’1),

R2,60(3’13) = Rz,sE(S"ls) = R21GR3,3F(3Y13) = R2,5R3$3H(3’13) = p&21),

Thus, we get all simple substitution reactions between (3, 1%)- and (3,2, 1)-derivatives
of ethane:
agz,13) < a2,1), b3,13) < a2,

c3,13) < bz2,1), f3.18) <b32,1), ki1 <b32,1), £3.13) < b3.2,1)
€3,1%) < €3,2,1)s P3,13) < c@21)s kEas) <ceons €318 < C32.1)s
€(3.19) < €@321)s €3.19) < €321)s f3.13) <eE21), hEas) <es2)-

The set of all G’-orbits is
T(3,13) 6 = {(l(3,13) U b3,13), ¢(3,13) U €(3,13), f(3,13) U I3,18), k(3,13) U 6(3,13)}- (2.12)

Therefore the products that correspond to the members of each of the sets

{ai sy, 0@} {esisy, ezt 1£63,19), hzas s {ks18), 63,18} (2.13)

form chiral pairs; moreover, the set of all G”-orbits coincides with the set of all G’-orbits,
so the members of different chiral pairs (2.13) are structural isomers.

Case 8. A = (23).
We have
Tiasy.c = {a(as), b(asy, c(asys €23y, fasy, hgasy } (2.14)

where:



a(p3y is the G-orbit
{({1,2},{3,4},{5,6}), ({2,3},{1,4},{5,6}), ({1,3},{2,4}.{5,6}),

({1,2},{3,5},{4,6}), ({1,2},{3,6},{4,5}), ({2,3}, {1,5}, {4,6})
({2,3},{1,6},{4,5}), ({1,3},{2,5},{4,6}), ({1, 3}, {2,6}, {4,5})
({4,5},{1,6},{2,3}), ({5,6},{1,4},{2,3}), ({4, 6}, {1,5},{2,3})
( )i ( ) ( )
( ) ( )

{4,5},{2,6},{1,3}), ({4,5},{3,6},{1,2}), ({5, 6}, {2, 4}, {1, 3}),
{5,6}, {34}, {1,2}), ({4,6},{2,5}, {1,3}), ({4, 6}, {3,5}, {1,2})}

of the tabloid A(") = ({1,2}, {3,4}, {5,6});
b(23) is the G-orbit

)
)

{({1,2},{4,5},{3,6}), ({2, 3}, {4, 5}, {1,6}), ({1, 3}, {4, 5}, {2, 6}),

({1,2},{5,6},{3,4}), ({1,2},{4,6},{3,5}), ({2, 3}, {5, 6}, {1,4}),

({2,3},{4,6},{1,5}), ({1,3},{5,6},{2,4}), ({1,3}, {4,6},{2,5}),
({4,5},{1,2},{3,6}), ({5,6},{1,2},{3,4}), ({4,6}, {1, 2}, {3,5}),
({4,5},{2,3},{1,6}), ({4,5},{1,3},{2,6}), ({5,6}, {2, 3}, {1,4}),
({5,6},{1,3},{2,4}), ({4,6},{2,3},{1,5}), ({4, 6}, {1,3},{2,5}) },

of the tabloid B(") = ({1,2}, {4,5}, {3,6});

c(2s) is the G-orbit

{({1,4},{2,3},{5,6}), ({2,4}, {1, 3}, {5,6}), ({3, 4}, {1, 2}, {5, 6}),

({1,5},{2,3},{4,6}), ({1,6},{2,3},{4,5}), ({2,5}, {1, 3}, {4,6})
({2,6},{1,3},{4,5}), ({3,5},{1,2},{4,6}), ({3,6}, {1,2}, {4,5})
({1,4},{5,6},{2,3}), ({1,5},{4,6},{2,3}), ({1, 6}, {4,5}, {2, 3}),
({2,4},{5,6},{1,3}), ({3,4},{5,6},{1,2}), ({2,5}, {4, 6}, {1, 3}),
({3,5},{4,6},{1,2}), ({2,6},{4,5},{1,3}), ({3, 6}, {4, 5}, {1, 2})},

of the tabloid C(2") = ({1,4}, {2, 3}, {5,6});
€(23) is the G-orbit

)
) ) )

) )
) )

{({1,4},{2,6},{3,5}), (2,4}, {3,6}, {1,5}), ({3, 4}, {1, 6}, {2, 5}),

({1,5},{2,4},{3,6}), ({1,6},{2,5},{3,4}), ({2,5}, {3, 4}, {1,6}),
({2,6},{3,5},{1,4}), ({3,5}, {1, 4},{2,6}), ({3,6}, {1,5}, {2, 4}),
({1,4},{3,5},{2,6}), ({1,5},{3,6},{2,4}), ({1, 6}, {3, 4}, {2,5}),
({2,4},{1,5},{3,6}), ({3,4},{2,5},{1,6}), ({2,5}, {1, 6}, {3,4}),

)
)
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({3,5},{2,6},{1,4}), ({2,6},{1,4},{3,5}), ({3,6},{2,4}, {1, 5})}

of the tabloid E(2") = ({1,4},{2,6}, {3,5});
f(23) is the G-orbit

{({1,4},{2,5},{3,6}), ({2,4},{3,5},{1,6}), (3,4}, {1,5}, {2, 6}),
({1,5}3,{2,6},{3,4}), ({1,6},{2,4},{3,5}), ({2, 5}, {3, 6}, {1, 4}),

({2,6}, {3,4},{1,5}), ({3,5}, {1,6},{2,4}), ({3,6},{1,4},{2,5})}

of the tabloid F(2*) = ({1,4}, {2,5}, {3,6});
hy(23y is the G-orbit

{({1,4},{3,6},{2,5}), ({2.4},{1,6},{3,5}), ({3,4},{2,6},{1,5}),
({1,5},{3,4},{2,6}), ({1,6},{3,5},{2,4}), ({2, 5}, {1, 4}, {3, 6}),
({2,6},{1,5},{3,4}), ({3,5},{2,4},{1,6}), ({3,6},{2,5}, {1,4})},
of the tabloid H(2") = ({1,4}, {3,6}, {2,5}).
The inequalities between the tabloids of shape (22) and those of shape (3,2,1) are as
follows:
A(23) < A<3"2"1), B(23) < A(sﬁ,z,l)7
A(23) <B(3,2,1)7 B(23) < B(3’2*1), C(23) <B(3*2"1),
(14)(25)(36)E(¥') < G2 p(2*) < pB2.1)
(465)A(%") < c®2V, (465)B(**) < 021, ¢(*) < 0B,
E(23) < C(s.,2,1)7 H(zj) < C(s.,2,1)7
B(®) < EG21 | (14)(25)36)C(2") < EG2D | p(?°) < pB:21),
F() < g2 (123)H() < 2D,

because . .
Rz,5R1,3A(2‘) = R1,3B(2‘) = A(3’2’1)7

RiaRosA®) = R 4Ry sB®) = R 5Ry5C() =
R12(14)(25)(36)E(") = Ry Ry s F(2') = B@:21)
R14(465)A(%') = Ry 4Ry 5(465)B) = Ry 5 Ry 6C(%") =
RiaRy3E(®) = Ry ,H(?) = B2,

Ry sRoB®) = Ryp(10)(25)(36)C ) = Ry Ry 5 BE) =

RisRo6F(?") = Ry, (123)H(?) = g2,
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Hence all substitution reactions between (23)- and (3,2, 1)-derivatives of ethane are:
a2y < ae2,1), bes) < agan),

a3y < b2,1), by <biai), @) <bseu,
e@3) < bz 21y, f23) <bia2u),
a3y < ¢(3,2,1), b23) < ¢3,2,1), €23) < €(3,2,1)
e@23) < @21y, Py <c@aiys
bazy < ez 2,1), €22) < €3,2,1), €2%) < €(3,2,1),
fes) <e@aza), hes) <€z
The set of all G’-orbits is

T(Qi}):G/ = {a(gx), b(g:}), C(gs), 6(23), f(g:z) U h(g:s)}, (2.15)

Therefore the (2%)-derivatives that correspond to the formulae fe3) and h(gsy form a
chiral pair and the (23)-derivatives that correspond to a(23y, b(asy, C(23), and e(p3y are
dimers.
The set of all G”-orbits is

T(Q:});Gl = {a(g:s), b(z:}),C(gi&), €23y U f(23> U] h(gS)}, (2.16)
Hence the products that correspond to members of different sets below are structural

isomers, and the members of the last set are structurally identical:

{a@sy}, {bes)}, {c@s) s {e@s), f2s), hes) }-

Case 9. A = (22,1?).
In this case we have
T2z 126 =
{a(22,12)7b(22,12)70(22,12)76(22,12)7f(22,12)7h(22,12)-, k(22,12)75(22,12),m(22,12),p(22,12)}7

(2.17)
where:

a(22,12) is the G-orbit
{({1.2},{3,4},{5},{6}), ({2, 3}, {1,4}, {5}, {6}), ({1, 3}, {2,4}, {5}, {6}),

({1,2},{3,5}, {6}, {4}), ({1, 2}, {3, 6}, {4}, {5}), ({2, 3}, {1, 5}, {6}, {4}),
({23}, {1,6}, {4}, {5}), ({1, 3}, {2, 5}, {6}, {4}), ({1, 3}, {2, 6}, {4}, {5}),
({4,5},{1,6}, {2}, {3}), ({5, 6}, {1, 4}, {2}, {3}), ({4, 6}, {1, 5}, {2}, {3}),
({4,5},{2,6}, {3}, {1}), ({4, 5}, {3, 6}, {1}, {2}), ({5, 6}, {2, 4}, {3}, {1}),
({5,6}, {3, 4}, {1}, {2}), (14,6}, {2, 5}, {3}, {1}), ({4, 6}, {3,5}, {1}, {2D)}
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of the tabloid A(*1*) = ({1,2},{3,4},{5}, {6});
b(22712) is the G-orbit

{({1,2},{3,4}, {6}, {5}), ({2, 3}, {1, 4}, {6}, {5}), ({1, 3}, {2, 4}, {6}, {5}),

({1,2},{3,5}, {4}, {6}), ({1, 2}, {3, 6}, {5}, {4}), ({2, 3}, {1,5}, {4}, {6})
({2,3},{1,6}, {5}, {4}), ({1, 3}, {2, 5}, {4}, {6}), ({1, 3}, {2, 6}, {5}, {4})
({4,5},{1,6}, {3}, {2}), ({5, 6}, {1, 4}, {3}, {2}), ({4, 6}, {1,5}, {3}, {2})
( ) ( ) )
( ) )

{4,5},{2,6},{1},{3}), ({4,5}, {3,6}, {2}, {1}), ({5, 6}, {2,4}, {1}, {3}
{5,6},{3,4},{2}, {1}), ({4, 6}, {2,5}, {1}, {3}), ({4, 6}, {3,5}, {2}, {1})}

of the tabloid B(*Y*) = ({1,2},{3,4}, {6}, {5});

€(22,12) is the G-orbit

{({1,2},{4,5}, {3}, {6}), ({2,3}, {4, 5}, {1}, {6}), ({1, 3}, {4, 5}, {2}, {6}),

({1,2},{5,6}, {3}, {4}), ({1, 2}, {4,6}, {3}, {5}), ({2, 3}, {5, 6}, {1}, {4}),
({2,3}, {4, 6}, {1}, {5}), ({1, 3}, {5, 6}, {2}, {4}), ({1, 3}, {4, 6}, {2}, {5}

({4,5},{1,2}, {6}, {3}), ({5, 6}, {1, 2}, {4}, {3}), ({4, 6}, {1, 2}, {5}, {3}
({4,5},{2,3}, {6}, {1}), ({4, 5}, {1, 3}, {6}, {2}), ({5, 6}, {2, 3}, {4}, {1}
({5,6}, {1, 3}, {4}, {2}), ({4, 6}, {2, 3}, {5}, {1}), ({4, 6}, {1, 3}, {5}, {2}1)}

of the tabloid C'(2*%) = ({1,2}, {4,5}, {3}, {6}):
€(22,12) is the G-orbit

)
)
, )
: )

{({1,2},{4,5},{6},{3}), ({2,3}, {4, 5}, {6}, {1}), ({1, 3}, {4, 5}, {6}, {2}),

({1,2},{5,6}, {4}, {3}), ({1, 2}, {4, 6}, {5}, {3}), ({2, 3}, {5, 6}, {4}, {1}),
({2,3},{4,6}, {5}, {1}), ({1, 3}, {5, 6}, {4}, {2}), ({1, 3}, {4, 6}, {5}, {2})
({4,5},{1,2}, {3}, {6}), ({5, 6}, {1, 2}, {3}, {4}), ({4, 6},{1,2}, {3}, {5})
({4,5},{2,3}, {1}, {6}), ({4, 5}, {1, 3}, {2}, {6}), ({5, 6}, {2, 3}, {1}, {4})
({5,6},{1,3}, {2}, {4}), ({4, 6}, {2, 3}, {1}, {5}), ({4, 6}, {1, 3}, {2}, {5})}

of the tabloid E(2*") = ({1,2}, {4,5},{6}, {3});
f(22,12) is the G-orbit

)

)
)

{({1,4},{2,3}, {5}, {6}), (2,4}, {1, 3}, {5}, {6}), ({3, 4}, {1, 2}, {5}, {6}),
({1,5},{2,3}, {6}, {4}), ({1,6}, {2, 3}, {4}, {5}), ({2,5}, {1, 3}, {6, }, {4}),
({2,6},{1,3}, {4}, {5}), ({3, 5}, {1, 2}, {6}, {4}), ({3, 6}, {1, 2}, {4}, {5}),
({1,4}, 5,6}, {2}, {3}), ({1, 5}, {4, 6}, {2}, {3}), ({1, 6}, {4, 5}, {2}, {3}),
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({2,4},{5,6}, {3}, {1}), ({3, 4}, {5,6}, {1}, {2}), ({2,5}, {4, 6}, {3}, {1}),
({3,5},{4,6}, {1}, {2}), ({2, 6}, {4,5}, {3}, {1}), ({3,6}, {4, 5}, {1}, {2})}
of the tabloid F(2*1*) = ({1,4}, {2, 3}, {5}.{6});
h(22,12) is the G-orbit
{({1,4}.{2. 3}, {6}, {5}). ({2,4},{1,3}, {6}, {5}), ({3, 4}, {1, 2}, {6}. {5}),

({1,5},{2, 3}, {4}, {6}). ({1, 6}, {2, 3}, {5}, {4}), ({2,5}, {1, 3}, {4, }. {6}),
({2,6},{1,3}, {5}, {4}), ({3,5}, {1, 2}, {4}, {6}), ({3,6}, {1, 2}, {5}, {4}),
({1,4},{5,6}, {3}, {2}), ({1,5},{4,6},{3},{2}), ({1,6},{4,5}, {3}, {2}),
({2,4}, {5, 6}, {1}, {3}). ({3, 4}, {5,6}, {2}, {1}), ({2, 5}, {4,6}, {1}, {3}),
({3,5},{4,6}, {2}, {1}), ({2, 6},{4,5}, {1}, {3}), ({3,6},{4,5}, {2}, {1})}
of the tabloid H(*) = ({1,4}, {2, 3}, {5}, {6}):
k(22,12 is the G-orbit

{({1,4},{2,5}, {3}, {6}), ({2,4}, {3, 5}, {1}, {6}), ({3, 4}, {1, 5}, {2}, {6}),

({1,5},{2,6}, {3}, {4}). ({1, 6},{2,4}, {3}, {5}), ({2,5}, {3,6}, {1}, {4}),
({2,6}, {3, 4}, {1}, {5}). ({3,5}, {1, 6}, {2}, {4}), ({3, 6}, {1,4}, {2}, {5}),
({1,4},{2,5}, {6}, {3}), ({1,5}, {2, 6}, {4}, {3}), ({1,6},{2,4}, {5}, {3}),
({2,4},{3,5}, {6}, {1}), ({3,4},{1, 5}, {6}, {2}), ({2, 5}, {3,6}, {4}, {1}),
(3,5}, {1,6}, {4}, {2}), ({2, 6}, {3,4}, {5}, {1}), ({3, 6}, {1, 4}, {5}, {2})}
of the tabloid & (2**) = ({1,4}, {2,5}, {3}, {6}):
£(22,12) is the G-orbit

{({1,4},{2,6}, {3}, {5}), ({2,4},{3,6}, {1}, {5}), ({3, 4}, {1,6}, {2}, {5}),

({1,5},{2,4}, {3}, {6}), ({1,6},{2,5}, {3}, {4}), ({2, 5}, {3,4}, {1}, {6}),
({2,6},{3,5}, {1}, {4}). ({3,5},{1,4},{2},{6}), ({3,6},{1,5}, {2}, {4}),
({1,4},{3,5}, {6}, {2}). ({1,5}, {3, 6}, {4}, {2}), ({1, 6}, {3,4}, {5}, {2}),
({2,4},{1,5}, {6}, {3}). ({3, 4}, {2, 5}, {6}, {1}), ({2, 5}, {1,6}, {4}, {3}),
({3,5},{2,6}, {4}, {1}), ({2,6},{1,4}, {5}, {3}), ({3,6},{2,4}, {5}, {1})}
of the tabloid L(2**) = ({1,4}, {2,6}, {3}, {5});
m22,12) is the G-orbit

{({1,4},{2,6}, {5}, {3}), (2,4}, {3,6}, {5}, {1}), ({3, 4}, {1, 6}, {5}, {2}),
({1,5}, {24}, {6}, {3}), ({1, 6}, {2, 5}, {4}, {3}), ({2, 5}, {3, 4}, {6}, {1}),
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({2,6},{3,5}, {4}, {1}), ({3, 5}, {1, 4}, {6}, {2}), ({3, 6}, {1,5}, {4}, {2})
({1,4},{3,5}, {2}, {6}), ({1, 5}, {3, 6}, {2}, {4}), ({1, 6}, {3, 4}, {2}, {5})
( ) ( ) ( )
( ) )

{27 4}7 {175}7{3}7{6} 7 {37 4}7{27 5}? {1}7{6} bl {27 5}7{176}7{3}7 {4} k)
{3,5},{2,6}, {1}, {4}), ({2,6}, {1,4}, {3}, {5}), ({3, 6}, {2, 4}, {1}, {5})}
of the tabloid M (2*Y*) = ({1,4}, {2,6}, {5}, {3});
P(22,12) is the G-orbit

{({1,4},{3,6}, {2}, {5}), ({2,4}, {1, 6}, {3}, {5}), ({3, 4}, {2, 6}, {1}, {5}),

({1,5}, {34}, {2}, {6}), ({1, 6}, {3, 5}, {2}, {4}), ({2, 5}, {1, 4}, {3}, {6}),
({2,6},{1,5}, {3}, {4}), (3,5}, {2, 4}, {1}, {6}), ({3, 6}, {2,5}, {1}, {4}),
({1,4},{3,6}, {5}, {2}), ({2,4}, {1, 6}, {5}, {3}), ({3, 4}, {2, 6}, {5}, {1})
({1,5},{3,4}, {6}, {2}), ({1, 6}, {3,5}, {4}, {2}), ({2,5}, {1, 4}, {6}, {3})
({2,6},{1,5}, {4}, {3}), ({3, 5}, {2, 4}, {6}, {1}), ({3, 6}, {2, 5}, {4}, {11},

of the tabloid P(2"*) = ({1,4}, {3,6},{2}, {5}).
The inequalities between the tabloids of shape (22,12) and the tabloids of shape (3,1%)
and (23) are as follows:

)
)

A7) o 4(317)
B(*1%) L p(3.1%)

e 1) < () gC1%) < (1) (142536)M (1) < c(31)
(465)0(2 ) < p(31°)  [(2°1%) < p(32°) | (123)p(2*1%) < p(32°),
EC) < FO) | (14)(25)(36) K () < FG1) | (142536) L7 17) < p(31°),
(465)E(1) < (1) ar(22%) < g(31°)  (142536)P(2*17) < g(31°),
A o) pE)  pelar®),

B(1%) [ (31%)  g(2*1%) o p(3.1%)

wnd ACE) £ A() pEa) (),
o) < p(2*) p(2*1%) o g(?),
F1%) < o) g(*1%) L o),
£(22%) < p(2*) p(220%) £ p(2*)
K@) o p() p(2*1?) o g(2*),
because
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R1_’3B(22’12) — B(3,13)7
RisC) = R, K1) = Ry (142536) (1) = 0(317),
Ry 4(465)C(**1) = Ry ,1.*1) = Ry, (123)P(*17) = E(31°)
RiyBE) = Ry (14)(25)(36) K (1) = Ry 1 (142536) L2 1) = p(2%),
Ry 4(465)E(*Y) = Ry ,M(2*1%) = Ry 1 (142536)P(2°1") = g(317),
3114‘4(22’12) = R1,2F(22’12) = K(3v13)7
R1,4B(22’12) = R1?2H(22*12) = L(3v13)’

and

RsgA2") = Ry ;B(217) = (")
Rss021) = Ry ,5(2°1%) = B(2°),
Ry oF(2) = Ry s H() = 0(2*),
Rs L) = Ry ,M(20°) = p(2),

Ry gK(20) = p(2°) | gy p(2* 1) = g(2°),

These inequalities yield that the following simple substitution reactions between (22, 12)-
derivatives, and (3,1%)- and (22)-derivatives of ethane are possible:

a(22 12) < a(3,13),

b(az 12) < b3,13),
C(22,12) < €(3,13), Kk(22,12) < €(3,13), M(22,12) < C(3,13),
c(a2,12) < €(3,13); £(22,12) < €(3.13), P(22,12) < €(3,13),
e@2,12) < f3.18), k22,12) < f3,18), £22,12) < f(3,13),
e22,12) < hz,13), M(az12) < Iz 19y, P22,12) < M%),
a2 12y < k3,18), froz.12) < k3,13),
beaz,12) < €313, h(2212) < (319,

and
a(22,12) < G(23), b(22712) < a(23),

c(22,12) < b2y, €(22,12) < beav),
foz12) < 28y, haz12) < c29y,
bz 12) <eqas), M2212) < e29),
k(a2 12y < f(a3),
P2z,12) < hasy.
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The set of all G’-orbits is
T(22,12);G’ =

{a(22112) @] b(22712), C(22,12), €(22 12), f(22,12) U h(22712), f(gzﬁlz) Um(a2 12y, k(22,12) U p(22,12)}.
(2.18)
Therefore the (22, 12)-products that correspond to the members of the two-element sets

{a(zzﬂlz), b(zz"lz)}, {f(22’12), h(gzﬂp)},

{f(22,12)7 m(22¢12)}7 {k(22,12)7p(22,12)}}7

form chiral pairs and the products that correspond to formulae c(s2 12y, €22 12) are
dimers.
The set of all G”-orbits is

Tiz2 12y0m =
{a(22,12) U b(a2 12y, (22 12), €(22 12,
f(22,12) U hqa2 12y, €22,12) Umya2 12y U a2 12y U p(a2 12) }- (2.19)
Hence the derivatives that correspond to members of different sets below are structural
isomers and those that correspond to elements of one set are structurally identical:

{0(22,12)-, b(22,12)}7 {0(22,12)}» {6(22,12)},

{f(22,12)’ h(22,12)}, {5(22,12)7m(22,12)7 k(22712)7p(22,12)}~

Case 10. A = (2,1%).
We have
Ty =

{a(2,11),a(2,1), b2,14), 5(2,14)7 C(2,14)s C(2,14) €(2,14)5 €(2,14), f(2,14), f(2,14)7
hz,19) 2,10y, k2,19), k2,10, €2,19), L2,y m2,10), 2,10y, 2,19y, B, b, (2:20)

where:
a(2,14) is the G-orbit

{({1,2}, {3}, {4}, {5}, {6}), ({2, 3}, {1}, {4}, {5}, {6}), ({1, 3}, {2}, {4}, {5}, {6}),

({12} {3}, {5}, {6}, {4}), ({1, 2}, {3}, {6}, {4}, {5}), ({2, 3}, {1}, {5}, {6}, {4}),
(2,3} {1}, {6}, {4}, {5}), ({1, 3}, {2}, {5}, {6}, {4}), ({1, 3}, {2}, {6}, {4}, {5}),
({45} {63, {13, {2}, {3}), ({5, 6}, {4}, {1}, {2}, {3}), ({4, 6}, {5}, {1}, {2}, {3}),
(14,5}, {6}, {2}, {3}, {1}), ({4, 5}, {6}, {3}, {1}, {2}), ({5, 6}, {4}, {2}, {3}, {1}),
(5,63, {4}, {3}, {1}, {2}). ({4, 6}, {5}, {2}, {3}, {1}), ({4, 6}, {5}, {3}, {1}, {21}
of the tabloid A1) = ({1,2}, {3}, {4}, {5}, {6});
a(2,14) is the G-orbit

{({1, 23, {43, {3}, {5}, {6}), ({2, 3}, {43, {1}, {5}, {6}), ({1, 3}, {4}, {2}, {5}, {6}),
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{1,2},{6}, {3}, {4}, {5}), ({2,3}, {5}, {1}, {6}, {4}),
{2,33, {6}, {1}, {4}, {5}), ({1, 3}, {5}, {2}, {6}, {4}), ({1, 3}, {6}, {2}, {4}, {5}),

({1,2}, {5}, {3}, {6}, {4}), ( ) ( )
( i ( ) ( )
({4,5}, {1}, {6}, {2}, {3}), ({5, 6}, {1}, {4}, {2}, {3}), ({4, 6}, {1}, {5}, {2}, {3}),
( i ( ) ( )
( i ( ) ( )

- L I

{4,5}, {2}, {6}, {3}, {1}), ({4,5}, {3}, {6}, {1}, {2}), ({5. 6}, {2}, {4}, {3}, {1}),
{56}, {3}, {4}, {1}, {2}), ({4, 6}, {2}, {5}, {3}, {1}), ({4, 6}, {3}, {5}, {1}, {2})}
of the tabloid A(21") — ({1,2}, {4}, {3}, {5}, {6});
b(2,14) is the G-orbit

{({1, 23, {3}, {4}, {6}, {5}), ({2, 3}, {1}, {4}, {6}, {5}), ({1, 3}, {2}, {4}, {6}, {5}),

{1,2}, {3}, {5}, {4}, {6}), ({1, 2}, {3}, {6}, {5}, {4}), ({2, 3}, {1}, {5}, {4}, {6}
(2,3}, {1}, {6}, {5}, {4}), ({1, 3}, {2}, {5}, {4}, {6}), ({1, 3}, {2}, {6}, {5}, {4}
)

( ( ), ( )s

( ( ) ( )

({4,5}, {6}, {1}, {3}, {2}), ({5,6}, {4}, {1}, {3}, {2}), ({4, 6}, {5}, {1}, {3}, {2}),

({4,5}, {6}, {2}, {1}, {3}), ({4,5}, {6}, {3}, {2}, {1}), ({5. 6}, {4}, {2}, {1}, {3}),
({5,6}, {4}, {3} {2}, {1}), ({4,6}, {5}, {2}, {1}, {3}), ({4, 6}, {5}, {3}, {2}, {1})}

of the tabloid B(>") = ({1,2}, {3}, {4}, {6}, {5});

5(2’14) is the G-orbit
{({1,23, {4}, {3}, {6}, {5}), ({2, 3}, {4}, {1}, {6}, {5}), ({1, 3}, {4}, {2}, {6}, {5}),
({12} {5}, {3}, {4}, {6}). ({1, 2}, {6}, {3}, {5}, {4}), ({2, 3}, {5}, {1}, {4}, {6}),
({2,3}, {6}, {1}, {5}, {4}), ({1, 3}, {5}, {2}, {4}, {6}), ({1, 3}, {6}, {2}, {5}, {4}),
(14,53 {1}, {6}, {3}, {2}). ({5, 6}, {1}, {4}, {3}, {2}), ({4, 6}, {1}, {5}, {3}, {2}),
({4,5}, {2}, {6}, {1}, {3}), ({4,5}, {3}, {6}, {2}, {1}), ({5, 6}, {2}, {4}, {1}, {3}),
(5,6}, {3} {4}, {23, {1}), ({4, 6}, {2}, {5}, {1}, {3}), ({4, 6}, {3}, {5}, {2}, {11}

of the tabloid B("*) = ({1,2},{4}, {3}, {6}, {5});

C2.14) is the G-orbit

{12}, {4}, {5}, {3}, {6}), ({2, 3}, {4}, {5}, {1}, {6}), ({1, 3}, {4}, {5}, {2}, {6}),

({1,2}, {5}, {6}, {3}, {4}), ({1, 2}, {6}, {4}, {3}, {5}), ({2, 3}, {5}, {6}, {1}, {4}),

({2,3}, {6}, {4}, {1}, {5}), ({1, 3}, {5}, {6}, {2}, {4}), ({1, 3}, {6}, {4}, {2}, {5}),

({4,5}, {1}, {2}, {6}, {3}), ({5, 6}, {1}, {2}, {4}, {3}), ({4, 6}, {1}, {2}, {5}, {3}),

({4,5}, {2}, {3}, {6}, {1}), ({4,5}, {3}, {1}, {6}, {2}), ({5, 6}, {2}, {3}, {4}, {1}),

({5,6}, {3}, {1}, {4}, {2}), ({4, 6}, {2}, {3}, {5}, {1}), ({4, 6}, {3}, {1}, {5}, {2})}
of the tabloid C'(21") = ({1,2}, {4}, {5}, {3}, {6});



C(2,14) is the G-orbit
{({1,23, {5}, {4}, {3},{6}), ({2, 3}, {5}, {4}, {1}, {6}), ({1, 3}, {5}, {4}, {2}, {6}),

({12} {6}, {5}, {3}, {4}), ({1, 2}, {4}, {6}, {3}, {5}), ({2, 3}, {6}, {5}, {1}, {4}),

(2,3} {4}, {6}, {1}, {5}), ({1, 3}, {6}, {5}, {2}, {4}), ({1, 3}, {4}, {6}, {2}, {5}),
(14,5} {23, {13, {6}, {3}), ({5, 6}, {2}, {1}, {4}, {3}), ({4, 6}, {2}, {1}, {5}, {3}),
({4,533}, {23, {6}, {1}), ({4, 5}, {1}, {3}, {6}, {2}), ({5, 6}, {3}, {2}, {4}, {1}),
({5,6} {1} {3}, {4}, {2}), ({4, 6}, {3}, {2}, {5}, {1}), ({4, 6}, {1}, {3}, {5}, {21}

of the tabloid ¢'(21) = ({1,2}, {5}, {4}, {3}, {6});

€(2,14) is the G-orbit

{12}, {4}, {53, {6}, {3}), ({2, 3}, {4}, {5}, {6}, {1}), ({1, 3}, {4}, {5}, {6}, {2}),

({12}, {5}, {6}, {4}, {3}), ({1, 2}, {6}, {4}, {5}, {3}), ({2, 3}, {5}, {6}, {4}, {1}),
({23}, {6}, {4}, {5}, {1}), ({1, 3}, {5}, {6}, {4}, {2}), ({1, 3}, {6}, {4}, {5}, {2}),
( ); );

); );

(
(
(
(

{4,535, {13, {2}, {3}, {6}), ({5, 6}, {1}, {2}, {3}, {4}), ({4, 6}, {1}, {2}, {3}, {5}
({45} {2}, {3}, {1}, {6}). ({4, 5}, {3}, {1}, {2}, {6}), ({5, 6}, {2}, {3}, {1}, {4}
({5,6}, {3}, {1}, {2}, {4}), ({4,6}, {2}, {3}, {1}, {5}), ({4, 6}, {3}, {1}, {2}, {5})},

of the tabloid E(") = ({1,2}, {4}, {5}, {6}, {3});
€(2,14) is the G-orbit

{({1, 2}, {5}, {4}, {6}, {3}), ({2, 3}, {5}, {4}, {6}, {1}), ({1, 3}, {5}, {4}, {6}, {2}),

({12}, {6}, {5}, {4}, {3}), ({1, 2}, {4}, {6}, {5}, {3}), ({2, 3}, {6}, {5}, {4}, {1}),
({23}, {4}, {6}, {5}, {1}), ({1, 3}, {6}, {5}, {4}, {2}), ({1, 3}, {4}, {6}, {5}, {2}),
( ) ( )
) ( )

(
(
(
(

{4,5}, {2}, {1}, {3}, {6}), ({5, 6}, {2}, {1}, {3}, {4}), ({4, 6}, {2}, {1}, {3}, {5}
({4,5}, {3}, {2}, {1}, {6}), ({4,5}, {1}, {3}, {2}, {6}), ({5, 6}, {3}, {2}, {1}, {4}
({56}, {1}, {3}, {2}, {4}), ({4, 6}, {3}, {2}, {1}, {5}), ({4, 6}, {1}, {3}, {2}, {5})}

of the tabloid E(2*) = ({1,2}, {5}, {4}, {6}, {3});
f2,14y is the G-orbit
{({1,4}, {2}, {3}, {5}, {6}), ({2, 4}, {3}, {1}, {5}, {6}), ({3, 4}, {1}, {2}, {5}, {6}),

({1,5}, {2}, {3}, {6}, {4}), ({1, 6}, {2}, {3}, {4}, {5}), ({2,5}, {3}, {1}, {6, }, {4}),
({2,6}, {3}, {1}, {4}, {5}), ({3,5}, {1}, {2}, {6}, {4}), ({3, 6}, {1}, {2}, {4}, {5}),
({14}, {5}, {6}, {2}, {3}), ({1, 5}, {6}, {4}, {2}, {3}), ({1, 6}, {4}, {5}, {2}, {3}),
({2,4}, {53, {6}, {3}, {1}), ({3, 4}, {5}, {6}, {1}, {2}), ({2, 5}, {6}, {4}, {3}, {1}),

)
)



({3,5}, {6}, {4}, {1}, {2}), ({2, 6}, {4}, {5}, {3}, {1}), ({3, 6}, {4}, {5}, {1}, {2D)}

of the tabloid F(*1") = ({1,4},{2}, {3}, {5}, {6});
f(2,14) 1s the G-orbit

{14}, (3123, {51, {6}), ({2, 4}, {1}, {3}, {5}, {6}), ({3, 4}, {2}, {1}, {5}, {6}),

({1,5}, {3}, {2}, {6}, {4}), ({1, 6}, {3}, {2}, {4}, {5}), ({2, 5}, {1}, {3}, {6, }, {4}),
({2,6}, {1}, {3}, {4}, {5}), ({3,5}, {2}, {1}, {6}, {4}), ({3, 6}, {2}, {1}, {4}, {5}),
({1,4}, {63, {5}, {2}, {3}), ({1, 5}, {4}, {6}, {2}, {3}), ({1, 6}, {5}, {4}, {2}, {3}),
({2,4}, {6}, {5}, {3}, {1}), ({3, 4}, {6}, {5}, {1}, {2}), ({2, 5}, {4}, {6}, {3}, {1}),
({3,5}, {4}, {6}, {1}, {2}), ({2, 6}, {5}, {4}, {3}, {1}), ({3, 6}, {5}, {4}, {1}, {2D)}

of the tabloid F(21*) = ({1,4}, {3}, {2}, {5}, {6});
h(2,14) is the G-orbit

{({1, 43, {2}, {3}, {6}, {5}), ({2, 4}, {3}, {1}, {6}, {5}), ({3, 4}, {1}, {2}, {6}, {5}),

({1,5}, {2}, {3}, {4}, {6}), ({1, 6}, {2}, {3}, {5}, {4}), ({2, 5}, {3}, {1}, {4, }, {6}),
({2,6}, {3}, {1}, {5}, {4}), ({3,5}, {1}, {2}, {4}, {6}), ({3, 6}, {1}, {2}, {5}, {4}),
({14}, {5}, {6}, {3}, {2}), ({1, 5}, {6}, {4}, {3}, {2}), ({1, 6}, {4}, {5}, {3}, {2}),
({2,4}, {5}, {6}, {1}, {3}), ({3, 4}, {5}, {6}, {2}, {1}), ({2, 5}, {6}, {4}, {1}, {3}),
({3,5}, {6}, {4}, {2}, {1}), ({2, 6}, {4}, {5}, {1}, {3}), ({3, 6}, {4}, {5}, {2}, {1D)}

of the tabloid H(*'") = ({1,4},{2}, {3}, {6}, {5});
h(2’14) is the G-orbit

({14}, {3} {2}, {6}, {5}), ({2, 4}, {1}, {3}, {6}, {5}), ({3, 4}, {2}, {1}, {6}, {5}),

({1,5}, {3}, {2}, {4}, {6}), ({1, 6}, {3}, {2}, {5}, {4}), ({2, 5}, {1}, {3}, {4, }, {6}),
({2,6}, {1}, {3}, {5}, {4}), ({3,5}, {2}, {1}, {4}, {6}), ({3, 6}, {2}, {1}, {5}, {4}),
({14}, {6}, {5}, {3}, {2}), ({1, 5}, {4}, {6}, {3}, {2}), ({1, 6}, {5}, {4}, {3}, {2}),
({2,4}, {6}, {5}, {1}, {3}), ({3,4}, {6}, {5}, {2}, {1}), ({2, 5}, {4}, {6}, {1}, {3}),
({3,5}, {4}, {6}, {2}, {1}), ({2, 6}, {5}, {4}, {1}, {3}), ({3, 6}, {5}, {4}, {2}, {1D)}

of the tabloid A(>'") = ({1,4}, {3}, {2}, {6}, {5});
k(2,14) is the G-orbit

({14}, {235}, {3}, {6}), ({2, 4}, {3}, {5}, {1}, {6}), ({3, 4}, {1}, {5}, {2}, {6}),

({1,5}, {2}, {6}, {3}, {4}), ({1, 6}, {2}, {4}, {3}, {5}), ({2, 5}, {3}, {6}, {1}, {4}),
({2,6}, {3}, {4}, {1}, {5}), ({3,5}, {1}, {6}, {2}, {4}), ({3, 6}, {1}, {4}, {2}, {5}),
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({1, 4}, {5}, {2}, {6}, {3}), ({2, 4}, {5}, {3}, {6}, {1}), ({3, 4}, {5}, {1}, {6}, {2}),
({1, 5} {6}, {2}, {4}, {3}), ({1, 6}, {4}, {2}, {5}, {3}), ({2, 5}, {6}, {3}, {4}, {1}),
(2,6}, {4}, {3}, {53, {1}), ({3,5}, {6}, {1}, {4}, {2}), ({3, 6}, {4}, {1}, {5}, {21}
of the tabloid K (>'") = ({1,4}, {2}, {5}, {3}, {6});
k(2,14) is the G-orbit

{({1 43, {53, {2}, 13}, {6}), ({2, 4}, {5}, {3}, {1}, {6}), ({3, 4}, {5}, {1}, {2}, {6}),

({1,5}, {6}, {2}, {3}, {4}), ({1, 6}, {4}, {2}, {3}, {5}), ({2,5}, {6}, {3}, {1}, {4}),
({2,6}, {4}, {3}, {1}, {5}), ({3,5}, {6}, {1}, {2}, {4}), ({3, 6}, {4}, {1}, {2}, {5}),
({14}, {2}, {5}, {6}, {3}), ({2, 4}, {3}, {5}, {6}, {1}), ({3, 4}, {1}, {5}, {6}, {2}),
({1,5}, {2}, {6}, {4}, {3}), ({1, 6}, {2}, {4}, {5}, {3}), ({2,5}, {3}, {6}, {4}, {1}),
({2,6}, {3}, {4}, {5}, {1}), ({3,5}, {1}, {6}, {4}, {2}), ({3, 6}, {1}, {4}, {5}, {2})}
of the tabloid K(21") = ({1,4}, {5},{2}, {3}, {6});
£(2,14y is the G-orbit
{0143, (21,6}, 31, 65D, (2,43, 31, (61, 111, 5. (3,43, {1}, {6}, {2}, 5)).

{1,5}, {2}, {4}, {3}, {6}), ({1, 6}, {2}, {5}, {3}, {4}), ({2, 5}, {3}, {4}, {1}, {6}
{2,6}, {3}, {5}, {1}, {4}), ({3, 5}, {1}, {4}, {2}, {6}), ({3, 6}, {1}, {5}, {2}, {4}
),
),

( ( ), ( )s

( ( ), ( ):

({1, 4}, {5}, {3}, {6}, {2}), ({1, 5}, {6}, {3}, {4}, {2}), ({1, 6}, {4}, {3}, {5}, {2}),

({2,4}, {5}, {1}, {6}, {3}), ({3,4}, {5}, {2}, {6}, {1}), ({2, 5}, {6}, {1}, {4}, {3}),
(3,5}, {6}, {2}, {4}, {1}), ({2, 6}, {4}, {1}, {5}, {3}), ({3, 6}, {4}, {2}, {5}, {1H)}

of the tabloid L(>1") = ({1,4}, {2}{, 6},{3}, {5});

£(2,14y is the G-orbit

{({1, 4}, {6}, {2}, {3}, {5}), ({2, 4}, {6}, {3}, {1}, {5}), ({3, 4}, {6}, {1}, {2}, {5}),

({1,5}, {4}, {2}, {3}, {6}), ({1, 6}, {5}, {2}, {3}, {4}), ({2,5}, {4}, {3}, {1}, {6}),

({2,6}, {5}, {3}, {1}, {4}), ({3,5}, {4}, {1}, {2}, {6}), ({3, 6}, {5}, {1}, {2}, {4}),

({14}, {3}, {5}, {6}, {2}), ({1,5}, {3}, {6}, {4}, {2}), ({1, 6}, {3}, {4}, {5}, {2}),

({2,4}, {1}, {5}, {6}, {3}), ({3, 4}, {2}, {5}, {6}, {1}), ({2, 5}, {1}, {6}, {4}, {3}),
(3,5} {2}, {6}, {4}, {1}), ({2,6}, {1}, {4}, {5}, {3}), ({3, 6}, {2}, {4}, {5}, {11}

of the tabloid L(2) = ({1,4},{6}{, 2}, {3}, {5});

m2,14) is the G-orbit

{({1, 43, {23, {6}, {5}, {3}), ({2, 4}, {3}, {6}, {5}, {1}), ({3, 4}, {1}, {6}, {5}, {2}),
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{1,6}, {2}, {5}, {4}, {3}), ({2,5}, {3}, {4}, {6}, {1}),
{2,63, {3}, {5}, {4}, {1}), ({3, 5}, {1}, {4}, {6}, {2}), ({3, 6}, {1}, {5}, {4}, {2}),

({1,5}, {2}, {4}, {6}, {3}), ) ( )
( ); ) ( )
({14}, {5}, {3}, {2}, {6}), ({1, 5}, {6}, {3}, {2}, {4}), ({1, 6}, {4}, {3}, {2}, {5}),
( ); ) ( )
( ); ) ( )

o~ o~ o~ —

2,4}, {5}, {1}, {3}. {6}), ({3,4}, {5}, {2}, {1}, {6}), ({2, 5}, {6}, {1}, {3}, {4}).
3,5}, {6}, {2}, {1}, {4}), ({2,6}, {4}, {1}, {3}, {5}), ({3, 6}, {4}, {2}, {1}, {5})}
of the tabloid M (") = ({1,4}, {2}, {6}, {5}, {3});
M(2,14) is the G-orbit

{({1, 43, {63, {2}, {5}, {3}), ({2,4}, {6}, {3}, {5}, {1}), ({3, 4}, {6}, {1}, {5}, {2}),

({15} {4}, {2}, {6}, {3}), ({1, 6}, {5}, {2}, {4}, {3}), ({2, 5}, {4}, {3}, {6}, {1}),

({2,6}, {5}, {3}, {4}, {1}), ({3,5}, {4}, {1}, {6}, {2}), ({3, 6}, {5}, {1}, {4}, {2}),

({14}, {3}, {5}, {2}, {6}), ({1, 5}, {3}, {6}, {2}, {4}), ({1, 6}, {3}, {4}, {2}, {5}),

({2,4}, {1}, {5}, {3}, {6}), ({3, 4}, {2}, {5}, {1}, {6}), ({2, 5}, {1}, {6}, {3}, {4}),
(3,5} {2}, {6}, {1}, {4}), ({2,6}, {1}, {4}, {3}, {5}), ({3, 6}, {2}, {4}, {1}, {5})}

of the tabloid 37(2"*) = ({1,4}, {6}, {2}, {5}. {3});

P(2,14) is the G-orbit

({14}, {31, {6}, {2}, {5}), ({2, 4}, {1}, {6}, {3}, {5}), ({3, 4}, {2}, {6}, {1}, {5}),

({1,5}, {3}, {4}, {2}, {6}), ({1, 6}, {3}, {5}, {2}, {4}), ({2,5}, {1}, {4}, {3}, {6}
({2,6}, {1}, {5}, {3}, {4}), ({3,5}, {2}, {4}, {1}, {6}), ({3, 6}, {2}, {5}, {1}, {4}
({1, 4}, {6}, {3}, {5}, {2}), ({2, 4}, {6}, {1}, {5}, {3}), ({3, 4}, {6}, {2}, {5}, {1}
({1,5}, {4}, {3}, {6}, {2}), ({1, 6}, {5}, {3}, {4}, {2}), ({2, 5}, {4}, {1}, {6}, {3}
({2,6}, {5}, {1}, {4}, {3}), ({3,5}, {4}, {2}, {6}, {1}), ({3, 6}, {5}, {2}, {4}, {1})}
of the tabloid P(21*) = ({1,4}, {3}, {6}, {2}, {5});
D(2,14) is the G-orbit

{({1, 4}, {6}, {3}, {2}, {5}), ({2, 4}, {6}, {1}, {3}, {5}), ({3, 4}, {6}, {2}, {1}, {5}),

({1,5}, {4}, {3}, {2}, {6}), ({1, 6}, {5}, {3}, {2}, {4}), ({2, 5}, {4}, {1}, {3}, {6}),
({2,6}, {5}, {1}, {3}, {4}), ({3, 5}, {4}, {2}, {1}, {6}), ({3, 6}, {5}, {2}, {1}, {4}),
( ); )

); )

);
),
);
),

(

{14}, {3}, {6}, {5}, {2}), ({2, 4}, {1}, {6}, {5}, {3}), ({3. 4}, {2}, {6}, {5}, {1}),
({1,5}, {3}, {4}, {6}, {2}), ({1, 6}, {3}, {5}, {4}, {2}), ({2,5}, {1}, {4}, {6}, {3}),
({26}, {1}, {5}, {4}, {3}). ({3,5}, {2}, {4}, {6}, {1}), ({3, 6}, {2}, {5}, {4}, {1})}

of the tabloid P(21") = ({1,4}, {6}, {3}, {2}, {5}).

—~ o~ o~ o~
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The inequalities between the tabloids of shape (2,1%) and the tabloids of shape (22, 12)
are as follows:

ACA) 2 4@) 7(20) 2 4(207) part) o A(0) B(21Y) < 4(2°%)

)

c1t) o 407 pler?) o 4(20)
421 < g0 401 _ p?) glert) o p@a?) pert) gl
(465)0(21") < B(21%) (465)B(21") < p(2*1%)
AC1) < ) pert) o o(F1) o) o o) o) o o),
B < o) prt) o),
c21) ) glert) o p(a?) pent) o p(ia?) gert) - glhr?)
PO - p) g p(a®) geat) - phe) glent) o pi)
K1) < 1) (14)(25)(36) K (21") < p(2°1%),
(14)(25)(36)L(>1") < F(2*1%) (14)(25)(36) 81 (21") < p(2*17)
P < g0 per) - g gt ) glen) o g
L1« g(*0?) pp(21Y) o g(221%)

P < q*) (14)(25)(36) PC1) < H*1),
FEY) o (20 grh) o g(207) (217 o g(2707)

KRG < g(27) (14)(25)(36) L (31" < K(*1) (14)(25)(36) M (211) < K (2*17))
p1) o p(2207) g2at) (2207 (1Y) o p(221%) p(21%) o p(2*07)
M@)o p(20%) gp(21t) o p(207)

(14)(25)(36) P(21") < L(20%) p(21%) o p(2%.1%)
(14)(25)(36)F(31) < M), (14)(25)(36)8 (31) < M (#17),

KC1) < () (14)(25)(36) K (>1) < m(2*1%)
(21" < pp(221%) [(21%) o pp(2007) ap(21Y) o pp(20%) yp(21Y) < pp(220%)
Fe) o p(r?) gl21t) o p(2*1%) [(21Y) o p(221%)
m(@1) < p(21%) p(21Y) o p(21%) p(21') o p(2°17)

)

because
R2,4R315R4,6A(2’14) = R2,3R3,5R4,6A(2'14) = R2,4R3,5B(2’14) =

Ro3R35B(21") = Ry 3Ry 6C(21") = Ry, B(21Y) = 4(27°)

)
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R2’4R3’6A(2’14) - R2’3R316A(2714) = R2,4R3,GR4,5B(2’14) =
R2,3R3,6R4,5B(2’14) = R2,3R4,5(465)C‘(2114) — R2,3(465)E(2v14) _ B(22712)7
RosRegACY) = Ry s BCY) = Ry s Ry s ResCY) =
R2,4Rs,3R4,GC_’(2~14) = Rz,5R3,3E(2’14) _ R2,4R313E(2’14) _ o),

R2’5R3’60(2,14) - R2’4R3»GC‘(2"14) = R2,5R3,6R4,3E(2'14) =
RouRs Ry 3B = p(2°17),
RosRssRi6F ) = RyyRysRy6F(*1") = Ry 3Ry s H(21Y) =
R272R3~5H(2’14) = R2,3R4,6K(2’14) = R2,3(14)(25)(36)K(2"14) =
Ra2(14)(25)(36)L(*1") = RoaRa6(14)(25)(36)M (>1") = p(217),
R2’3R376F(2’14) = R2,2Rs,6F(2’14) = R2,3R3,6R475H(2’14) =
RoaRssRysHY) = RygRy5sL(31) = Ry g (21Y) —
RoaRisP(1) = Ry,(14)(25)(36)P(21) = g(2%17)
R2,5R416F(2*14) = R2_5H(2'14) _
R2’5R373R4,6K(2’14) = R2,2R37334,6K’(2*14) =
Roa(14)(25)(36) L") = Ry o Ry g(14)(25)(36)M (1) = K (217),
Ry FY) = Rz,GR4,5H(2’14) = R2,6R3,3R4,5L(2’14) =
R2’2R3*3R475Z’(2714) = R2,6R3,3M(2’14) = R2,2R3,3N[(2*14) =
Ry5(14)(25)(36)P(31") = Ry, R, s P(21Y) = L(2%17)
Ry 2R 5(14)(25)(36)F (1) = Ry 5(14)(25)(36) A (*1') = Ry o (31) =
R2’6R4v3(14)(25)(36)K(2’14) = R2,6R3,5L(2’14 = R2,2R3,5E(2"14) =

R2,6R3,5R4,3M(2"14) = Rz,2R3,5R4,3NI(2’14) = ]\4(22*12)7

)

R2’GF(2’14) = R2~6R4,5H(2’14) = R2¢3R4,5Z(2’14) =
RQ’?’M(QJA) = R2’6R3~2R4,5P(2’14) = R2,3R3,2R4,5P(2114) _ p(2°.1?),

These inequalities imply the following possible substitution reactions between (2, 14)-
derivatives and (22, 12)-derivatives of ethane:

a@2,14) < a(22,12), 8(2,14) < Q(22,12), D(2,14) < a(22,12), b(2,14) < a(22,12),

C(2,14) < A(2212),€(2,14) < A(2212),

(2,10 < b(2z,12), 2,14y < b(22,12), b2,14) < b(az12), b(2,14) < b2z 12),
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C(2,14) < b(22,12), €(2,14) < b2z 12),
ag2,11) < €(22.12), b(2,11) < €(22.12), €(2,11) < C(22.12)5 E(2,11) < C(2212)
€(2,14) < €(22,12), €(2,14) < €(22,12),
C2,14) < €(22,12), C(2,14) < €(22,12), €(2,14) < €(22,12), €(2,14) < €(22,12),
feat) < feeae), f(2,14) < fez a2y, b2y < f(22,12)7ﬁ(2,14) < f22,12),
k(g,11) < f(22,12)jf(2,14) < f(22,12)757(2,14) < f(22.12), M2,14) < fr22,12),
foa1y < hez 2y, f(2,14) < haz 12y, h11) < h(22,12)»ﬁ(2,14) < a2 12y,
Lia,10) < haz a2y, m214) < Rz 2y, P21ty < he2a2), Deae) < haz 12y,
ety < k@za2), by < ko212, ket < Koz 2y,
ff(2,14) < ka2 12y, 2,1y < a2 12), M1y < ka2 12),
fa1y <L212), by < a2 a2y, f211) < 4(22,12)757(2,14) < Loz ,12),
myg,14) < £(22,12), M(2,19) < {(22,12), P(2,14) < {(22,12), D(2,14) < {(22,12),
f(2,14) < m(22,12)7’_1(2,14) < myaz12), k14) < m(22,12),]_€(2,14) < m(2212),
Lig ey < m(22712)72(2,14) < Mya2,12), My2,14) < M2 12), My(2,14) < My(22 12),
f(2714) < P(22,12), B(2,14) < p(22,12)7g(2,14) < P(22,12),
mz,14) < P(22,12), P(2,14) < D(22,12), D(2,14) < D(22,12)-

The set of all G’-orbits is
T =

{a(2,14) Ub,14), G(2,14) U b(2.14), €(2,14) U E(2,14), €(2,14) U €(2,14), f2,14) U h2,14),
fe19) Uh sy, k2,14 Upa,14), k2,14) UD(2,14), £(2,14) UT2,14), L(2,14) Umy214y ). (2.21)

Hence the products of ethane that correspond to the members of the two-element sets
{a,11), b1} {5(2.14)76(2,14)}7 {e@11), e} {e@1), eean b { iz, E(2,14)}:

{]?(2,14)7 hian} {k@2,14), Py }s {’79(2,14)713(2714)}7 {l2,10), M2,10)}, {[?(2,14),771(2,14)}

form chiral pairs.
The set of all G”-orbits is
T(2’14>;G/I =
{a(,11) Ub2,11), 8(2,11) U 6(2,14)7 C(2,14) U €214y,
e@11) UE@11), f2,1) U hz,10y U fiz,10 U bz, 14y,
k‘(2114) Up(2714) @] 6(2’14) U 7"71(2’14)7 ];:(2_’14) @] D214 Y 2(2114) @] m(2,14)}- (2.22)
Therefore the derivatives of ethane that correspond to the members of different sets

among B
{a(2,14), 02,1}, {@(2,10), b2,10) }, {€(2,14), €219}, {e(2,14), 2,11},

{f219): hiz10y; fa10), ey b (ke 10y, P2,10), 2,14y, 2,10 1



%(2,14)717(2,14)75(2,14)7m(2,14)} (2.23)

are structural isomers and those products that correspond to members of one and the
same set are structurally identical.

Case 11. X = (1°).

The set T(i6y of tabloids of shape (1%) can be identified with the symmetric group
Se, and after this identification the set of all G-orbits in T{;6y coincide with the set
of all right cosets of the group S¢ modulo G. Thus, we identify the tabloid A =
({Zl}{ZQ},{Zg},{l4},{l5},{l6}) with the permutation C = (il,ig,i3,’i4,i5,i6) of the
numbers 1,2,3,4,5,6 of unsatisfied valences, and then the G-orbit of A is identified
with the right coset G{. We set

Tasy,g =
{aqe), afis), @10): a{re); bao), blasy, bae), Basys €1o)s Casy:
&(19), €(16) €(19): €(10) €(19)> €(10)s J19): S0y, oy, Fvoy.
h(1o), hyeys hieys hirey ko), kis), Koy, Kirsy, €y, Crey.
Z(ls), [(116), m(ls),m}ls),fn(la),m%le),p(le;),p(lle),ﬁ(le),ﬁ}w)}, (2.24)

where:
a(16) is the G-orbit

{(1,2,3,4,5,6),(2,3,1,4,5,6),(3,1,2,4,5,6),(1,2,3,5,6,4),(1,2,3,6,4,5),
(2,3,1,5,6,4),(2,3,1,6,4,5),(3,1,2,5,6,4),(3,1,2,6,4,5), (4,5,6,1,2,3),
(5,6,4,1,2,3),(6,4,5,1,2,3),(4,5,6,2,3,1),(4,5,6,3,1,2),(5,6,4,2,3,1),
(5,6,4,3,1,2),(6,4,5,2,3,1),(6,4,5,3,1,2)}
of the tabloid A(°) = (1,2,3,4,5,6);
a%lg) is the G-orbit
{(2,1,3,4,5,6),(3,2,1,4,5,6),(1,3,2,4,5,6),(2,1,3,5,6,4),(2,1,3,6,4,5),
(3,2,1,5,6,4),(3,2,1,6,4,5),(1,3,2,5,6,4),(1,3,2,6,4,5), (5,4,6,1,2,3),
(6,5,4,1,2,3),(4,6,5,1,2,3),(5,4,6,2,3,1),(5,4,6,3,1,2),(6,5,4,2,3,1),
(6,5,4,3,1,2), (4,6,5,2,3,1), (4,6,5,3,1,2)}
of the tabloid A(")1 = (2,1,3,4,5,6);
a(16) is G-orbit
{(1,2,4,3,5,6),(2,3,4,1,5,6),(3,1,4,2,5,6),(1,2,5,3,6,4), (1,2,6,3,4,5),
(27 37 57 17 674)7 (27 37 6’ 1747 5)7 (37 17 57 27 67 4)7 (37 17 67 27 47 5)7 (47 57 17 67 2’ 3)7
(5,6,1,4,2,3),(6,4,1,5,2,3),(4,5,2,6,3,1),(4,5,3,6,1,2), (5,6, 2,4,3,1),
(5,6,3,4,1,2),(6,4,2,5,3,1),(6,4,3,5,1,2)}
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of the tabloid A(*°) = (1,2,4,3,5,6);

&%ls) is the G-orbit
{(2,1,4,3,5,6),(3,2,4,1,5,6),(1,3,4,2,5,6),(2,1,5,3,6,4),(2,1,6,3,4,5),
(3,2,5,1,6,4),(3,2,6,1,4,5),(1,3,5,2,6,4),(1,3,6,2,4,5), (5,4,1,6,2,3),
(6’ 5a 1747 27 3)7 (47 67 17 57 27 3)’ (5747 276737 1)7 (57 47 3a 67 17 2)7 (67 57 2747 37 1)7

(6,5,3,4,1,2),(4,6,2,5,3,1),(4,6,3,5,1,2)}

of the tabloid A1) = (2,1,4,3,5,6);
b(16y is the G-orbit

{(1,2,3,4,6,5),(2,3,1,4,6,5),(3,1,2,4,6,5),(1,2,3,5,4,6), (1,2,3,6,5,4),

(2,3,1,5,4,6),(2,3,1,6,5,4),(3,1,2,5,4,6), (3,1,2,6,5,4), (4,5,6,1,3,2),
(5,6,4,1,3,2),(6,4,5,1,3,2),(4,5,6,2,1,3), (4,5,6,3,2,1), (5,6,4,2,1,3),
(5,6,4,3,2,1),(6,4,5,2,1,3),(6,4,5,3,2,1)}

(
(

(
of the tabloid B(**) = (1,2,3,4,6,5);
b%w) is the G-orbit

{(2,1,3,4,6,5),(3,2,1,4,6,5),(1,3,2,4,6,5), (2, 1,3,5,4,6), (2, 1,3,6,5,4),

(3,2,1,5,4,6), (3,2,1,6,5,4), (1,3,2,5,4,6), (1,3,2,6,5,4), (5,4,6,1,3,2),
(6,5,4,1,3,2), (4,6,5,1,3,2),(5,4,6,2,1,3), (5,4,6,3,2,1), (6,5,4,2,1,3),
(6,5,4,3,2,1), (4,6,5,2,1,3), (4,6,5,3,2,1)}
of the tabloid B(")1 = (2,1,3,4,6,5);
b(16y is the G-orbit
{(1,2,4,3,6,5),(2,3,4,1,6,5), (3,1,4,2,6,5), (1,2,5,3,4,6), (1,2,6,3,5,4),

(2,3,5,1,4,6),(2,3,6,1,5,4),(3,1,5,2,4,6), (3, 1,6,2,5,4), (4,5,1,6,3,2),

(5,6,1,4,3,2),(6,4,1,5,3,2),(4,5,2,6,1,3), (4,5,3,6,2,1),(5,6,2,4,1,3),

(5,6,3,4,2,1),(6,4,2,5,1,3),(6,4,3,5,2,1)}
).

)

of the tabloid B(") = (1,2,4,3,6,5
b%lﬁ) is the G-orbit

{(2,1,4,3,6,5),(3,2,4,1,6,5),(1,3,4,2,6,5),(2,1,5,3,4,6),(2,1,6,3,5,4),

(3,2,5,1,4,6),(3,2,6,1,5,4),(1,3,5,2,4,6),(1,3,6,2,5,4), (5,4, 1,6,3,2),
(6,5,1,4,3,2),(4,6,1,5,3,2),(5,4,2,6,1,3),(5,4,3,6,2,1),(6,5,2,4,1,3),
(6,5,3,4,2,1),(4,6,2,5,1,3),(4,6,3,5,2,1)}
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of the tabloid B(1*) = (2,1,4,3,6,5);
C(16) is the G-orbit

{(17 274’ 57 37 6)’ (27 3747 5? 17 6)7 (37 17 47 57 27 6)7 (17 27 57 67 3’4)7 (1’ 27 6747 37 5)7

(27 3’ 57 67 ]‘74)7 (27 37 6’47 17 5)’ (37 17 57 6? 27 4)7 (37 17 67 4’ 27 5)7 (47 57 17 27 6’ 3)7

(5,6,1,2,4,3),(6,4,1,2,5,3),(4,5,2,3,6,1),(4,5,3,1,6,2),(5,6,2,3,4,1),
(5,6,3,1,4,2),(6,4,2,3,5,1),(6,4,3,1,5,2)},

of the tabloid C(*°) = (1,2,4,5,3,6);

0316) is the G-orbit
{(2,1,4,5,3,6),(3,2,4,5,1,6),(1,3,4,5,2,6),(2,1,5,6,3,4),(2,1,6,4,3,5),
(3,2,5,6,1,4),(3,2,6,4,1,5),(1,3,5,6,2,4),(1,3,6,4,2,5),(5,4,1,2,6, 3),
(6,5,1,2,4,3),(4,6,1,2,5,3),(5,4,2,3,6,1),(5,4,3,1,6,2),(6,5,2,3,4,1),

(6’ 57 37 1747 2)?(47 67 27 37 57 1)7 (47673? 17 57 2)}’

of the tabloid ¢(**)1 = (2,1,4,5,3,6);
¢(1¢) is the G-orbit

{(1,2,5,4,3,6),(2,3,5,4,1,6),(3,1,5,4,2,6),(1,2,6,5,3,4),(1,2,4,6,3,5),
(2,3,6,5,1,4),(2,3,4,6,1,5),(3,1,6,5,2,4),(3,1,4,6,2,5), (4,5,2,1,6, 3),
(5’ 67 27 1747 3)7 (6747 27 ]‘7 57 3)7 (47 573? 27 6’ 1)7 (4’ 5’ 1’ 37 67 2)7 (57 67 37 2747 1)’
(5,6,1,3,4,2),(6,4,3,2,5,1),(6,4,1,3,5,2)},
of the tabloid C'(*°) = (1,2,5,4,3,6);
E(lls) is the G-orbit
{(27 17 5747 37 6)’ (37 27 57 47 17 6)7 (17 37 57 4’ 27 6)7 (27 17 67 57 3’4)7 (2’ 1747 6737 5)7
(3’2’6757174)7(37274767175)’(173767 57 27 4)7(1737 4a 6’275)7(57472717673)7
(6,5,2,1,4,3),(4,6,2,1,5,3),(5,4,3,2,6,1),(5,4,1,3,6,2),(6,5,3,2,4,1),
(6,5,1,3,4,2),(4,6,3,2,5,1),(4,6,1,3,5,2)},

of the tabloid (") = (2,1,5,4,3,6);
e(16) is the G-orbit

{(1,2,4,5,6,3),(2,3,4,5,6,1),(3,1,4,5,6,2),(1,2,5,6,4,3), (1,2,6,4,5,3),

(2,3,5,6,4,1),(2,3,6,4,5,1),(3,1,5,6,4,2),(3,1,6,4,5,2), (4,5,1,2,3,6),
(57 67 17 27 374)7 (674’ ]" 27 37 5)7 (47 57 27 3? 17 6)’ (47 57 37 17 27 6)7 (57 67 27 3’ ]"4)7
(5,6,3,1,2,4),(6,4,2,3,1,5),(6,4,3,1,2,5)},
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of the tabloid E(") = (1,2,4,5,6,3);

6%15) is the G-orbit
{(2,1,4,5,6,3),(3,2,4,5,6,1),(1,3,4,5,6,2),(2,1,5,6,4,3),(2,1,6,4,5,3),
(3,2,5,6,4,1),(3,2,6,4,5,1),(1,3,5,6,4,2),(1,3,6,4,5,2),(5,4,1,2,3,6),
(6’ 5a 17 27 374)7 (47 67 17 27 37 5)’ (5747 2737 17 6)7 (57 47 3a 17 27 6)7 (67 57 27 37 174)7

(6,5,3,1,2,4),(4,6,2,3,1,5), (4,6,3,1,2,5)},

of the tabloid E(°) = (2,1,4,5,6,3);
€(16) is the G-orbit

{(1,2,5,4,6,3),(2,3,5,4,6,1),(3,1,5,4,6,2),(1,2,6,5,4,3),(1,2,4,6,5,3),
(2,3,6,5,4,1),(2,3,4,6,5,1),(3,1,6,5,4,2),(3,1,4,6,5,2), (4,5,2,1,3,6),
(5,6,2,1,3,4),(6,4,2,1,3,5), (4,5,3,2,1,6), (4,5,1,3,2,6), (5,6,3,2,1,4),
(5,6,1,3,2,4),(6,4,3,2,1,5), (6,4,1,3,2,5)},
of the tabloid E(*") = (1,2,5,4,6,3);
é%lﬁ) is the G-orbit
{(27 17 5’47 67 3)’ (37 27 57 47 67 1)7 (17 37 57 4’ 67 2)7 (27 17 67 574’ 3)7 (2’ 1747 67 57 3)7
(3,2,6,5,4,1),(3,2,4,6,5,1),(1,3,6,5,4,2),(1,3,4,6,5,2), (5,4, 2,1,3,6),
(67 57 27 17 374)7 (47 6’ 2’ 17 37 5)7 (5747 37 2? 17 6)’ (57 47 17 37 27 6)7 (67 57 37 2’ ]"4)7
(6,5,1,3,2,4),(4,6,3,2,1,5), (4,6,1,3,2,5)},

of the tabloid E(")! = (2,1,5,4,6,3);
fs) is the G-orbit

{(1,4,2,3,5,6),(2,4,3,1,5,6),(3,4,1,2,5,6),(1,5,2,3,6,4), (1,6,2,3,4,5),

(2,5,3,1,6,4),(2,6,3,1,4,5),(3,5,1,2,6,4),(3,6,1,2,4,5), (4,1,5,6,2,3),

(5,1,6,4,2,3),(6,1,4,5,2,3),(4,2,5,6,3,1),(4,3,5,6,1,2),(5,2,6,4,3,1),
(57 37 6’ 47 17 2)? (67 274’ 57 37 1)7 (67 37 47 57 17 2)}7

of the tabloid F(1°) = (1,4,2,3,5,6);
f(llf,) is the G-orbit

{(4,1,2,3,5,6),(4,2,3,1,5,6),(4,3,1,2,5,6),(5,1,2,3,6,4), (6,1,2,3,4,5),

(5,2,3,1,6,4),(6,2,3,1,4,5),(5,3,1,2,6,4),(6,3,1,2,4,5),(1,4,5,6,2,3),
(1,5,6,4,2,3),(1,6,4,5,2,3),(2,4,5,6,3,1),(3,4,5,6,1,2),(2,5,6,4,3,1),
(3,5,6,4,1,2),(2,6,4,5,3,1),(3,6,4,5,1,2)},



of the tabloid F()1 = (4,1,2,3,5,6);
f(ls) is the G-orbit

{(1747 3’ 27 57 6)’ (2747 1737 57 6)7 (37 47 27 17 57 6)7 (17 57 37 27 6’4)7 (1’ 67 37 2747 5)7
(27 5’ 17 37 674)7 (27 67 ]" 3747 5)’ (37 57 27 1767 4)7 (37 67 27 1’ 47 5)7 (47 17 67 57 2’ 3)7
(5,1,4,6,2,3),(6,1,5,4,2,3),(4,2,6,5,3,1),(4,3,6,5,1,2),(5,2,4,6,3,1),
(5,3,4,6,1,2),(6,2,5,4,3,1),(6,3,5,4,1,2)},
of the tabloid F(1") = (1,4,3,2,5,6);
f(lls) is the G-orbit
{(4,1,3,2,5,6),(4,2,1,3,5,6),(4,3,2,1,5,6),(5,1,3,2,6,4), (6,1, 3,2,4,5),
(5,2,1,3,6,4),(6,2,1,3,4,5),(5,3,2,1,6,4),(6,3,2,1,4,5),(1,4,6,5,2,3),
(1,5,4,6,2,3),(1,6,5,4,2,3),(2,4,6,5,3,1),(3,4,6,5,1,2),(2,5,4,6,3,1),
(3,5,4,6,1,2),(2,6,5,4,3,1),(3,6,5,4,1,2)},

of the tabloid F(1°) = (4,1,3,2,5,6);
h(1ey is the G-orbit
{(1,4,2,3,6,5),(2,4,3,1,6,5),(3,4,1,2,6,5),(1,5,2,3,4,6),(1,6,2,3,5,4),

(2,5,3,1,4,6),(2,6,3,1,5,4),(3,5,1,2,4,6),(3,6,1,2,5,4),(4,1,5,6,3, 2),
(5’ 17 67 47 37 2)7 (67 1747 57 37 2)7 (47 27 5? 67 1’ 3)7 (4’ 3’ 5’ 67 27 1)7 (57 27 6747 17 3)’
(5,3,6,4,2,1),(6,2,4,5,1,3),(6,3,4,5,2,1)},
of the tabloid H(") = (1,4,2,3,6,5);
h(lls) is the G-orbit
{(47 17 27 37 67 5)’ (47 2737 1767 5)7 (47 37 17 2’ 67 5)7 (57 17 27 374’ 6)7 (6’ 17 27 37 57 4)7

(5,2,3,1,4,6),(6,2,3,1,5,4), (5,3,1,2,4,6), (6,3,1,2,5,4), (1,4,5,6,3,2),
(1,5,6,4,3,2),(1,6,4,5,3,2), (2,4,5,6,1,3), (3,4,5,6,2,1), (2,5,6,4,1,3),
(3,5,6,4,2,1),(2,6,4,5,1,3), (3,6,4,5,2,1)},
of the tabloid H() = (4,1,2,3,6,5);
h(1sy is the G-orbit
{(1,4,3,2,6,5),(2,4,1,3,6,5), (3,4,2,1,6,5), (1,5,3,2,4,6), (1,6,3,2,5,4),

(2,5,1,3,4,6),(2,6,1,3,5,4),(3,5,2,1,4,6),(3,6,2,1,5,4), (4,1,6,5,3,2),
(57 17 47 67 37 2)7 (67 ]" 5’47 37 2)7 (47 2767 5? 17 3)’ (47 37 67 57 27 1)7 (57 2747 6’ ]" 3)7
(57 37 47 67 27 1)7 (67 27 5747 17 3)7 (67 39 57 47 2’ ]‘)}’
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of the tabloid (") = (1,4,3,2,6,5);
h%ls) is the G-orbit

{(4,1,3,2,6,5),(4,2,1,3,6,5),(4,3,2,1,6,5),(5,1,3,2,4,6),(6,1,3,2,5,4),

(5,2,1,3,4,6),(6,2,1,3,5,4), (5,3,2,1,4,6), (6,3,2,1,5,4), (1,4,6,5,3,2),
(1,5,4,6,3,2),(1,6,5,4,3,2),(2,4,6,5,1,3), (3,4,6,5,2,1), (2,5,4,6,1,3),
(3,5,4,6,2,1),(2,6,5,4,1,3), (3,6,5,4,2,1)},
of the tabloid A1) = (4,1,3,2,6,5);
k(16y is the G-orbit
{(1,4,2,5,3,6), (2,4,3,5,1,6), (3,4,1,5,2,6), (1,5,2,6,3,4), (1,6,2,4,3,5),

(27 5’ 37 67 174)7 (27 67 3’47 17 5)’ (37 57 1767 27 4)7 (37 67 17 4’ 27 5)7 (47 17 57 27 6’ 3)7
(5,1,6,2,4,3),(6,1,4,2,5,3),(4,2,5,3,6,1),(4,3,5,1,6,2),(5,2,6,3,4,1),
(57 37 67 1747 2)’ (67 274737 5? 1)7 (67 37 47 1’ 5’ 2)}
of the tabloid K(°) = (1,4,2,5,3,6);
k(lls) is the G-orbit
{(4,1,2,5,3,6), (4,2,3,5,1,6), (4,3,1,5,2,6), (5,1,2,6,3,4), (6,1,2,4,3,5),

(5,2,3,6,1,4),(6,2,3,4,1,5), (5,3,1,6,2,4), (6,3,1,4,2,5), (1,4,5,2,6,3),
(1,5,6,2,4,3),(1,6,4,2,5,3), (2,4,5,3,6,1), (3,4,5,1,6,2), (2,5,6,3,4,1),
(3,5,6,1,4,2),(2,6,4,3,5,1),(3,6,4,1,5,2)}
of the tabloid K (1)) = (4,1,2,5,3,6);
ki6y is the G-orbit
{(1,4,5,2,3,6),(2,4,5,3,1,6), (3,4,5,1,2,6), (1,5,6,2,3,4), (1,6,4,2,3,5),

(2,5,6,3,1,4),(2,6,4,3,1,5),(3,5,6,1,2,4), (3,6,4,1,2,5), (4,1,2,5,6,3),
(5,1,2,6,4,3),(6,1,2,4,5,3), (4,2,3,5,6,1), (4,3,1,5,6,2), (5,2,3,6,4,1),
(5,3,1,6,4,2),(6,2,3,4,5,1), (6,3,1,4,5,2)}
of the tabloid K (1) = (1,4,5,2,3,6);
k(llf,) is the G-orbit

)

{(4,1,5,2,3,6),(4,2,5,3,1,6),(4,3,5,1,2,6),(5,1,6,2,3,4),(6,1,4,2,3,5),
(5,2,6,3,1,4),(6,2,4,3,1,5),(5,3,6,1,2,4),(6,3,4,1,2,5),(1,4,2,5,6,3),
(1,5,2,6,4,3),(1,6,2,4,5,3),(2,4,3,5,6,1),(3,4,1,5,6,2),(2,5,3,6,4,1),

(3,5,1,6,4,2),(2,6,3,4,5,1),(3,6,1,4,5,2)}
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of the tabloid K(1°)! = (4,1,5,2,3,6);
6(16) is the G-orbit

{(1747 2’ 67 37 5)’ (2747 37 67 17 5)7 (37 47 17 67 27 5)7 (17 57 2747 3’ 6)7 (1’ 67 27 5737 4)7

(2,5,3,4,1,6),(2,6,3,5,1,4), (3,5,1,4,2,6), (3,6, 1,5,2,4), (4, 1,5,3,6,2),

(5,1,6,3,4,2),(6,1,4,3,5,2),(4,2,5,1,6,3),(4,3,5,2,6,1),(5,2,6,1,4, 3),
(5,3,6,2,4,1),(6,2,4,1,5,3),(6,3,4,2,5,1)}

of the tabloid L(**) = (1,4,2,6,3,5);

6%16) is the G-orbit
{(4,1,2,6,3,5),(4,2,3,6,1,5),(4,3,1,6,2,5),(5,1,2,4,3,6),(6,1,2,5,3,4),
(5,2,3,4,1,6),(6,2,3,5,1,4),(5,3,1,4,2,6),(6,3,1,5,2,4),(1,4,5,3,6,2),
(1,5,6,3,4,2), (1,6,4,3,5,2), (2,4,5,1,6,3), (3,4,5,2,6,1), (2,5,6,1,4,3),

(3,5,6,2,4,1),(2,6,4,1,5,3),(3,6,4,2,5,1)}

of the tabloid L) = (4,1,2,6,3,5);

£(16y is the G-orbit
{(1,4,6,2,3,5),(2,4,6,3,1,5),(3,4,6,1,2,5),(1,5,4,2,3,6),(1,6,5,2,3,4),
(2,5,4,3,1,6),(2,6,5,3,1,4),(3,5,4,1,2,6), (3,6,5,1,2,4), (4, 1,3,5,6, 2),
(5’ 17 37 67 47 2)7 (67 17 3747 57 2)7 (47 27 17 57 6’ 3)7 (4’ 3’ 2’ 57 67 1)7 (57 27 17 6747 3)’
(5,3,2,6,4,1),(6,2,1,4,5,3),(6,3,2,4,5,1)}
of the tabloid L(*) = (1,4,6,2,3,5);
f%m is the G-orbit
{(47 17 67 27 37 5)’ (47 2767 37 17 5)7 (47 37 67 1’ 27 5)7 (57 1747 27 3’ 6)7 (6’ 17 57 2737 4)7
(5’ 2’47 37 17 6)7 (67 27 57 37 174)’ (57 3747 17 27 6)7 (67 37 5a 1’ 274)7 (1747 37 57 67 2)7
(1,5,3,6,4,2),(1,6,3,4,5,2),(2,4,1,5,6,3), (3,4,2,5,6,1),(2,5,1,6,4,3),
(37 5,2, 6a4a 1)7 (2a 67 1747 573)7 (36, 27 47 57 1)}

of the tabloid L(°) = (4,1,6,2,3,5);
mye) is the G-orbit

{(1,4,2,6,5,3),(2,4,3,6,5,1),(3,4,1,6,5,2),(1,5,2,4,6,3), (1,6,2,5,4,3),

(2,5,3,4,6,1),(2,6,3,5,4,1),(3,5,1,4,6,2),(3,6,1,5,4,2), (4,1,5,3,2,6),

(57 17 67 37 274)7 (67 ]"4’ 37 27 5)7 (47 27 57 1?37 6)’ (47 37 57 27 17 6)7 (57 27 67 ]" 3’4)7
(5,3,6,2,1,4),(6,2,4,1,3,5),(6,3,4,2,1,5)}
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of the tabloid M(1°) = (1,4,2,6,5,3);
m%lG) is the G-orbit

{(4,1,2,6,5,3),(4,2,3,6,5,1),(4,3,1,6,5,2),(5,1,2,4,6,3), (6,1,2,5,4, 3),

(5,2,3,4,6,1),(6,2,3,5,4,1),(5,3,1,4,6,2),(6,3,1,5,4,2),(1,4,5,3,2,6),

(1’ 5’ 67 37 274)? (17 6747 37 27 5)’ (2747 5? 1737 6)7 (37 47 5’ 27 17 6)7 (27 57 67 17 374)7
(3,5,6,2,1,4),(2,6,4,1,3,5),(3,6,4,2,1,5)}

of the tabloid M(1°)! = (4,1,2,6,5,3);
m16) is the G-orbit

{(1,4,6,2,5,3),(2,4,6,3,5,1),(3,4,6,1,5,2),(1,5,4,2,6,3), (1,6,5,2,4,3),

(27 5’ 47 37 67 1)? (27 67 5, 3747 1)’ 37 5747 1767 2)7 (37 67 57 1’ 47 2)7 (47 17 37 57 2’ 6)7

(5,1,3,6,2,4),(6,1,3,4,2,5),(4,2,1,5,3,6), (4,3,2,5,1,6), (5,2, 1,6, 3,4),
(5,3,2,6,1,4),(6,2,1,4,3,5),(6,3,2,4,1,5)}

(
(
of the tabloid 77(**) = (1,4,6,2,5,3);
fn%le) is the G-orbit
{(47 17 6’ 27 57 3)’ (47 2767 37 57 1)7 (47 37 67 1’ 57 2)7 (57 1747 27 6’ 3)7 (6’ 17 57 2747 3)7
(5,2,4,3,6,1),(6,2,5,3,4,1),(5,3,4,1,6,2), (6,3,5,1,4,2),(1,4,3,5,2,6),
(17 57 37 67 274)7 (17 6’ 3’47 27 5)7 (2747 17 5? 37 6)’ (37 47 27 57 17 6)7 (27 57 17 6’ 3’4)7
(3,5,2,6,1,4),(2,6,1,4,3,5),(3,6,2,4,1,5)}

of the tabloid #7(1°) = (4,1,6,2,5,3);
P(1s) is the G-orbit

{(1,4,3,6,2,5),(2,4,1,6,3,5),(3,4,2,6,1,5),(1,5,3,4,2,6), (1,6,3,5,2,4),

(2,5,1,4,3,6),(2,6,1,5,3,4),(3,5,2,4,1,6), (3,6,2,5,1,4), (4, 1,6, 3,5, 2),

(5,1,4,3,6,2),(6,1,5,3,4,2),(4,2,6,1,5,3),(4,3,6,2,5,1),(5,2,4,1,6,3),
(5,3,4,2,6,1),(6,2,5,1,4,3),(6,3,5,2,4,1)},

of the tabloid P(°) = (1,4,3,6,2,5);
p%lf;) is the G-orbit

{(4,1,3,6,2,5),(4,2,1,6,3,5),(4,3,2,6,1,5),(5,1,3,4,2,6), (6,1,3,5,2,4),

(5,2,1,4,3,6),(6,2,1,5,3,4),(5,3,2,4,1,6), (6,3,2,5,1,4),(1,4,6,3,5,2),
(1,5,4,3,6,2),(1,6,5,3,4,2),(2,4,6,1,5,3),(3,4,6,2,5,1),(2,5,4,1,6,3),
(37 57 47 27 67 1)7 (27 67 57 1747 3)7 (3769 57 27 4’ ]‘)}’
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of the tabloid P(°) = (4,1,3,6,2,5);
P(16) is the G-orbit

{(1,4,6,3,2,5),(2,4,6,1,3,5),(3,4,6,2,1,5),(1,5,4,3,2,6), (1,6,5,3,2,4),

(2,5,4,1,3,6),(2,6,5,1,3,4),(3,5,4,2,1,6),(3,6,5,2,1,4), (4,1,3,6,5,2),
(5,1,3,4,6,2),(6,1,3,5,4,2),(4,2,1,6,5,3), (4,3,2,6,5,1), (5,2,1,4,6,3),

(5’ 3’ 2747 67 ]‘)? (67 27 17 5747 3)7 (67 37 27 57 47 1)}7

of the tabloid P(2") = (1,4,6,3,2,5);
ﬁ%lﬁ) is the G-orbit

{(4,1,6,3,2,5),(4,2,6,1,3,5),(4,3,6,2,1,5),(5,1,4,3,2,6), (6,1,5,3,2,4),

(5,2,4,1,3,6),(6,2,5,1,3,4),(5,3,4,2,1,6), (6,3,5,2,1,4),(1,4,3,6,5,2),
(1,5,3,4,6,2),(1,6,3,5,4,2),(2,4,1,6,5,3),(3,4,2,6,5,1),(2,5,1,4,6,3),

(3’ 5’ 2747 67 ]‘)? (27 67 17 5747 3)7 (3767 27 57 47 1)}7

of the tabloid P(21") = (4,1,6,3,2,5).
Here are the inequalities between the tabloids of shape (1¢) and the tabloids of shape

(2,1%):

B 2 AR B0 o 4(21%) B0 o (1Y) % o 4(1%),

o) < 4L, () 2 40 (1) £ A1) g1 - (21Y)

AG) < 401 401 2 4210 509 2 4010 1001 < 421,

BUY) < 4(1Y) g1 o (1Y) p%) o 4010 B0 o 407,

o) < 401, ¢ 2 40 p() o f(21Y) g7 o f(21Y),

ﬂm<gwmgmﬂ<ﬂwqﬂﬁﬂ<yqu@w<ymm
) )

(14)(25)(36) L") < A(Zv“),(u)(%)(gm () < 4217,
A0°) < p1) A0 < g (1) < p(21") 4072 < p217),
B() < p), B9~ p21Y) p(1°) « p(1Y) )1 < pl2aY),

(465)C(1") < B, (465)C (")t < BT,
(465)E(16) < B(2v14),(455)E(16);1 < B(2*14),

A% 2 BeIY 4091 2 g1 407) o pea) 4091 - plaat).
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B (465)c(1°)t < p(21)
(465)E(°) < B(21") (465 E() < (21
r(%) < g(21") (%) o g21") g(°) < p21*) g(°) o p1?)
L) < g1 p() <« p21Y) p() <« B(21Y) (14)(25)(36)P(1°) < B(21*)
A1) < 21 1000 < o(21t) 5) < plert) o) < plert)
o) < o) o0 < 21 @) < o) o) < gler?),
E(%) < 01" (%) o 021 g(°) < o1 g% L o(21),
FO°) < (1) (123 () < ¢22") g () < 021" (123)7(°) < 0(21)
K(°) < o) (14)(25)(36) K (1)1 < (21%),
K0 < o) (14)(25)36) K (1)1 < ¢(21%),

(14)(25)(36)L(1“)%1<c(2v1) 142536)L(1°)1 <C’(2’14),

—
—
S

~
[\
(@3

=
=~
w
D
=
E
—
E)
N
e
A
Q.
™
=
N~

—
—
W
[\
ot
w
D

=

/-\
v

(
<
<01 109 L 521" g(°) < & (1
c(1®) < ¢21") ()1 L a(21%) a(1°) < @21 ) NelC
< (1) g1 . a(21Y) g(°) £ o(21%) E(
(456)F(*°) < ¢(21) (123)(456)F(**) < ¢(21
(21", (123)(456) (") < ¢(217),

)
) <
(456)L("°) < ¢(>1") (456)L(1") < C(31"),
(1) <
(1)
)

(456)M (1) < &(21*) (456)51(1°) < &(21%),
(123)(456)P(1°) < ¢(21%) (152634)P(1*)1 < (21%)
(456)P(1") < ¢(21") (153426)P(1)1 < ¢(21%)
c(®) < g1 (%) o p21Y) a(°) < p1Y) o) o p21),
E() < g1 E<”> B, 507 < g1 5001 & g1
(14)(25)(36) P10 < B(21) (14)(25)(36) H (1) < p(21*)

K() < BCGY) (14)(25)(36) K (7)1 < B,
L0%) < B (142536) L") < B(1Y)
(142536) L) < p(21) (1) < p(21)
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(142536) ()1 < EC1) (142536) 01 (1°)1 < B
(123)P(1°) < E(21) (142536)P(1°)1 < p(21Y),

)
c(t®) < g1 (%) o g21Y) a(°) < g21Y) a(%) o g(21?)
B(°) <« g1 g% o p21") p(°) o p(21") g% o p21")
(152634)F(16) ECY) (152634) ()1 < B(21%)

(456)K (1°) < (1) (152634) K (1)1 < B(21),
(456)L(*°) < BT (456)L(°) < B(1Y),
(153426)L0°) 1 < B (456) () < 1Y),
(456)0(1") < B (153426) 81 ()t < B(21),
(123)(456)P(1°) < BE(21") (153426 P(1°)1! < B(21)
(123)(456) P
A0%) < prY) 400
c(®) < p(21Y) p(°) < p1Y) p(°) < p1Y) p(°)a o p(21%),
i (
(

)
1) < B(21") (153426)P(1) < p(21%),
) < p(1) B0°) < p(2aY) BO°) < (1Y),

< F(2’14)7H(1G) < F(Zl") g0 < F(2,14)
1< F(“") K(°) < p1Y) (%) o p(21Y),

16

(%) < p21 ), i1

)
709 < p1*), 7(9)

(36) K (1)1 < p(21%)



-61-

(465)C(1°) < HC1) (465)E(°) < H(1),
FO°) < g1 p(®)a o g1*) p(°) o g1 p0)1 o g2
H0%) < gCr), g3 < g g00) < 1), g0 < g,
p(°) < g(21") p%) o g1 ap0%) o g2at) a0 o g2t
p(*) < g(21) p(*)a o g(21%),
)

(14)(25)(36)P(*°) < F(22*

,(14)(25)(36) P1) T < H (1)
(132) A0 < 7(21%) (132)A0°)1 < 7(21%)
132)B(1)* < g(21") (132)B(°)1 < (21
(132)(465)C )1 < F(21) (132)(465)E(°)1 < F(21%)
FO%) < g1t g0 < geat) 5(0) - gler), p9 - gler),
209 < 1) g0 2 gt g(°) < gleat) g(oa - gl
109 < H2ﬂwwﬂ<mmﬂMWN<g@ﬂ

(14)(25)(36)P(**) < F(22 ),(14)(25)(36) (1 ), < m(21Y),
A0 < g1 (%) < g(21%) () < g(21%) 60°) < g(217),
B(%) « k(1Y) g% o g(21") p(1°) < g(21") p(%)a o (21

(123) PO < (219 (1) < g(20Y),
HO < g(21%) 123y g (1)1 < g (219
K(°) < g(21") () o (1Y) g(1°) o (1Y) g% o (21
(14)(25)(36)6)L(*°) < K (21*) (14)(25)(36)L (1) < k(1)
(142536)L("°) < K (31 (14)(25)(36) M (1) < K (217),
(14)(25)(36)M (1) < k(1) (142536)37(1°) < K (21Y),

, (14)(25)(36)L(1°):
(456)L(1") < K1) (456) () < R(21Y),
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(14)(25)(36) M ()1 < K1) (456)01("°) < (21,
(152634)P(1°)1 < K(21) (456)P(1°) < g(21%),

AC%) < £(21) B0°) < L) (465)c(”) < L) (465)C(1°) < £(21),
(465 E(1°) < £(21") (465)E(°) < L(21") p(1°) < p(21Y) p(%)t o [(217),
(123)F(°)1 < p(21%) g(1°) < (21
H < p(21) 123y A (%) < L(21),

L0%) < g1 g9 o (1Y) p0°) < g1 091 < p(21"),

M) < L(2’14),M(16)%1 <01 3% o g1 §p()n o p(21%)
1)
pa°

(163524)C(1°)1 < L(21%), (
(163524)E(1G) (1) (163524) E()1 < p(21%),
F(°) < p(21Y), F(l(") ) g

(

p(1*) < (21" p(%)it o p(21"),
)
)

o) <« M) (456)c("°) < M),

E(®) < (1) (456)E(°) < p(21%),
(14)(25)(36) F(**) < M(21") (14)(25)(36) F(1*) < pr(21"),
(14)(25)(36)Z(**) < M (>1) (14)(25)(36)F (") < pr(21%),

k() < pr(21%) (1) o pp(21%)
(14)(25)(36) K (*) < M (31 (14)(25)(36) K (1)1 < pr(21),

(%) < ZW(QJA),L(IG);I < pm@r )7E( °) < a2l ),L( )1 Iw(2,1“)7
M%) < pr(21%) ap(0)in (0% (1) < a1 pp(0)n o pp(21%)
(142536)P("") < M1, (123) P(O)1 < p (1),
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(142536) P(°) < (31 (123)P(°)1 < pr(21%),
(163524) A0°)1 < 37(21") (163524)B(1)1 < pr(21"),
(163524)C ()t < i) (163524 (") < Nr (1Y),
(163524) B0t < i7(21%) (163524) () < p7(21),

(163524) (1)1 < n7(21%) (14)(25)(36)F (1) < ar(21"),
(14)(25)(36) F()1 < 131, (163524) H ()T < 37 (>1),

(14)(25)(36) 2 (**) < nr(>1) (14)(25)(36) 2 () < 2r(21*) k(%) < jr(21%),

KO < 721" 465) K (1) < 3121, (14)(25)(36) K (1)1 < nr(21Y),

(%) < 3721 () < jp(21%) p(°) < yp(21%) p (%) < gp(21Y),
M) < i) pr(%)n o () jp(®) < gp(21t) gr(0)an o p(2at),
(132) A1)t < p(21Y) (132)B(1°)t < p(21Y),
(132)(465)C (1)t < p(21) (132)(465)0 (1)t < p(21%),
(132)(465) E(1)1 < p(21") (132)(465) E(1) < p(21"),

(132)F(1°) < p(21) 5 (1°) < p(21%),
FOOL < p21Y) (132) g (1)1 < p(22Y)
70%) < plart), g9 - plart)

(132)L(1)1 < p(21Y) [ (%) < p(21%) L)1 o p(21%)
(132)M ()1 < p(21Y) §7(1°) < p(1Y) jp(°) < p(21Y),
P0) < p(1) p()t < p(21Y), p(1*) < p(21) p(9)3 < p21),

(24)(35)0 (1)1 < p(21%),

(163524)c (1)1 < p(21) (16) )
(163524) B0 < P, (16)(24)(35) ()T < PO,

0% < 15(2»14)7}7“( )t o p(2.1*) g( °) < p(271“)7g(16);1 < 15(2,14)7
*), (465)K (1) < p(21")
) < plar®) (9 < plan),

(163524) k(1)1 < p(21

(163524)L(1°)1 < p(>1*) L1
(163524) M (1°)1 < p(211) 17(1%) < p(21%) jr(°)1 < p(21),
p(%) < p(21Y) p(17)i1 < p(21%) p(1) < p(21%) p(1)i1 < p(21),

because \ .
R1,232,3R3,4R415R576A(1 ) = R1,1R2,3R3,4R4,5R516A(1 )il _



Ri 2Ry 3Ry 5 R5, 6A(16) =R 1Ry 3R 55, 614(16):'1 =
Ri2Rs3Rs4R1sB1") = Ry Ry g Ry 4Ry 5sB(°)
RiaRs3Ri5B(") = Ry 1Ry 3Ry s BUO) =
Ri2Ry3Rs56 c(®) = Ri1R23R5 60(16);1 =
RioRy3E(") = Ry 1Ry s EOT) = (21,
Ri2Ro 4Ry sR56A0°) = Ry 1Ry 4 RysRs 6 AU =
Ry 2R3 4R35 3R45R5 6A A0%) = R1,1R2,4R3,3R4,5R516A(16);1 =
RisRo4RasB(1") = Ry iRy 4Ry s BU) =
Ri2Rs4Rs3R15B(°) = Ry 1Ry uRs 3Ry s BUO) T =

Ri2R24R3 3 56 o Ry 1R2 4 R33R5, 60(16);1 =

) =
Ri2R24Rs, sE(°) = Ry Ro 4 R, ,E(1%)1
R1,2R3,3R475R5>6F(1 ) — R1,2R44,5R5,6F(1 ) _
R1,2R3,3R415H(16) - R1,2R4,5f{(16) _
RiaRssRs 6K (") = Ru o Ry 3(14)(25) (36) K ()1
(%) = g(21%)

31.2R2,3R3$4R476A(1“) = R1,1R2,3R3,4R4,6A(16)?1 —

R1.2(14)(25)(36)L0°)1 = Ry o Rs 6(14)(25)(36) M

Ry 2Ro 3Ry, SA(ls = R171R273R476A(16);1 =

)
Ri 2Ry 3R3 4Ry 6R5 58 1°) = R1,1R2,3Rg,4R4,6R515B(16)?1 _
)

B(
Ri2R23R46R5 5B B(°) = R1,1R2,3R4,6R5,5B(16)"1 _

R1,2R2,335,5(460)C'( ) =R, 1Ry 3Rs, 5(465)6’(16)?1 _
) =

R1 2Ry 5(465)EC°) = Ry i Ry 5(465) EC)1 = B(1Y),

RyaRoaRicA®) = Ry 1Ry 4Ry A0

Ry 2Ry 4R3 3Ry, A Ry 1Ry 4 R3 3Ry, GA( °)it

Ri2R2.4R33R16Rs5 5 BQ° Ri1Ry4Rs3Ri6Rs 5 %) —

6

Rui RoaRy 3 Rs 5(465)0(1) 1 =

‘) =
) =

Ri2R2,4R46 1558 B(*) = Ri1R24R4 6Rs5, 5B( )t
) =
Ry 2Rs.4R3 3R55(465)C c(®) =
) —

Ri2Rs 4R3 3(465)E(16 Ry1Ry4Rs, 3(465)E(1 )il



-65-

R1,2R373R4,6F(16) = R112R4?6F(16) =
R112RB,3R4,535,5H(16) = R1,2R4’6R5,5H(16) =
RisRyaRs5sL0°) = Ry pRy M (1°) =

Ri2RssP(°) = R, 5(14)(25)(36) P(1°)i1 = 3(2714)7

Rl,lR2,4R3,5R4,3R516C(16);1 =

(
) =
RigRy 4Ry sB("°) = 31,132433753(1 )t =
Ry 2Ry 4R35 R4 35 6C ) =
) =

(
Ry 2Ry 4Ry 3R5, 60(16 R1,1R2,4R4,3R5,66’(16);1 _
Rl,2RZ,41133,51134,35](1 ) = R111R274R3>5R4,3E(16);1 =
R1,2R2,4R4,3E(16) = R11R24Ry, 3E(16)51 —
RyaRssRs6F"*) = Ry ) Ry 5 Rs 5(123)F(1°) =
]“31,21‘3;3,£'>11'(1 ) = R1,1R375(123)H( ‘) =
Ri2Rs5RasRs 6K U°) = Ry 2Ry 5(14)(25)(36) K (1) =
R172R4,3R5,6f((16) = R1,2R3«,5R4,3(14)(25)(36)f((16)
R12(14)(25)(36)LU°) = Ry 1 Ry 5 Ra 5(142536) L1°)1 =
R12Rs,6(14(25)(36)M ()% = Ry Ry 5 Ry 3R 6(142536) 1 1)1 = 0(21),
Rl,2R2,sR5,SA(1 ) = R1,1R275R576A(1 )it =
Rl,sz,s)B(lG) = R1,1R2,5B(16)?1 =
RioRosRysRs6C (") = Ry1RosRysRs 6O ) =
R1,2R2,5R3,4R4,3R576C‘(16) = Rl,lR2,5Rs,4R4,3Rs,eC'(16):1 _
R1,232,5R4,3E(16) = R1,1R2’5R4,3E(16)§1 —
R172R2,5R3,4R4,3E(16) = R1,1R275R374R4,3E(16)%1 _
R12R3.4(456)F("°) = Ry 1 Ry 4(123)(456) F(1°) =
Ri2Rs.4Rs,6(456)H(") = Ry 1 Ry 4R56(123) (456) A (1) =
Ry 2Rs4Ra5Rs6(456)L("°) = Ry 2Ry 5R5,6(456)L(1°) =
RiaRs.4R15(456)M(1*) = Ry 5 R, 5(456)5(*°

)
Ry R 4Ra3R56(123)(456)P(1°) = Ry 5(152634) P(1)11 =
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Ry 2Rs5,6(456)P(°) = Ry 1 Ry 4Ry 5(153426)P(1°)1 = 0(217)

)

16

R1’2R2~4R3v5R4v60(16) = R1,1R2,4R3,5R4,60( -
R1’2R2=4R476é(16) = R1,1R274R4,6C'(16)?1 =
R1’2R2*4R3v5R416R5Y3E(16) = R1,1R2,4R3,5R4,6R5,3E(16)?1 =
R1’2R274R4~6R513E(16) = R1,1R2,4R4,6R5,3E(16)?1 =
RusRs5(14)(25)(36)F(1°) = Ry 5(14)(25)(36)H (") =
R1v2R3v5R4;6K(16) = R1,QR4,6Rs,3(14)(25)(36)K(16)?1 -
R112R4,61_((16) = R1,233,5R4,635,3(14)(25)(36)[_((16)?1 _
R1,2R3,5L(16) = R1,1R4,6R5,3(142536)L(16)‘71 =
Rl,lR3,51‘34,6}35,3(142536)E(16)‘1 = R1,2R3,5R5,3M(16) _
Ru1Ra6(142536)M (1)1 = Ry | Ry 5 Ry 6(142536) 11 (1°)1 =
Ri1Rs5(123)P(1°) = Ry \ Ry 5Rs,5(142536) P(°) = B(21Y),
R1~2R2v5R4v60(16) = R1,1R2,5R4,GC(1G);1 =
R1’2R2’5R374R476C(16) = R1,1R275R3,4R4,60(16):1 -
R1*2R2v5R416R5v3E(16) = R1,1R2,5R4,6R5,3E(16)?1 -
R1.2R21533,4R4,6R5Y3E(1“) = Rl,lR2,53374R4,6R513E‘(16)?1 _
Ry 2 Rs55(152634) F(°)1 = Ry 5(152634) (1)1 =
R1,2R3,4(456)K(16) = R1’2R3'4R5?3(152634)[((16);1 _
R1,2R3,4R4,6(456)L(16) = Rl,2R4,6(456)E(16) _

R1,1R3‘4R573(153426)E(16);1 _ R1,233,4R476R5,3(456)]L[(16) _

16

Ri2RaoRs.3(456)M (%) = Ry Ry 4(153426)81 (1)1 =
Ry R3aR16(123)(456)PU°) = Ry ) Ry 6Rs 5(153426) PU°) =
R1,1R4,6(123)(456)13(16) _ Rl,1R3,4R4,6R5?3(153426)13(16);1 _ 5
R1~4R4v5R5~,6A(16) = Rl,4R3,3R4,5R5,5A(16) =
R1,4R475B(15) = Rl,4Rs,3R475B(15) _
R1,4R3,3R54’60(16) = R1,4R3YsE(1G) =

R1$4R2,233,3R4,5R576F(lﬁ) = R1,1R2,2R3,3R4,5R516F(16)§1 _
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Ry 4Ry 2Ry 55, 6F(16) = Ri1R2 2Ry 55, GF(IG)J =
Ry4RosRssRysH') = Ry Ry Ry sRy s HO')
RyaRosRisH") = Ry Ry p Ry 5B ()

Ry 1 Ry 2 Rs 5(14)(25)(36)K (° Rl,4R2,zRg,3<14)<25)<36)ff(16>?1:

) —
) =
Ry 4R2 2R3 35, ol (1) = Ri1Re 2R3 35, 6K( °)i
) —
Ry Ry 2(14)(25) (36) L") =
Ry.1 Ry 2R 6(14)(25)(36) 31 (1°) =
R1,4R4,5R516(132)A(16);1 = Ry 4R32R45R5,6(132 A0%)1 =
Ry4Ry5(132)BU)Y = Ry 4Ry o Ry 5(132)B0°)1 =
Ry4Rs2Rs56(132)C(1)0 = By 4Ry »(132) E(°)1 =
R1,4R2,3R4,5R5,6F(16) = R1,1R273R4,5R5,6F(16);1 =
R1,4R2,3R3,2R4,5R5,6F(16) 17“*31,1RQ,:‘J‘jus,zf“‘34,5R5,6F(16);1 =
RiaRogRisH(") = Ry Ry Ry HON =
RyaRy3Rs2RisH0°) = Ry yRysRs o Ry s HOO)Y =
Ry 4Ry 3Rs, 6K(16) = R1,11132,31%5,6K(16);1 =
Ry 1 Ros(14)(25)(36)K(1*) = Ry 4Ry 5(14)(25)(36) K (1)1 =
) =

6

(25)
R1,1R2,3R3,2(14)(25)(36)L(1 Ry 4Ry 3R3, 2(14)(25)(36)E(16);1 _
14)( )(36)1\2{(16);1 _ F(2’14)7
1")

Ry 4Ry 6R5 5B ) = R, 4R3 3Ry 6Rs, sB(1°) =

Ry1Rs3R32R56(14)(25)(36) 0 ("°) = Ry 4Ry 3R32R5.6(
Ry 4R46A AM°) = R, 4aR3 3Ry, oAl
(
Ri4Rs3Rs55(465)C(1°) = Ry 4Rs 5(465)E(1°) =
RiaR22Rs3Ri6F (") = Ryt RyoRy s RygF U =
R1,4RQ,QR4,6F(16 =R 1Ry 2R4,6F(16);1 =
Ri4Rs2RusRs sHUY) = Ry 1Ry RasRs s HU) =

R1,1R272R3,3R5’5L(16);1 =

(
)
)
Rl’4R2*2R3v3R4~5R515H(1F) Rl,lR2,2R3,3R4_6R515H(16)?1 =
) =
R1,4R2,2R3,3R5,5L(16)
)

Ry4RooRssM(") = Ry Ry oy Ry 5 (1°)1 =
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RyiaRsoRs5P(") = Ry 1Ry o Rs 5 PO =
Ry 1 Ra5(14)(25)(36) PU°) = Ry 4Ry 5(14)(25)(36) PU°) = H(21),
R1,4R476(132)A(16)?1 = Rl,4R3,2R4‘,6(132)A7(16)?1 _
R1,4R4,eRs,5(132)B(16)?1 — Rl,4R3,2R476R5)5(132)[3(16);1 _
R1’4R3’2R5*5(132)(465)0(16);1 = R1.4R312(132)(465)E(16)?1 =
R1’4R2¢3R476F(16 = Rl,1R2«,3R4,6F(16)?1 =
R1’4R2v3R372R4,6F(16) = R1,1R2,3R3,2R4,6F(16)?1 —
R1*4R213R476R5,5H(16) = R1,1R2,3R4,GR5,5H(16)?1 -
R1’4R2’3R372R416R515H(16) = R1,1R2,3R3,2R4,GR5,5H(16)‘71 =

Ry 4Ry 3R5 5L 1°) — R1,1R2,3R5,5L(16);1 _

(1%)
R1,4R273]\/](16) = R1,1R273AI(16)?1 _
R1,4R2,3R3?2R5>5p(16) = Rl,1R2¢3R3,2R5,5P(1G);1 —

R1’1R2’3R3*2(14)(25)(36)]3(16) = R1,4R2,3R3,2(14)(25)(36)]5(16)?1 = H(2’14),
RusRysRs 0 A0%) = Ry Ry BO%) =
Ri4Rs5R13R56C(Y") = Ry 4Ry 3R56C(1) =
Rl,4R3.sR4,3E(16) = R1,4R4’3E(16) =
R1,4R2,2R3$5R576F(16) — Rl,1R2,zRg,5R5,6F(16)‘1 _
R1,1R3¢5Rs,6(123)F(16)51 - R1¢4R2,2R3,5H(16) _
R1,1R2,23375H(16 1= R1,1R375(123)H(16)?1 _
R1,4R2,2R3,5R4,3R5,6K(16) = Rl,lR2,2R3,5R4,3R516K(16);1 _
R1’4R2*2R4v3R5~6K(16) = R1,1R2,2R4,3R5,6f((16)?1 -

Ry 1Rz 2(14)(25)(36)6)LU°) = Ry 4R 2(14)(25)(36) L)1 =
R1,1R3,5R4,3(142536)E(16) = R1,132,2R5,6(14)(25)(36)M(16) _
RyaR22Rs6(14)(25)(36) M ()1 = Ry ) Ry 5 Ry 3 Rs,6(142536) 01 (1) = K21,
Ri1 Ry 3 Ra(14)(25)(36)C (1) = Ry Rap(14)(25)(36) (1) =
Ry Ry o Ra s R 6(14)(25) (36) 1) = Ry 1 Ru g R 6(14)(25)(36) E() =

R1,4R2,5R576F(16) = R1,1R2,5R576F(16)?1 _
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RiaRosH(") = Ry 1 Ry s (1) =
R1*4R2v5R4s3R5,6K(16) = R1,1R2,5R4,3R5,6K(16)?1 =
R1,4R2,5R3,2R4,3R5,6f((16) — Rl,1R2«,5R3,2R4,3R576K(16):1 _
Ry.4R43Rs56(456)L(°) = Ry 4Ry 5 Rs 2(14)(25)(36)L (1) =
Ry 4Ry 2R 3Rs6(456)L0°) = Ry Ry s(456)M (1) =
RuiaRo5Rs2 R 6(14)(25)(36) M 1°)! = Ry 4R35 Ry 5(456) M (1°) =
R1’4R3’2(152634)P(16);1 = R14R32R5 6(456)15(1 ) = k(21 )
R1,4R316/_1(1b) Ry 4Rs6Rs, 5B( o) _
R1,4R4,3R5,5(465)C(16) Ry 4R316R4,3R5,5(465)C‘(16) _

R1,4R4,3(465)E(16) 4R3,6R4,3(465)E(16) _
)

N

R1,4R2,2R3,6F(16 = R1,1R212R376F(16 a_
R1,1R3,6(123)F(16);1 _ R1,4Rz,2R3>6R5,5H(16) _

R1*1R2’2R3¢6R5,5H(1) = Ri11R36R55(123)H A1)

Rl’4R2"2R3’6R4’3R575L(16) =R 1Ry 2R3 6R4 35, 5L( o)

R1’4R2’2R4’3R5v5f‘(16) = R1,1R2¢2R4,3R5,5I1(1 it =

R1’4R2’2R3’“R413M(1“) = R1,1R2,233,6R4,3]V[(16)?1 =
R1’4R2’2R4=3N1(16) = R171R272R473M(16);1 -

Ry1R2(14)(25)(36)P(1*) = Ry 1 Ry 6 Ry3Rs55(123)P(1°)1 =
RiaRa2RssP(°) = R Ry y Ry sPU°) = L1,
Ry1R32R.5(163524) (") = Ry 1 R, 5(163524)0(1°)1 =
Ri1R32Ri3Rs.5(163524) E(°) = Ry | Ry 3Ry 5(163524) E(1°)1 =
Ri4Ra6F (%) = Ry Ry s FU°) =
R1,4Rz,6R5,5H(16) = Rl,lRQ,ﬁRs,sH(ls);l =
Ri4Ry3Rs55(465)K(1°) = Ry 4Ry 2Ry 5(163524) K (1)1 =
Ri4Rs0R43Rs55(465)K(°) = Ry 4Ry 5(163524) K (1)1 =
R1,4R2,6R4,3R5,5L(16) = R1,11?24,6',1“34,31:55,5L(16);1 =

R1’4R216R372R4.3R5,5I_/(16) = R1,1R2,6R372R4,3R515E(16)?1 =
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R1>4R2163413M(16) = R1,1R2,6R4,3J\4(16)51 =
R1,4R2,6R3.2R413M(16) = R1,1R2,6R3,2R4_3N[(16)?1 =
Ri1RoRs.2(14)(25)(36)P("") = Ry 4Ry g Rs5(14)(25)(36)P(1°)i1 =

R1,4R2,6R3,2R5 5]5(16) = Rl 1R2 6R3 2R5 513(16);1 _ ]_"1(2,14)7

Ry 4Rs6C(°) = Ry 4(456)0(1°) =
Ri4Rs6Rs3E(") = Ry 4Ry 5(456)E(1") =
Ru1 R 2R 5(14)(25)(36)F(") = Ry 4Ry 5 Rs 5(14)(25)(36) F(1°)1 =
Ru1Ro5(14)(25)(36) (1) = Ry 4Ry 5(14)(25)(36)H () =

Ry 4Ry 2R3 K("*) = Ry 1 Ry Ry s K (1)1 =
Ri1RyRs6Rs.5(14)(25)(36) K (1°
Ri4Rs 2R3 6 R4, 5L(16 R1,1R27233,6R4,5L(16);1 =

R1V4R2,2R3,6R4.5R513A[(16 = R1,1R2,2R3’6R4.5R573M(16);1 =

)
) =
R1,4R2,2R4,5E(16) = R1,1R272R4>5E(16)?1 -
)
Ri4RosRisRssM () = Ry i Ry Ry s Ry s M (1) =
Ry RusRs5(142536)P(1°) = Ry | Ry gRy5(123)P(1°)1 =
R1,1R3,6R4,5R53(142536) p(1°) — 317134,5(123)]5(1“);1 — (1Y),
Ry1Rs2Rs5(163524) AU = Ry 4 Ry 5(163524) ()T =
Ry 1Ry 2Ry 5 R 5(163524)C(°) 1 = Ry y Ry 5 Ry 5(163524C (7)1 =
R1,1R3,2R4,5(163524)E(16)'=1 = 31,13415(163524)[7(16);1 _

Ry 4R3.2R5.5(163524) F(°)L = Ry | Ry ¢ Ry 2 Rs 5(14)(25)(36) F(1°) =
R4 Ro.Rs 2 R5,5(14) (25) (36) F (") = Ry 4 Ry 2(163524) () =
Ru.1Ra6Rs2(14)(25)(36)H (") = Ry 4Ry 5 Rs 2(14)(25)(36) 4 (1)1 =
R1,4R2,6K(16) = Rl,lRQ?GK(IG);l =
RuaRs2Ra5(465)K(1°) = Ry 4Ry 6 Rs 5(14)(25)(36) K (1°) 1 =
R1,4R2,GR4,5L(16) = R1,1R276R475L(16);1 =
R1,4R2,GR3,2R4,5E(16) = R1,1R2?6R3,2R4,5E(16)?1 =

R1,4R2,6R4,5R513N](16) = R1,1R2,6R475R5,3]V[(16);1 =

= Ry 4Ra5Rs.Rs 3(14)(25)(36)K (1)1 =
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RyaRasRs2RasRs 3M (") = Ry 1Ry Ry 2 RasRs M (1)1 = 31 (21),
R1*4R316(132)A(16);1 = Rl,4R3,6R5,5(132)B(16)?1 =
R1,4R472R5,5(132)(465)0(16) = Ry.4RsRa2Rs 5(132)(465)0( o)1
Ry 4Ry 2(132)(465)E0°)T = Ry 4Ry 6 Ry 5(132)(465) EU°)
Ri1Rs(132)F(°)0 = Ry 4Ry 5 Ry g F(1°) =
R1,1R2,3R3,6F(1"’);1 = R1,1R316R575(132)H(16)31 _
R1,4R2,3R3,6R5,5H(16) _ R111R273R376R5,5H(16);1 _
Rl,lR3,6R412R5,5(132)L(16);1 - R1,4R2,3R54’5E(1G) _
R1,1R2¢3R5,5E(16);1 _ R1?1R376R4.2(132)&](16);1 _
R1,4R273M(16) = R1,1R2}3M(16)?1 -
Rl'4R2>3R3*6R4¢2R5>5P(16) = R1,1RQ,3Rz,sR4,2R5,5P(16)?1 -
R114R2,3R4,2R5,5p(16) = R1,1Rz,3R4,2R5,5P(16)?1 = P(2v14),
Ry R 5(163524)001°)1 = Ry 1(16)(24)(35)C (1)1 =
R1,1R3,3R5,5(163524)E(1G)?1 - 311135_’5(16)(24)(35)]@(16);1 _
R1’4R2,6F(16) - R1,1R2,6F(16);1 _
R1,4R2,6R5,5H(1e) = 31,1327613575[?(16);1 _
R1,4R3,3(163524)K(16)?1 _ R1,4R3,3R575(465)R'(16) _
RuaRs3Ra2(163524) L) = Ry 4Ry Ro s Ry s L(1°) =
Ru1RagRs 3Rs s L") = Ry 4Ry 3Ra2Rs 5(163524) M (1)1 =
R1,4R2,6R313M(16) — RMRngﬁM(lG);l _
R1~4R2v5R4’2R5,5P(16) = R1,11132,6RL,zRs,sp(lﬁ)"1 =

R1’4R2’6R3v3R4,235,5P(16) = R1,1RQ,aRa,3R4,2R5,5P(16)% — p21 )
6)-derivatives and

These relations yield the following substitution reactions between (1
(2, 1*)-derivatives of ethane:

as) < 2,19, 6(16) < G(2,14), A(19) < A(214), A(10) < A1),
basy < @) baey < Az14),b10) < @219, blasy < 62145

cs) < a(2,14)7C%16) < agz,14), €(16) < 0(2714)76(115) < aa11),



-72-

agsy < (2,14), A(1e) < A(2,19), 819) < G(2,14), B1ey < G(2,14),
by < A(2,14), b(1e) < A2,14), 10y < G(2,19), byey < G2,19),
casy < d(2,14),c(116) < a(2714),€(16> < d(2,14),e(116) < &(2’14),
fasy < @10y, fasy < aga,14), hiisy < aga,14), hisy < aa,14)s
ko) < @10, ko) < aean: lusy < a0, M) < 3,
a(1s) < b(2,14), af1e) < b2,14),8(16) < b214), 816y < bz,19),
basy < bz,14), bliey < b2,19), bas) < bz,14),b{1e) < b(z,14),
G19) < bez,14), 61y < b(2,14),€10) < b214), €1y < (2,14),
agsy < ba,14), alyey < b2,14), 10y < b(a,14), Afye) < b(2,14),
be) < b,14), bas) < bez.14): bae) < b,14), basy < bez1e),
C10y < b2,14), €16y < b2,19), €(10) < b(2,14), E(y0y < b(2,14),
fae) <bean, fas) < b, hasy <beas, has) < beas,
laey < b1y, me) < bzas), Pe) < by Pasy < b1,
a(1s) < C(2,14), Af1ey < C(2,11), 018y < C(2,14), b(16) < C(2,14),
cs) < 0(2,14),0%15) < €(2,14), C(16) < 0(2,14),6%15) < €(2,14),
es) < 0(2,14%6%16) < €(2,14); €(16) < 0(2?14)76%15) < €(2,14),
fuey < ey, fao) < s, hasy < e, has) < c@as),
ko) < c@aa), klre) < 20, kasy < c@a9), kre) < ez,
6%15) < 0(2714),6}15) < 6(2,14),771%15) < 0(2714),771%15) < ¢2,14),
ag1s) < E(2,14), Af10y < E(2,14), 018y < E(2,14), b(16) < E(2,14),
€19y < E2,19), ¢(16) < E(2,14), E(10) < E(2,14), Cl1oy < (2,14,
e(19) < C2,10), €(10) < E(2,14); €19) < C(2,19), E(10) < E(2,19);
fasy < 80, fasy < Een, hasy < Ceasy, has) < e,
Caasy < Ez,10), Lasy < Ez),masy < Eza4), sy < Ez14),
pasy < 5(2,14)727%16) < €(2,14),P(18) < 5(2,14)717%16) < €(2,14)5
c(1ey < 6(2714)76%15) < 6(2,14)’5(16) < 6(2’14)75316) < €(2,14),
es) < 6(2’14),8%16) < 6(2’14),é(16) < 6(2714)75%16) < €(2,14),

f(llﬁ) < €(2,14)5 h%lf;) < €(2,14)5 k‘(ls) < €(2,14)5 k/‘(lle) < €(2,14),
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l%(ls) < 6(2,14),15(116) < 6(2’14>7€(16> < 6(2’14>7E(116) < e2,14),
Efls) < €(2,14), M(16) < 6(2’14),m%1s) < 6(2’14),771%10) < e(2,14),
Py < 6(2,14)715%16) < e(2,14),
c1o) < €2,14), Crsy < E(2,14), €1%) < €(2,14), C10) < E(2,14),
e(19) < €(2,14), {10y < €(2,19), €(18) < E(2,14), €(16) < E(2,14),
Fliey < 814y, Aoy < €19y, ko) < E2,14), kl1e) < E(2,14),
Loy < 82,14y, Loy < 5(2,14),17316) < 8,14y, M(18) < (2,14,
18y < E(2,14), M(16) < €(2,14), P(16) < €(2,14), P16) < E(2,14)s
Py < 6(2,14)717%16) < €(2,14),
ag1e) < fz14), 818y < f2,14),bae) < fi2,19), baaoy < fiz,14)
casy < faany,easy < faan, fae) < fie fiey < fae),
fasy < f(2,14)7f(116) < fiz10), by < f(2,14)7h}16) < f2,14),
hoy < fea1e), hirey < fa9), ko) < fia1e), kisy < frz9),
k(o) < f(2,14),/5(116) < fasy, lasy < f(2,14)7[fle) < f2,14),
mey < f(2,14),m%1s) < fi2,14)
aley < f2.19),8(16) < fr2,19),bl10y < 2,19, b(1s) < fr219),
0216) < JF(2,14),€(116) < f(2,14)7f(16) < ﬁ2,14),f(116) < J?(2,14)7
ﬁlﬁ) < f(2¢14)7f(116) < JI(2,14),h(16) < ]?(2,14)711%15) < ﬁ2,14),
B(lﬁ) < ]?(24,14)%%16) < JI(2,14)»/€(16) < ﬂ2,14)7k(116) < JI(2,14),
75(16) < JF(2,14)7E(116) < }?(2,14)757(16) < J?(2,14)7E(116) < ﬂ2,14)7
masy < flo11), Mi1e) < fiaa4),
a@e) < s, aae) < haas,bas) < bz, bas) < heas,
&) < h(2,19), €ae) < hezasy, faoy < hiaas), fioy) < ),
fae) < has, fasy < heaasy hasy < heas, by < heas,
hie) < b2y, hre) < heaas), Lasy < e, fis) < hezas),
ms) < h10), mey < hiaa1), Pasy < hiaa1), Plisy < hia,1e),
Py < hez10), Bas) < hez,19),

a%ls) < 71(2714),@%15) < 71(2114)71)%15) < ]77,(2714),6%16) < 5(2’14)7
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ey < h@o), ey < heas, fae) <heas, fie) < e,
Fasy < ey, fliey < hizaay hasy < hey, hiey < by,
hae) < iy, hliey < oy, sy < hean, Loy < heas,
mas) < b1, mirs) < hin),pas) < b, pls) < hes),
paey < b4, Plis) < hia1s),
Aoy < k2,10, bae) < k), cae) < ks, €y < k),
eas)y < k(2,14), €1y < k(2,14), f1s) < k(2«,14)’f(116) < k2,19,
Flioy < K9y, haisy < ka0, hirey < ks, hioy < k),
ko) < k1) kroy < a1y, kaey < ke, ks < ke,
laoy < ks, Loy < ks, las) < Faas),mas) < ke,
m%ls) < k2,14, M18) < k2,14,
cq) < k2,10, 8a0) < Kty eas) < ke, €aey < k.10,
fuao) < ks, fhsy < kan, hae) < ke, hie) < ke,
k(o) < k2,10), k(i) < K@), ko) < Ea1), Koy < K1,
tao) < ks ey < ke, las) < s, mas) < ke,
mire) < k@10, Moy < 2,10, ple) < K10y, D) < k),
de) < Lzas), basy < Lzaa),cao) < Lz, Eas) < Lzas),
e(e) < L., €10) < L21s), fao) < Ly, froy < L2,
Flioy < Lzasy, haasy < Liaasy, hivey < L,a9), hire) < Lzas),
laoy < Ly Lisy < Loy, Loy < Loy Lis) < o),
m(io) < Lz2,14), Mre) < L2140y < L0y, Mis) < Lzae),
Pae) < L210),Pls) < La,a0),Pae) < Laan,Phs) < Lz,
0(116) < 5(2’14)76%16) < 5(2,14),6(116) < 17(2,14),5(116) <1y,
faoy <lasy, Fhsy < Lan, haey < Lzasys hisy < Lz,
ko) < Lo, ko) < Loan, kasy < Lo kiusy <l
Casy < L2,a0), Loy < Lzasy, Lasy < Loy, Gy < L2,
mae) < Lz, misy < Lzasy, ey < Lean, M) <l

sy < L2ty pliey < L219),Pas) < Lz,14),Plasy < z19),
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c(16) < My(214),C(16) < M(2,14), €(16) < My(2,14), €(16) < My(214),
fT(le) < m(2714),f‘(116) < TIL(2714),77,(16) < TIL(2714),7L%16) < my2,14y,
k‘(16> < m(2’14)7k(116) < M(z,l‘l),ff(le) < m(2’14)717€(116) < My(2,14),
€<16) < m(2,14>,€%15) < m(2,14),g(16) < m<2114>72%16) < Mmy2,14),
me) < m(2114),m(116) < myg 14y, M(16) < m(2114),m(116) < myg 14y,
pasy < m(2114>7p%16> < My(2,14),P(18) < m(2,14)7}5%16) < M(2,14),
&%16) < 777,(2714)7 B%lﬁ) < 777,(2’14), C%lﬁ) < 777,(2’14), E%lﬁ) < 777,(2714),
6(11(;) < m(2’14),é(11(;) < m(2’14)7f(116) < m(2’14),f(16) < Mg 14y,
fT(lls) < ﬁl(gyy;),h%ls) < 7’71(2@4),}_1(15) < ﬁl(2,14)7}_7/%16) < My(2,14),
k(lﬁ) < m(2714),k(116) < m(2714),15(16) < 1’7L(2714),/7€(116) < Myg 14y,
5(16) < m(2114>,€(116) < m(z,l‘;),l@le) < m(2,14>,£}16) <Mz 14y,
m(i6) < 777,(2’14),7’77,%16) < ﬁl(g’lal),ﬁl(w) < ﬁl(2’14),m%16) < ﬁl(2,14),
a(llﬁ) < P2,14), 6%16) < P2,14), 0%16) < P2,14), 5%16) <P2,14),
6%16) < P2,14), €16y < P(2,14)5 f(lla) < peasy, fasy < sy,
f(116) < P2,14), h}m < P4y hioy < Pea,10y; 71%16) < P2,14),
4%16) < p(2,14)7g(16) < p(2,14)»£j(16) < p(2,14),m%15> < P(2,14),
m(1ey < P(2,14), 77—1%16) < P2,14),Pas) < p<2,14)7p(116) < P2,14);
DPasy < P(2,14),ﬁ%16) < P(2,14)5
C%m < 15(2,14)75%16) < D2,14); e%m < 15(2,14)75%16> < D(2,14),
f(16) < P(2,14), f(lle) < P(2,14), h(m) < P(2,14), 71%16) < P(2,14),
k(116) < P2,14), 76(16) < 15(2,14)7€(116) < 17(2,14)717(16) < D(2,14)5
5_(116) < DP(2,14)s m%m < D(2,14), M(16) < ﬁ<2,14),m(116) < D(2,14);

pas) < 5(2,14)717(116) < P(2,14), P16y < ;5(2,14)717%1@ < P(2,14)-
The set of all G'-orbits is
T(lb');G’ =

{a(ls) U bhe), a%lﬁ) @] b(le), @(16) U 5315)75’316) U 1_)(16), C(19) U 6%16),
C%ls) @] E(ls),e(ls) @] é(lle), 6%16) @] é(le), f(lfs) U B(15)7 f(116> @] 77/%16)7
Fasy Uhqsy, flis) U htye), ko) Upas), k(is) U pis), kasy U Bas),

];%16) Uﬁ%p),((ls) @] m%ls),é%ls) U Th(le),[(l(s) @] m%ls),g(lls) @] m(16>}.

(2.2
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Therefore (16)-derivatives of ethane that correspond to the members of the two-element
sets
{a(16)7 b%lf’)}v {a(115)7 b(le)}7 {@(16), b%15)}’ {a%15)7 b(lﬁ)}v {0(16)7 6%16)}7
{ctioy.can} {eqoy. eio)} {efroy, 2oy {fas)s hasy b { fio)s hiisy )
{f(16)7 h(lﬁ)}v {f(llﬁ)v h%lb)}v {k(lﬁ)vp(l6)}7 {k(llﬁ)vpélﬁ)}v {]%(16)725(16)}7
{]5(116)713%16)}7 {6(15)7 m%ﬂi)}v {6(116)7 ?’71(16)}, {Z(lﬁ)amhﬁ)}v {6_(116)7'”1(16)}

form chiral pairs.
The set of all G”-orbits is

Taoy,gr =
{aqsy Ubiey U afiey U by, ae) Ublisy Ud(isy Ubasy, casy U E(e) U clis) U Easy,
e(19) U 8(16) U €f1ey U 1), f10) U hgasy U fauey U hey, fliey U bfrey U flisy U hfysy,
kqsy Up(sy, Ubqrsy Uiy, kisy Up(re) U €(1e) Umasy, kaey Upasy U ley Umiey,
ko) Up(isy U llysy Umis)}. (2.26)

Thus, the products that correspond to members of different sets below are structural iso-
mers whereas those that correspond to elements of one and the same set are structurally
identical:

{aas), bao): agiey, basy b {aae), bas) atre): basy b {eas). o). clre)s €y}

{eq1s), €laoys €froys €10y by {feys haoy, sy haaoy by {fioy s Bioy fioy s hioy 3
{kae)s pasy, asy Moy} ki) Plioys Loy, Mas) b AR o), Basy s fasys misoy }
{E(llﬁ)vﬁ%ﬁ)»57%16)77”(16)}% (2.27)

3. IDENTIFICATION OF THE DERIVATIVES

Here our objective is to find the Lunn-Senior’s automorphism groups Autj(Tp,q) for
D =Dy, k=1,...,8, where

Dy ={(6),(5,1),(4,2)}, D2 ={(6).(5,1), (4,2), (4,1*)},
Dy ={(6),(5,1),(4,2),(4,1%),(3%)}, Dy ={(6),(5,1),(4,2),(4,1%),(3%), (3,2, 1)},
Ds ={(6).(5,1), (4,2), (4,1%), (3%),(3,2,1), (3, 1°)},
Dg = {(6), (5.1).(4,2), (4,1%),(3%), (3.2,1), (3,1%), (2°)},
Dy ={(6).(5,1). (4,2), (4,1%), (3%),(3,2,1), (3,1°), (2), (2*, 1)},
Ds ={(6).(5,1), (4,2), (4,1%), (3%),(3,2,1), (3,1°), (2%), (2%, 1%), (2,11},

and for D = Py, as well as for D = {(23),(22,1%)}, and D = {(2%,12),(2,1*)}. Then the
elements of the Aut((Tp,q)-orbits in the set Tp,c will represent the products of ethene
that can not be distinguished via substitution reactions among the elements of Tp.q.
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In a partially ordered set V' we denote for short the set of all z € V that are strictly
greater than a fixed element a € V by Cs(V;a), and call it the (right) cone of a in V.
Let M and W be subsets of V' and suppose that M consists of minimal elements of V.
We say that W is a barrier of M in V if for any m € M and for any b € C5(V;m)
there exists ¢ € Cs (W;m) such that b > c.

Let V, X C Ty be unions of G”-orbits, X C V. The set of cones {C~(V;a) |a € X}
is invariant with respect to the natural action of the group Auty (V) on the set of all
subsets of V' because a(Cs (V;a)) = Cs(V;a(a)) and a(a) € X for all a € X. Thus,
the rule aCs (V;a) = a(Cs(V;a)) defines an action of the group Auty(V) on the set
{C-(Via) |a € X}.

We begin with a simple technical lemma.

LeEMMA 3.1. Let U,V,V C Ty be unions of G"-orbits, such that U C V, V\U C V,
and the difference V\U consists of minimal elements of the partially ordered set VUV .
Then the following statements hold:

(1) the difference V\U consists of minimal elements of the partially ordered set V;

(ii) the cones Cs (V;a), Cs(V;a), where a € V\U, are subsets of U, and Cs(V;a) =
Cs(Via)NV;

(iii) if V is a barrier of V\U in V, then the map

{C=(Via) |a € V\U} — {C=(V;a) | a € V\U},

C>(Via) = C5(Via),

is an Aut{(V)-invariant bijection;

(iv) let B € Auty(U), and let a: V\U — V\U be a bijection that maps any chiral pair
onto a chiral pair and any G- orbit onto itself. Then the resulting bijection « of the
set V is an element of the group Autl(V) if and only if a(Cs (V;a)) = Cs (V;a(a)) for
alla e V\U.

PrOOF: (i) It is enough to note that V\U = (V\U) U (V\V).

(ii) If b > a, b € V, (respectively, b € V), then the assumption b € V\U (respectively,
b € V\U) leads to contradiction with the minimality of the elements of the set V\U
(respectively, V\U).

(iii) We have

aCs(Via) = C-(Via(a)) — Cs(Viala)) = aCs (V;a)

for any @ € V\U. Suppose that Cs(V;a) = Cs(V;d'), a,a’ € V\U, and let b €
Cs(V;a). Since V is a barrier of V\U in V, there exists ¢ € V with b > ¢ > a. Then
b>c¢>a’ and hence b € C~ (V;a'). Thus, Cs(V;a) = C~(V;d).

(iv) Since the elements of the set V\U are minimal in V, all strict inequalities in V'
have the form b > a, where a,b € U, or b > a, where a € V\U, b € U. It is enough to
prove that for any a € V\U the equality aCx(V;a) = O (V;a(a)) yields the equality
aCs (V;a) = Cs(V;a(a)). Suppose that b € Cs (V;a). Since V is a barrier of V\U in
V, there exists ¢ € V with b > ¢ > a. Then a(c) > a(a) and in accord to (i) we have
b,c € U, so a(b) > afc). Thus, a(b) > «a(a), that is, a(b) € Cs(V;a(a)). Now, let
¥ € C=(V;a(a)). Again, there exists ¢’ € V with b > ¢/ > a(a), and hence ¢’ = a(c) for
some ¢ € Cs(V;a). Since b’ € U, there exists b € U with a(b) = V', and the inequality
a(b) > a(c) implies b > ¢. Thus, b € C(V;a).
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COROLLARY 3.2. Under the conditions of lemma 3.1 one has:

(i) if H is the subgroup of Auty(U) consisting of all automorphisms [3 that satisfy the
equality 3(Cs (V;a)) = Cs(V;a) for each a € V\U, then H < Aut}j(V); if, in addition,
Co(V;A)=Cs(V;B)=---,and C~(V;A') = C~(V;B') = -+, and if s is a bijection
of V\U onto itself, such that s®> = id, and s leaves the sets {A, B,...} and {A',B!,...}
invariant, then Hs C Aut{(V);

(i) if VAU consists of several chiral pairs {A, A}, {B,B'},..., and eventually, of
dimers A, ..., if the automorphism w € Autl(U) is such that w? = id, w(Cs (V; A)) =
C-(V;AY), w(Cs(V;B)) = Cs(V;B'),..., w leaves the cones Cx(V;A),..., of the
dimers invariant, and if s = (A, AY)(B, B)..., then Hws C Aut{(V); if, in addition,
C-(V;A) = C<(V;B) = -+ and Cs(V; AY) = O (V;B') = ---, and if s is a bijec-
tion of V\U onto itself, such that s> = id, and s maps the set {A, B, ...} onto the set
{AY, BY,...}, then Hws C Aut{(V);

(iii) if V\U consists of two chiral pairs {A, A'}, {B, B'}, and eventually, of dimers
A, ..., if the automorphism w € Auty(U) is such that

w® = id, w(C>(V; A)) = C=(V; B), w(Cx(V; A")) = Cs.(V; BY),

w leaves the cones C~(V;A),..., of the dimers invariant, and if s = (A, B)(A', BY),
then ws € Autg(V).

PROOF: Straightforward application of lemma 3.1, (iv).

In lemmas 3.3 — 3.7 below, under the conditions of lemma 3.1, we suppose, in addition,
that V is a barrier of V\U in V, the automorphism group Aut§(U) is a commutative
2-group, and set H = {8 € Aut](U) | B(C=(V;a)) = C=(V;a),a € V\U}. Moreover,
for any pair X,V C Ty, of sets that are unions of G”’-orbits with X C V we denote by
Iy, x the image of the restriction homomorphism

ov,x: Auty (V) — Aut((X).

LEMMA 3.3. Suppose that the difference V\U consists of several dimers A, 0, ..., and
that the cones C~ (V;A),C~(V;0),..., are pairwise different and invariant under the
action of the group Auty(U). Then the restriction homomorphism gy, is an isomor-
phism and its inverse is the extension as identity on V\U.

ProoF: Corollary 3.2, (i), implies H < Autj(V). Conversely, let o € Auty(V).
We have a(Cs(V;A)) = Cs(V;A); on the other hand, lemma 3.1, (iv), shows that
a(Cs(V;A)) = C(V;a(A)), so a(A) = A. By analogy, a(©) = O,..., that is,
ov,y\u (@) = id. Thus, Autg(V) = H, and the proof is done.

LEMMA 3.4. Suppose that the difference V\U consists of several chiral pairs
{A, A"}, {B,B"},...,
such that C~(V;A) = C~(V;B) = -+ = P, C~(V;AY) = C-(V;BY) = ... = P!, and
there exists a decomposition
-[V,U =H % <w),

where w(P) = P'. Then the following two statements hold:



-79-

(i) if the chiral pairs in V\U are G"-orbits, then there exists a decomposition
Auty (V) = H x {ws),

where s = (A, A)(B,B')..., the restriction homomorphism oy, is injective, and
Autg (V) is a commutative 2-group.
(i) if V\U is a G”-orbit that consists of two chiral pairs {A, A'}, {B, B'}, then there
exists a decomposition

Autgy(V) = H x (z) x (wz),

where x = (A, A1) (B, B), z = (A, B)(A', B), the restriction homomorphism gv.y has
kernel {id, z}, and Autj(V) is a commutative 2-group.

PROOF: Since w ¢ H, w? = id, and w(P) = P!, we obtain P # P;.

(i) In compliance with corollary 3.2, (i), (ii), we have H U Hws C Aut{ (V). Now, let
a € Aut{(V) with gy,y(a) € H (respectively, gyy(a) € Hw). Then lemma 3.1, (iv),
yields a({4,B,...}) = {A,B,...} and «({A,BY,...}) = {A},B!,...} (respectively,
a({A,B,...}) = {AY,Bl,...} and o({A},B!,...}) = {A,B,...}). Since a maps any
chiral pair in V\U onto itself, we get oy,y\v(a) = id (respectively, oy y\v(a) = s). In
other words, o € H (respectively, « € Hws), hence Aut§(V) = H U Hws. Moreover,
(ws)? = id and the automorphism ws commutes with the elements of H, so part (i) is
proved.

(ii) Again, by virtue of corollary 3.2, (i), (ii), we have HUHzUHwxzU Hwy C Auty(V),
where y = 2z = (A, BY)(A!, B). Now, suppose that a € Autfy(V) with oy () €
H U Hz (respectively, ov,y(a) € Hwz U Hwy). Using lemma 3.1, (iv), we obtain
o({A,BY) = {4, B}, a({AL,B'}) = {A%, B} (respectively, a({4, B}) = {41, B},
a({A', B'}) = {A, B}). Since o maps any chiral pair in V\U onto a chiral pair, we
obtain gyy\y (@) = id or gy y\y(a) = z (respectively, ov,y\v (@) = x or oy y\u(a) =
y). In other words, @ € H or o« € Hz (respectively, « € Hwz or o € Hwy), hence
Autf(V) = HUHzU Hwz U Hwy. We have (wz)? = id, the elements of the subgroups
H and (z) commute, and each one of them commutes with the automorphism wz. This
finishes the proof of part (ii).

LEMMA 3.5. Suppose that the difference V\U consists of several chiral pairs
{4, A"}, {B,B"},...,

such that P = O (V;A) = Cs(V; AY), Q = C-(V;B) = C~(V; BY),..., and the cones
P, Q,..., are pairwise different and invariant under the action of the group Aut(y(U).
Then there exists a decomposition

Auty (V) = Auti(U) x (s) x (&) - - -,

where s = (A, A'), t = (B, BY),..., the restriction homomorphism v,y coincides with
the first projection, and Aut (V') is a commutative 2-group.

PROOF: After the condition, H = Aut{j(U). Corollary 3.2, (i), (ii) yield that H x (s) x
t) x -+ < Auty (V). Now, take an o € Aut((V). Since py,y(«) € H, and since the
cones P, Q,..., are pairwise different, lemma 3.1, (iv), implies ({4, A'}) = {4, A},
a({B,B'}) = {B,B'},...,s0 a € H x (s) x {t) x ---, and the above decomposition
holds. Moreover, s? = id, t2 = id, ..., and the automorphisms s, ,..., commute with
the elements of H and among themselves. Thus, our lemma is proved.
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LEMMA 3.6. Let the difference V\U be a G"-orbit that consists of two chiral pairs
{A, A'}, {B, B'}. Suppose that the cones

Co(V;4) =P, C-(V;A") = P, C-(V;B) =Q, C-(V:B') =Q",

are pairwise different, and let x = (A, AY)(B, B), z = (4, B)(A!, BY).
(i) If there exists a decomposition

Iva =H x <’lt>
where u(P) = P!, u(Q) = Q*, then there exists a decomposition
Auty (V) = H x (ux),

the restriction homomorphism gy y is injective, and Autj (V) is a commutative 2-group;
(ii) if there exists a decomposition

IV,U =H x <u, lU>

where u(P) = P!, u(Q) = Q', w(P) = Q, w(P!) = Q!, then there exists a decomposi-
tion

Auty (V) = H x (uz, wz),
the restriction homomorphism gy y is injective, and Aut (V') is a commutative 2-group.

PrOOF: (i) Corollary 3.2, (i), (ii), yield H U Hux C Auty(V). Let a € Autg(V). If
ov,u(a) € H (respectively, ov,y (o) € Hu), then lemma 3.1, (iv), implies oy, 1\ () = id
(respectively, oyv\v(a) = z), that is, « € HU Huzx, so Autg(V) = HU Huz. Finally,
(uz)? = id and the automorphism ux commutes with the elements of H.

(ii) Corollary 3.2, (i), (ii), implies HUHuzUHvyUHwz C Aut{(V'), where v = uw with
v(P) = Q' v(P') = Q, and y = vz = (A4, B})(A!, B). Now, suppose that a € Aut((V)
and let py,y(a) € H (respectively, ov,y(a) € Hu, goyu(a) € Hv, ovy(a) € Hw).
Under the terms of lemma 3.1, (iv), we have gy y\y () = id (respectively, ov,y\v(a) =
z, ov\u(a) = ¥y, ovynw(e) = 2), that is, « € UHur U Hvy U Hwz. Therefore
Aut{(V) = HU Huz U Hvy U Hwz. In order to finish the proof, we have to note that
(uz)? = (wz)? = id, the automorphisms ux and wz commute, and, moreover, commute
with the elements of the subgroup H.

LEMMA 3.7. Let the difference VAU be a G"-orbit that consists of a chiral pair {A, A1}
and a dimer A. Suppose that the cone Q = Cs (V;A) is Autl(U)-invariant, and there
exists a decomposition
IV,U = H % (w)

with w(P) = P', where P = O (V; A), P' = C~(V; A'). Then there exists a decom-
position

Auty (V) = H x (ws),
where s = (A, A'), the restriction homomorphism gy, is injective, and Auty(V) is a
commutative 2-group.
Proor: Corollary 3.2, (i), (ii), yield H U Hws C Auty(V). Since w ¢ H, we have
P # P!, and both cones are different from @ because the last one is Aut{j (U)-invariant.
Let us suppose that o € Auty (V) with ov,y(a) € H (respectively, gy,uy(a) € Huw).
Using lemma 3.1, (iv), we get oy,y\v(a) = id (vespectively, oy,\v(a) = s), that is,
a € H U Huws, and therefore Autj(V) = H U Hws. Moreover, (ws)? = id and the
automorphism ws commutes with the elements of H.
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THEOREM 3.8. One has:
(i) Auty(Tpsc) = (id);

(ii) Aut;(Tpya) = ((aa,12), bea12))) = Ca;
(i) Auty(Tpyc) = ((aga,12y,ba,12)) = Co;
(iv) Aut(Tpya) = ((a@2), ba2) (b@2,1), ¢@,2,1))) = Co;
(v) Auty(Tpy.c) =
((aga,12), ba,12)) (b3,2,1): €3,2,1))(€3,19) €(3,19) ) (f(3,19): s 19)),
(a(3,13), b(3,13)), (k(3,13), £(3,13))) = C2 x Ca x C;
(vi) Autg(Tpg;c) =
((aqa,12): b(a,12)) (b(3,2,1): €(3,2,1))(€(3,19) €(3,19)) (f(3.19)5 Pz, 19)) (fi22y s hasy)s
(a(3,13),b(3,13)), (k(3,13), £(3,13))) = C2 x Co x Cy;
(vii) Auty(Tp,.c) =
((aqa,12), b(4,12)) (b3,2,1), €3,2,1) ) (€(3,19)5 €(3,19) ) (f3,19), s 19))
(f(23), h(23))(€(22,12),m(22,12))(k(22,12)’17(22,12))7
(as,13y,0(3,13)) (k(3,13), £(3,13)) (a(22,12), D(22,12) ) (f(22,12), P2,12))) = O x Ca;
(viii) Autg(Tpg.c) =
((a2,11y, be2,11), ((_1(2,14)75(2,14))720771701‘@ ~ Oy x Oy x Cy x Cy,
where
Wy = ((l(4,12)7 b(4,12))(b(3,2,1),0(3,2,1))(11(3,13)7 b(3,13))(ﬂ(3,13), 6‘(3,13))(f(3,13)7 h(3,13))
(R(3.13), £(3,13)) (f(23)s Trgasy ) (aaz 12), biaz 12)) (f2 12y bz 12)),s (F22 12y, P2z 12))
(€22 12), M2 12)) (€(2,14)5 C(2,14)) (€(2,14)s €(2,14) ) (B(2,14), P(2,14)) (L2,14) s M2.19) )
(k(2,14): P2,14)) (L2,11), M2,14))
To = (f(2,14)7 E(z,ﬂ))(f(z,ﬂ),h(z,ﬂ)), and zp = (f(2«,14), h(2714))(f(2,14)’7L(2«,14));
(ix) Autl(To.q) = (21, 22, 23, 24, 25) =~ Ca x Coy x Cy X Cy x O,

where B B
21 = (a(ls), b(ﬁ))(d%le), b%IG))7 Z9 = (a(le), b<1s))(d%16), b%ls))7
z3 = (fae), hao)) (Faey, haasy), 21 = (Fliey, hirey) (Fhiey, hire),

and the automorphism

25 = wOIO(a(2,14)7 b(2’14))(a(2’14), B(2$14))(a<16), bbe))(a%ls), b(ls))

(&(15), B(lle))(a%ls),B(le))((f(ls), 5(116))(0%16)7 6(16))(8(16)7 6%16))
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(elr6y, €(16)) (f18), hasy) (Fasys o)) (flreys hitroy) (Fheys hirey)
(koy, p(1o)) (Liasy, myey) (klroy, Dl1sy) (masy, £is)) (k{rsy, Plrsy )
(E(ll‘"’)v m(le))(i@(lﬁ)715(16))(”1%16)7@(16))
is the chiral involution of the group Aut{(Ts,). Here Cs is the cyclic group of order 2.

PRrROOF: The figures below illustrate the proof. A double arrow means “structurally
identical”, and a double arrow with mark cp means “chiral pair”.
Zooms of TDQ;G7 TD3;G7 and TD4;03

(6) a(e)
! !
(5,1) a(5,1)
1
(47 2) A (4,2) b(4,2)
! N N
(4, 12) a(4712) <i> b(4712) C(4,12)
(6) ae)
! !
(5,1) as,1)
!
(4,2) (4,2 b2
! v N
(32) 0(32) b(32)
! v NN
(3,2,1) a(3,2,1) b(3,2,1)2’0(3,2,1) €(3,2,1)
(4, 12) a(4,12) b(4712) C(4,12)
! ' ' 7L\
(3>271) a(3,2,1) b(3,2,1) a3,2,1)  €(3,2,1) b(3,2,1)g0(3,2,1) €(3,2,1)

(i) Let a € Aut{(Tp,.c) be a Lunn-Senior’s automorphism. Then because of (2.1) and
(2.2) we obtain a(a)) = a(g) and a(a(s 1)) = as,1)- Since a(4,2) and b4 2y are structural
isomers, see (2.3), we have a(a(,2)) = au,2) and a(by,2)) = bu,2)- Hence the group
Aut{(Tp,;c) is the trivial one.

(ii) In accord to (2.4) — (2.6), {a(4,12),be,12)} is a chiral pair, cy4,12) is a dimer and both
are structural isomers. We set Ul(l) = Tp,;¢ U {a(,12),b@,12)} and V= Tpy,c, where
Dfy ={(4,2),(4,1%)}. We note that V is a barrier of T{4 12),¢ in T, The above figure
shows that all conditions of lemma 3.5 are satisfied, so Aut{]’(Ul(l)) = ((a(4,12), ba,12)))-
Now, lemma 3.3 finishes the proof of (ii).
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(iii) In compliance with (2.7), on level (32) we have two dimers that are in the same
time structural isomers. Let us set V = Tpy.q, where Dy = {(4,2), (3%2)}. We have
that V is a barrier of T(32);¢ in Tp,,q. Taking into account the figure above we can see
immediately that all conditions of lemma 3.3 are fulfilled, so we obtain (iii).

(iv) On level (3,2,1), in accordance with the equalities (2.8) — (2.10), we have one
chiral pair {b(3y2y1)70(312,1)} and two dimers a(321), €(,2,1), and all three are pairwise
structural isomers. We set V = Tpy.q, where Dy = {(4,1%),(32),(3,2,1)} and note
that V is a barrier of T3.2,1,¢ in Tp,;q. Let Uil) = Tp,.c U{ase), €@zt The
inequalities from section 2, Case 6, yield

C’>(V§ 0(3,2,1)7) = {0(4,12)717(4,12)7(1(32)}7 C>(V§ (3,211)) = {0(4,12)75(32)}7

and these cones are stable under the action of the group
Autg(TDS;G) = <(a(4712),b(4712))>.

Therefore lemma 3.3 implies Autg’(Uf)) = ((aw,12), b(4,12))-
Again, from the inequalities from section 2, Case 6, we get

P =C5(Vibaany) = {a@2), cu12), b )

and ~
P! = Co(Viesan) = {bua2): ¢aa2), bs) b

We have Aut](U\V) = H x (w), where H = {8 € Aut}(U") | B(P) = P, 3(P') = P'}
is the unit group, w = (a4,12),bu,12)), and w(P) = P'. By virtue of corollary 3.2,
(i), (ii), the restriction homomorphism O7p, 0.0 is surjective and then lemma 3.4, (i),
implies part (iv).

(v) The equalities (2.11), (2.12) and the form of the G"-orbits (2.13) yield that on
(3,13)-level we have four chiral pairs

{0(3,13)7b(3,13)}7 {0(3,13)76(3.13)}7 {f(34,13)7h(3,13)}7 {k(3,13)7€(3,13)}7
that are pairwise structural isomers. Set V = Tp;;G, where D} = {(3,2,1),(3,1%)}.
The set V is a barrier of T(3,13);c in Tp,,e. The inequalities from section 2, Case 7,
imply ~ ~
Cs(V; 0(3,13)) =5 (V; b(3,13)) = {0(3,2,1)}7
C>(V§ k(3,13)) = C>(V§£(3,13)) = {b(3,2,1)70(3,2,1)}7

and ~ ~

P= C>(V§C(3,13)) = C>(V§f(3,13)) = {b(3,2,1)76(3,2,1)}7

P =0 (Vieaan) = Cs(Vihg i) = {ca21): €32 )-

Since the common cones of the members of the chiral pairs {a(s 13y, b(z,13)} and {ks 13y,
£(3,13)} are Auty(Tp,;q)-invariant, lemma 3.5 shows that adding these chiral pairs to
the set Tp,;c results in appearance of two new generators of the automorphism group
Aut{(Tp,:c), SO

Aut&’(Uél)) = ((a(4112)7 b(4,12) ) (5(3,2,1) ) €(3,2,1) ), (0(3,13), 5(3713) )= (k(3713) s 3(3,13))%



where Uél) = TD4;G U {0(3’13), b(3713)., k(3713),£(3,13)}.

Further, there exists a decomposition Aut(( él)) = H X (w), where
H = ((a@,13),b3,19)), (k319),£3,19)) w = (@,12),0(412)) (b3,2,1): €3.2,1))-

We have H = {3 € Aut{(U{") | B(P) = P, 3(P") = P'} and w(P) = P'. Moreover, if
we add to Uén the chiral pairs {c(s,13), €(3,13)} and {f(3,13), fy(3,13) }, then in compliance
with corollary 3.2, (i), (ii), the restriction homomorphism Orpy .UM is surjective. We
apply lemma 3.4, (i), and obtain (v). ’

(vi) On (2%)-level, using the equalities (2.14) — (2.16) we get four dimers a(a3), b2s),
C(23), €(23), which are at the same time structural isomers, and a chiral pair { f(2s, h(23)}.
Moreover, the dimer e(ys) is structurally identical to (each member of) the chiral pair
{f(23), h(2s)}. Let us consider the set V' = Tpp,.c where Dg = {(3,2,1), (2%)}. Note that
V is a barrier of T, (23);¢ in Tpg,g. All inequalities in V are listed in section 2, Case 8.
In particular, the cones

Cs (Viags)) = {a@21),bz.2,1), 6,201

Cs (Vibasy) = {a@2,1),b3,2,1) 3,210, €3,2,1) b
C>(V2 0(23)) = {5(3,2,1)70(3,2,1)7 6(3,2,1)}7
are pairwise different and Aut((Tp,,q)-invariant. Thus, if we add the dimers ags),
b(23y, c(23), to the set Tp,.q, after lemma 3.3 we get Aut{]’(Uél)) = Aut({(Tps;c), where
Uél) = Tp,;a U {a(s), basy, ¢23) }-

Further, we add the dimer e(3) and the chiral pair {f(23>7 h(23)} to the set Uél) in order
to obtain Tpy,¢. The equalities

Cs>(Viewes)) = {bs2,1): €3,2,1) €320 1

P=Cs(V; fen) ={ba21), €321}
Pt = Cs(Vihasy) = {es o), e@2n )

show that the cone Cs (V;e(sy) is Autg(Uél))—invariant. Moreover, Autg(Ué1>) =H x
(w), where
H= <(a(3,13)7b(3,13))a (k(3,13)7€(3,13))>
and
w = (ag4,12), b(4,12)) (b(3,2,1), €(3,2,1)) (€(3,1%), €(3,1%)) (f(3,19), P3,13))-

We have w(P) = P!, and the subgroup H consists of all automorphisms from Aut{ (Ué”)
that leave the cones P and P! invariant. In accordance to corollary 3.2, (i), (ii), the

restriction homomorphism Orp o is surjective. Applying lemma 3.7, we obtain (vi).
6:G Ve

(vii) On (22,12)-level the equalities (2.17) — (2.19) yield that there are four chiral pairs
{a(22112>7b(22,12)}, {f(22’12>7h(22712)}7 {5(22Y12)7m(22'12)} {k(zz’lz),p(zglz)}, the last two
being structurally identical, two dimers c(o2 12), €(22,12), and all of them represent five
structural isomers. Let D} = {(3,1%),(2%), (22,1%)}. We set V = Tp:,c and note that
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V is a barrier of T(22,12);¢ in Tp,,g. The list of inequalities from section 2, Case 9, show
that

C>(V; a@212)) = {a(313), k(3,18), a28) },
C (V32 12)) = {b.13), (3,1%): a(2) }»
C>(V;C(22,12)) = {0(3,13)76(3,13)7[)(23)},
C>(V§€(22,12)) = {f(3,13)7h(3,13)»b(23)},
Cs (Vs fia2,12)) = {k(3,19), ¢y }
C>(V§ h(22,12)) = {5(3,13)70(23)}7
C>(V§ 5(22,12)) = {6(3713)7 f(3,13)7 6(23)}7
Cs(Vima2 12)) = {¢(3.19), hiz a3y, €29}
Cs (Vi ke 12)) = {es,19), f3,19), feo) b
C>(Vipe2,12)) = {e19), hza9), hes) -
Let us set U7(1> = Tpgia U {{(22,12), m(22,12), k(22 12), P(22,12) }. We have Aut’O’(U7(1)) =
H x (u), where the automorphism
u = (ag,12),ba,12)) (0(3,2,1), €(3,2,1)) (€(3,13)» €(3,13) ) (F(3,13), P(3,13)) (F28), Iy(23))

transposes the cones of the members of any one of the chiral pairs

{6(22,12)» m(22,12)}» {k(2‘2,12)7 p(22,12)}7

and the subgroup H = ((a(3,13), b(3,13)), (k(3,13), {(3,13))) consists of all automorphisms
that leave these cones invariant. After corollary 3.2, (i), (ii), the restriction homomor-
phism o, T is surjective, and lemma 3.6, (i), yields

+)Togsas

Autg(U) =

((ag12), b(a,12))(b3,2,1): €(3,2,1))(€(3,19), €3,12) ) (f(3,19) Pz 1))
(f(23), P2sy) (Lia2 12y, mya2,12)) (K22,12), D(22,12)), (a(3,18), D(3,18) ), (K(3,13), £(3,1%)))-

Now, we add the chiral pair {f(22?12),h(22,12)} to the set U7(1) and denote the corre-
sponding union by U;z). We have Autg(Uél)) = H x (w), where

H = {(a,12), b(4,12)) (b3,2,1)5 €(3,2,1)) (€(3,13)> €(3,13)) (f3,13)> I3,13))

(fi23), Pasy) (b(az,12), M2z 12)) (K22 12), D(22,12)); ((3,18), B(3,13) ) )

and w = (k(3,13, £(3,13)). Here the subgroup H consists of all automorphisms that leave
the cones of fo2 12y and hoz2 12y invariant, and w transposes these cones. Corollary
3.2, (i), (ii), imply that the restriction homomorphism g, ;0 is surjective, and then
7T 00T
lemma 3.4, (i), yields
Auty (UP) =
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((@(a,12), 0(a,12)) (b(3,2,1)s €(3,2,1)) (€(3,13) €(3,13)) (f(3,19), Iz 19))
(f(zﬂ), h(23))(4(22,12), m(22,12))(k(22,12),P(22,12))7
(@13, 0(3,13)) (k3,13), £3.13)) (fro2,12), P2z 12)))-

Next, we add the chiral pair {a(22,12>, b(22112)} to the set U7(2) and denote the union by
U Let us set
7.

H = ((a(4,12), ba,12)) (b3,2,1), €(3,2,1))(€(3,13)» €(3,13)) (f(3,18)> P3,13))

(f(23),h(23))(£(22,12)7m(22’12))(1€(22,12)7p<22,12))>.
The elements of the cosets H(a(3,13),b(3,13)), H(k,13), £(3,1%))(f(22,12), I(22,12)) of the
group Autf)’(U7<2)) do not permute the cones

P = C>(V§ 0(22,12))7 Pl = C>(V§ b(22,12))-

Hence after lemma 3.1, (iv), the elements of these cosets do not belong to the image of
the restriction homomorphism Op@® - On the other hand, the elements of H leave
7T 00T

P and Pl invariant, and if w = (a(g,lx),b(3713))(k(3713),E(g{yp))(f(gzylz),h(22,12)), then
w(P) = PL. Therefore corollary 3.2, (i), (ii), yield I, ;e = H x (w). Now, by virtue
7 07T
of lemma 3.4, (i), we obtain
Autf (U =
((aa,12), ba,12)) (03,2,1): €(3,2,1) ) (€(3,19), €(3,19) ) (f(3,12)5 3,19 )
(f(23), Pas)) (L(a2,12), 22 12) ) (K22 12), D(22,12)),
(a@z12), b(3,19) (K(3,19), 3,19)) (f(22,12) B2z 12) ) (@22 12y, b2z 1))

Finally, we add the dimers c(2 12y and e(2 12)) to the set U;?’) and get Tp,.c. Since the

cones of ¢(p2 12) and e(p2 12)) are Aut(’)’(U7(3))-invauri:mt7 lemma 3.3 finishes the proof of
(vii).

(viii) On level (2,1%) the equalities (2.20) — (2.22) yield that there are ten chiral pairs
distributed among seven G"-orbits — see (2.23). We set Dg = {(2%,12),(2,1*)} and
V = Tp;,c. We have that V is a barrier of T(214),¢ in Tpy;c. In accord to the list of
inequalities from section 2, Case 10, we obtain

C>(V7 0(2,14)) = C'>(‘7, 5(2114)) = {a(22,12)7b(22,12)}, (3.9)

Cs(V,a(214) = C>(V, bi219)) = {a(22 12), b2z 12): €(22.12) } (
C>(V,e@an) = C=(V,ea) = {a22.12), €22 12), €22 12) ), (
Cs(V,E214) = C=(V,E214)) = {b22,12), ¢(22,12), (22,12} (
C>(V, faasy) = O>(V, ha9)) = {f22.12), ha2 12), k22,12), £22 12) (3.13
C>(V, faan) = C> (Vi hiaie)) = {f2212), hiaz 12y, m22,12), P22 12) ) (
Co(V, k@an) = C>(V, k@11) = {f(22.12), k22.12), m(22.12) }, (
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C>(V,p@aas)) = C>(V,paa) = {h@2.12), L22.12), P22.12) }» (3.16)
Cs (V, m(2,14)) = C>(V,€(2114)) = {h(22’12), k(22,12)75(22,12),771(22,12)}7 (3.17)
C>(V7Z(2,14)) = C>(V,m(2,14)) = {f(22,12),f(22,12)7m(22112)7p(22,12)}~ (3-18)

The cones (3.9) and (3.10) are Aut((Tp,,)-invariant, so lemma 3.5 can be applied and
we obtain

Autf(UE) =
((aa,12), ba,12)) (0z.2,1)s €3.2,1) ) (€(3,19), €(3,19)) (f(3.19): I3.13))
(fe2s), P2sy) (L2 12y M2z 12)) (K22 12, P22 12)),
(ags,13), b(3,13)) (k(3,13), £(3,1%)) (f(22,12), M2, 12) ) (@22 12y, b(22,12)),
(a2,19),b2.14); (@(2.14), b2.11)))

where Uél) is the union of the set Tp,,¢ with the two chiral pairs
{a@11),be2a2) ) {219, bean )
Further, all generators of the group Aut( (Uél)) except

w = (a(3Y13)7 b(3’13))(k(3’13>7 £(3,13))(f(22’12), h(zzylz))(a(zz’p), 17(22’12))7
leave the cones (3.11) and (3.12) invariant, and w transposes them. Thus, for the set
U8(2) = US(U U] {6(2714),5(2714), €(2,14) 6(2}14)} lemma 3.4, (i)7 yields

Auti(UP) =

((aqa,12), b(,12)) (b3,2,1), €3,2,1) ) (€(3,19)5 €(3,19) ) (f3,19), s 19))
(f(23), P2s)) (Liaz 12y, M2z 12)) (K22 12), P(22,12)),
(a(3,13), b(3,13)) (k(3,19), £(3,19)) (F22,12), B2 12))
(a(22,12)5 b(az 12) ) (€(2,14)5 C(2,14) ) (€(2,14)5 €(2,14) )
(a(2,14) b2.14))s (@(2,10), b2 1))
Now, we add the chiral pairs {k(,14), P(2,14) }, {€(2,14), T(2,14) } to the set US(Q) and denote
the union by US(?’). We set

H= <(a(2,14)’b(2,14))»(a(2,14)’5(2714))>,

u = (a(,12), ba,12))(bs,2,1), €3.2,)) (€3,19), €(3,19) ) (f(3,19), hsne))
(f(23), P2sy) (L(a2 12y, my22,12) ) (K22 12), D(22,12))
(ags,13), b(3,19)) (ke3,18), £i3.13)) (f22,12), T22 12))

(a(22,12), b2z 12)) (2,14, €(2,14)) (€(2,14), €(2,14) ) -
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The elements of H leave the cones (3.15) — (3.18) of ko 14y, P2,14), €(2,14), M(2,19),
respectively, invariant, and the elements of the cosets

H(aga2),ba12))(b3.2,1), €3.2,1))(€(3,13), €(3,13)) (f(3,19): P3.13))
(f(23), h(23))(€(22,12),m(22,12))(k(22,12),17(22,12))7
H(ag,15), bz19)) (ke,10), £3.12)) (fa2,12)5 ez 12))
(a(22,12)5 b2z 12) ) (€(2,14)5 €(2,14) ) (€(2,14)5 €(2,14) )
of the group Aut{ (UéQ)) do not permute these cones. We have

U(C>(‘77 k(2,14))) = O>(V7p(2,l4))7 u(c>(‘77£(2,14))) = C>(V7m(2,14))7

and, in particular, H consists of all automorphisms from Aut (US(Q)) that leave these
four cones invariant. Thus, lemma 3.1, (iv), and corollary 3.2, (i), (i), imply I, ;& =
8 U8

H x (u), and then in keeping with lemma 3.6, (i), we get
Autf (U =

((aqa,12), b,12)) (b3 ,2,1), €3,2,1) ) (€3.19)5 €(3,19) ) (f3,19), s 1e))
(fr23), h2s)) (L2 12y, 22 12)) (K22 12y, P(22,12))
(a(3,13), 0(3,13)) (k(3,13), £(3.13)) (f22,12), 22 12))
(a(22,12), b22,12)) (¢(2,14), C(2,19) ) (e(2,14)5 €2,19) ) (F2,19), P(2,19)) (£(2,14), T2,14) ),

(a2,14),b2,14)), (@2,14), b2,14)))-

Let us add the chiral pairs {lfc(2>14),p(2714)}, {Z(2>14),m(2114)} to the set Ué?’) and denote
the set thus obtained by U§4). Since the cones of the elements of U§4>\U§3) coincide
with the cones of the elements of U§3>\U8(2), we apply again lemma 3.6, (i), and have

Auti(USY) =

((aa,12), ba,12)) (0z.2,1): €3,.2,1) ) (€(3,19), €(3,19)) (f(3.19): 3,19 )
(f(23)7 h(23))([(22,12), Wl(22,12))(k(22,12),P(22«,1‘1))
(a(3,13), b3,19)) (k3,18): £(3,19)) (fr22,12), P22 12))
(a(22,12), D22 12) ) (€(2,14)5 C(2,14) ) (€(2,14)5 €(2,14))
(k219), P2a1)) (Lzany, Mz10)) (R2,19), Py ) (Laney, mze)),
(ag211),b2,11)), (G(2,14), 5(244))).

Finally, we add the chiral pairs {f(2714),71(2714)}, {h(2714),f(2114)} to the set U§4) and
get Tpgg. We set P = C5(V, fig11)) = C>(V,has)), P = Cs(V, h@gay) =
s (V, f(2’14)) (see 3.13 — 3.14), and H = ((a(gylﬂ,b(z’l‘l)),((71(2‘14)717(2’14)». Let wyg
be the first generator of Autg(U§4)). Then the elements of H leave the cones P and P*
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invariant, and wo(P) = P!. After corollary 3.2, (i), (ii), the corresponding restriction
homomorphism is surjective and then lemma 3.4, (ii), yields part (viii).

(ix) On the last level (1%), in accord to the equalities (2.24) — (2.26) we have twenty chiral
pairs distributed among ten G”-orbits — see (2.27). Let us set Dy = {(2,1%), (15)} and
V= Tpy.c. We have that V is a barrier of Tas),c in Ts,g. We extend the set Tpg.c
step by step by adding these G”-orbits first:

US" = Tp,c U {aqe), b{1ey, af1e) baoy ) Us? = Ug” U {aqs), bisy,afis), baasy s
U = U U{ faoy, hasy, fasyshaoy s Us? = USY U{flioys hrey, Flioys iy}
The list of inequalities from section 2, Case 11, yields that
C>(V,ans)) = O (V,basy) =
{0(2,14)76(2,14)7b(2,14),6(2114)7f(2,14)7h(2,14)}7 (3.19)
C>(V7a(116)) = C>(va%16)) =
{a@14), @19y, @14y, bzays Foai) haan b (3.20)
C>(V,a(16)) = O (V, bpsy) =
{a2.14), B(2,19)5 b(2,14): b(2.14)s €(2.14)s E2.14)s F2.19), P2y, ks, Lan b (3:21)
C>(V,a(16)) = O (V, b1ey) =
{0(2,14)75(2,14)’5(2«,14),5(2,14)70(2,14)75(2,14)’]?(2,14)7 E(2,14)7m(2,14)’P(2,14)}, (3.22)
C>(V, fasy) = C>(V, haey) =

{G(2,11), b(2,11): C(2,14): C(2,1)s F 2,14 fr2,14): P2, 10)s 19y, K210y, K214y, ea,14ys L2,y 1

o o (3.23)
Cs(V, fasy) = C>(V, hasy) =
{(_1(2,14)75(2,14)70(2,14),5(2,14)7f(2,14),]?(2,14)7
h(2,14y, E(2114) S T(2,14), T (2,14)5 P(2,14)5 D(2,14) ) (3.24)

C>(V7 f(116)) = C>(‘77 h(llﬁ)) =

{e@3), fza3) Faa) haiey, haas), ke, k2, 10y, £2,19)5 £2,18), M2,14), D2,14) b
(3.25)
and o o
C>(V7f(116)) =C-(V, h(llﬁ)) =

{e@11)s f2,19), f2.19), Bia,19), Piaasys ka9, 2,14), 2,18y, M(2,14), P2,14), D(2,14) -
. (3.26)
The elements of the subgroup ((a(2,14y, b(2,14)), ((2,14), b(2,14)), 20) of Auty(Tpy;q) leave
the cones of the chiral pairs thus added invariant. Moreover, the automorphism wqzg
transposes the following couples of cones: (3.19) — (3.20), (3.21) — (3.22), (3.23) — (3.24),
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and (3.25) — (3.26). After corollary 3.2, the corresponding restriction homomorphisms
are surjective, so using lemma 3.4, (ii), we obtain consecutively:

Autl(US) = ((a2,14), b2,10)), (G(2,14), b(2,14)); 20, 21, WoToT1 ),

where T = (a(le), bbs))(a%m? b(ls)), z1 = (a(le), b(ls))(a(lle), bgls)),

AutS(U9(2)) = <(a(2,14)» 5(24,14))7 (6(2,14), 6(24,14)): 20, 21, 22, WoToT1T2),

where zo = (d(le), 6%16))(d%16)’ 6(16)), 2o = (ﬁ(la), 6(16))(d(116>, 6%16))’

Autl(UP) = ((ag2,19), b2,14)), (A(2,19), b2,14)), 20, 21, 22, 23, WoTL1T223),
where I3 = (f(ls), iL(ls))(fT(ls), fL(ls)), z3 = (f(ls), h(le))(f(le), E(p‘))./ and

Autf(USY) = ((a2,14), b2,14)), (G2,14), b2,14)), 20, 21, 22, 23, 24, WoT0T1T2T3T4),

where 24 = (1), b10)) 1oy, Bie))s 22 = (o) Bie)) (faoy s Raey)-
Further, we set

U = U§Y U {cqo), El1oys a0y Ca0) s U§” = U U{eqo), €16y, €(19),€(10) -
From the list of inequalities in section 2, Case 11, we get
P= C>(V7C(16)) = C>(V7 6(16)) =

{a@,19),82,14), €214), E2,19), €2,19), €2,19), F219), b2y, B0, Lz, mezas )
' ) (3.27)
Pl =C.(V, 5%16)) =Cs(V, é%lﬁ)) =

{b2,14), b(2,14), €(2,14) €(2,14) €(2,14), €(2,14), B2,14), £(2,14), Ty2,14), P(2,14), D(2,14) }» (3-28)
Q= C>(‘77€%16)) = C>(‘7»€%16)) =

{a(2,14)7@(2,14)70(2,14)75(24,14%6(2114)75(2,14)7f(2,14)72<2114)7m(2,14)7p(2,14)7ﬁ(2,14)}7
) ) (3.29)
Q'= Cs(V,cusy) = O (V, o)) =

{b2,14), b(2,14): €(2,14): €(2,14): €(2,14), €(2,14), P2,14), (2,14) K(2,14), £(2,14), M2,14) }- (3.30)

The elements of the subgroup H = (z1, 29, 23, 24) of Aut{)’(Ug(4)) leave the cones P,
Pl Q, and Q' from the equalities (3.27) — (3.30) invariant, the elements of the coset
Huy, where uq = (a(2,14),b(2714))(z’z(2714),5(2,14))w0x0x1x2:p31'4, transpose the members
of the pairs of cones P, P! and Q, @', the elements of the coset Hw;, where w; =
WoToT1T2T32 420, transpose the members of the pairs of cones P, Q and P!, Q', and the
other automorphisms from the group Auty (Ué4)) do not permute these cones. Therefore
lemma 3.1, (iv), and corollary 3.2, (i), (ii), imply IUés)’Ué@ = H x{u1,w1), and in keeping
with lemma 3.6, (ii), we obtain

5
Auté’(Ué )) = (21, 22, 23, 24, U2, Wa),
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where uy = u1(c(16), (15 (16)7C(16) , wy = wy(csy, (16))(6(16 ¢(16)). Now, under the
terms of corollary 3.2, tfne restriction homomorphism oy® y® is surjective. Applying

lemma 3.6, (ii), once again we get
Autf(USY) = (21, 22, 23, 24, uz, w3),
where uz = uz(e(ls),é%ls))(e%16)7é(1s)), ws = wg(e(lﬁ),6%15))(é(116),é(16>), that is,
uz = (ag2,19), b2,14) ([@(2,14), b2.19)) (19, ey ) ((r6), €10))

(eqsy, égls))(egla) s €(16) ) WOTOT1T2T3T 4,

ws = (c(16y, C%lﬁ) ) ((_:%15), o)) (eqsy, 6%16) ) (é%lﬁ), €(16) ) WOTOT1 T2T3T420-

Finally, we set
7 6 _ 8 7 7 _
U§" = USY U {ko), paoy, Loy sy, U = U U {kfroys Blasys maoy, Gy s

U =ugPu {k1s): P(16)s €16y 1oy ) us'” =u” U {k@sy, Pasy mirey, Lasy },
0)

and we have U9 = Ts.c. The list of inequalities in section 2, Case 11, implies

C>(V7 k(16)) = C>(V7 E(lw)) =

{a(2,11), ¢(2,11), €(2,14), E(2,10), f(2,14)7]?(2,14)7k(2,14)7E(2,14):g(2,14)7m(2,14)7m(2,14)}7
i i (3.31)
C>(V7p(16)) = C>(V7]§%16)) =

{b(2,11), E2,19), €(2,10)5 E(2,14), P2,19), B2, 10y, L2,1), L 2,10y, M 2,10y, P(2,14), D214y )
. ) (3.32)
C>(V7€(16)) = C>(V7m(16)) =

{b2,19) €219 €(2,19): €(2,14) P19, Bz,10)s Ko, ka0, £z, Loy, mezsy, m(?glg);)
C>(‘77ﬁ]/%16>) = C>(V7Z%16)) =

{@(2,19); ¢(2,14), €(2,14), €(2,14) f(2.,14)7]F(2,14),€(2,14)7Z(2,14)7m(2,14),771(2,14)7P(2,14)7I3(2(,§4§ij
C>(V7 k(116)) = C>(V7 E(lﬁ)) =

{0(2,14)78(2,14)7f(2,14)7 f(2,14)7k(2,14)7k(2,14)7z(2,14)7m(2,14)7m(2,14),13(2,14)}, (3-35)
C>(V’P%16)) =Cs(V,pasy) =

{2211y, 8211y, P21y, M2y, K2,10): L2y, L2,10), M0y, P10y, Beany },  (3.36)
C>(V,€%16)) = C’>(f/7m(11c,)) =

{0(2,14)76(2,14)7h(2,14)»5(2,14),k(2,14)715(2,14),
2,18y, (2,14), T(2,14), M2,18), D(2,14) P21 } (3.37)
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C>(V7m(16)) = C>(V7Z(1G)) =

{C2.19), €219y, F2,9), Fl219), k2,19, K219y, £2,10), £(2,19), T 2,14), T 2,18y, D(2,14) (2,18 } -
(3.38)

The elements of the subgroup H = (z1, 23, 23, 24) of Autg(Ué&) leave the cones (3.31)
(3.38) invariant, the elements of the coset Hus transpose the cones of the members

of each chiral pair in Uéj)\Uéjfl), 7 =17,8,9,10, and the elements of the coset Hws do

not permute the cones of the elements of each difference Uéj ) \Uéj -, Thus, I ;i 6 =
9 Yo

(21, 22, 23, 24, uz). We apply lemma 3.6, (i), once and, in particular, using corollary 3.2,
(i), (ii),get that the homomorphisms Oy yli—1s j = 8,9,10 are surjective. Now, we
apply lemma 3.6, (i), three more times and finish the proof of (ix).
COROLLARY 3.39. The members of the chiral pairs

{fear), haan ), {fas), has}
can not be distinguished via substitution reactions among the elements of the set Tp,.q,

but can be distinguished via substitution reactions (among the elements of the whole
set Ts.c)-

ProOF: Consider the automorphism zy € Aut((Tp,,) that maps the members of each
one of these chiral pairs onto the members of the other. On the other hand, there is no
automorphism in the group Auty(Ts,c) with this property.

COROLLARY 3.40. The members of the chiral pairs in the following couples can not be
distinguished via substitution reactions:

{a(ls), b(lle)}, {a%ls), b(lﬁ)},

{&(16), E%IG)L {a%lﬁ)’ 5(16)}7

{fasy: hasy}, {fasy, hasy}s

{Flieys Plasy s {Fieys hisy}-
PrOOF: Consider the automorphisms z1, 22, 23, 24 € Auty(Te,c). We have 21(as)) =
b(lc), 22(&(16)) = b(p;), Zg(f(ls)) = h(ls), and Z4(f(116)) = h(llr,).
THEOREM 3.41. For D' = {(2%),(22,1%)} one has

Autg(TD/;G) =
((a2,12), b2z 12)), (fi22,12)s b2z 12))s (22 12), Mz 12))s (frasys has)) (Kaz 12), P2z 12)))-
ProOF: We have Auty(T(23),c) = ((fi23), R23))), the set T{g2 12y, consists of minimal
elements of T/, and Tpr. is a barrier of T(22 12y, in Tpr.q. We set
Ul(é) = T(23);G @] {6(22’12), 8(22712)}7
U® — Wtk

10 10 U k@2 12),p(22.12) }

S0 X
TD’;G = UI(O) U {0(22,12), b(22712), f(22’12)7 h(22712)7f(22,12),’I’n(22,12)}.

Lemma 3.3 yields Aut{ (Ul(é) ) = Auty(T(s),). Further, in compliance with lemma

3.4, (i), we obtain Aut{(Ug) = ((fi25): b)) (k(22.12), P22 12))), and, finally, lemma 3.5
implies the theorem.
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COROLLARY 3.42. The members of the chiral pairs
{2 12y, me2 12y}, {k22,12), D(22,12)}

can be distinguished via substitution reactions among the elements of the set Tp:,q.

PRrROOF: There is no automorphism from the group Autj(Tp ) that maps a member
of the first chiral pair to a member of the second one.

REMARK 3.43. We can also say that corollary 3.42 is true since both members of the
chiral pair {¢(22 12y, m(22,12)} can be obtained from one product of type (2%), whereas
the members of the chiral pair {k (22 12),p(22,12)} do not possess this property (each one
of them can be obtained from one product of type (22), but these products are different).

THEOREM 3.44. For D} = {(22,12),(2,1%)} one has
Autg(Tpyc) =

((ag,19)); b2,14)), (82,141, b2,14)), (a(22,12), b2z 12y)
(c(2,11), €2,10))(e(2,14), €(2,11) ) 20, WoZo),

where
wo = (f(22,12), h(22,12))(@(22«,12),T’l(22712))(k(22,12),P(22,12))(k(2,14)VP(2,14))

(5(2,14)7ﬁL(2,14))(E(2,14)713(2,14)})([?(2,14)7m(2,14))7
zo = (fiz,01), hi2,10) (f2,10), Bz,a)), and zo = (fiz,14), hiz,1)) (2,00, Az, 1))
PRrROOF: We have
AUtg(T(22.12);G) =
((aqaz,12), b2z 12)), (fi22,12), Rz 12))s (€22 12), M2z,12) ) (B22,12), P(2212)),
(€e22,12y, k(22,12)), (M(22,12), D(22,12))) = Co X Ca x Ay,

where A, is the group of order 8 consisting of all permutations of the elements of the G-
orbit {5(22,12),771(22,12),k(22712)7p(22112)}, which transform any chiral pair onto a chiral
pair. Moreover, the set T{s 14),¢ consists of minimal elements of T, and Tpy ¢ is a
barrier of T(z 14),¢ in TD’S;G~

The group Autj(T(22 12),) leaves the cones (3.9) and (3.10) invariant, so lemma 3.5 can
be applied and we obtain

Autg(U}))) =
((agaz,12), b(22,12))s (fra2,12)5 P2z 12))s (€22 12), M2z 12)) (K2 12y, P22 12y ),
(5(22,12)7 k(22,12))7 (’"L(22,12)7P(22,12))7 ((1(2,14)7 b(2,14))7 (5(2,14)75(2,14))%

where Uﬁ) is the union of the set T{92 12),¢ with the two chiral pairs {a(2’14>, 6(22712)}
and {(71(2114), b(2,14>}.
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Further, all generators of the group Autg(Ul(p) except w = (a(22,12), b(22,12)), leave the
cones (3.11) and (3.12) invariant, and w transposes them. Thus, for the set Ul(f) =
Ul(i) U {0(2,14)7 C(2,14)5 €(2,14) é(2,14)} lemma 3.4, (i), yields

Autf (U2 =
((fi22,12), h22,12)); (L(22,12), M22 12)) (22 12), D(22,12)),
(5(22,12)» k(zm?))» (m(22,12),P(22«,12))»
(ag2,14), b(2,19)), (@(2,14), b(2,14)), (A(22,12), b2z,12) ) (€(2,19), E2,14) ) (€(2,14), €(2,14)))-
Let us set
vy =uifu {k(2,10), P(2,19), 2,14y, T2,14) }-
We denote

H = {(a@,19)):b2.14)), (@(2,1), b(2,14)), (a(az,12), baz,12) ) (C(2,14): E(2,14)) (E(2, 1) €(2,14)) )

u = (.]0(22712)7 }L(22,12))(€(22712)7 m(22712))(k(22712),p(22712)).
The elements of H leave the cones (3.15) — (3.18) invariant, the elements of the coset Hu
transpose the cones (3.15), (3.16), and the cones (3.17), (3.18), and all other elements
of the group Aut{ (Ul(f)) do not induce a permutation of these four cones. Therefore, in

accord to lemma 3.1, (iv), and corollary 3.2, (i), (ii), we get I}, ;e = H x (u), and
11 °~11

then lemma 3.6, (i), implies
Autf(UR) =
((ag2,11)); b(2,11)), (5(2,14)75(2,14))7 (a22,12), bea2,12)) (2,14, C(2,11)) ((2,19)5 2,14 ),
(f(22,12)7 h(22,12))(€(22,12)77"/(22,12))(]6(22,12)71)(22,12))(16(2,14)7p(2,14))(€(2,14)7T77r(2,14))>~
We add the chiral pairs {15(2 14), D(2,14) }» {f(z 1), M(2,14y} to the set US and denote the
set thus obtained by Ul(;w . Since the cones of the elements of U1(4)\U coincide with
the cones of the elements of U(?’)\U11 , we apply again lemma 3.6, (i), and have
Autg(UfY) =
((a(219)), b2,14), (@(2,19), b2,19)) (a(22,12), b(22,12) ) (C(2,14), E2,19) ) (€(2,14)5 E(2,14) )
(fa2.12), haz 12)) (22 12y, M2z 12)) (K22 12y, P22 12)) (R(2,14), P(2,14))
(C2,13), M2,14)) (F2,14), D2,10) 1) (L2,19), My2,14)))-

Now, we add the chiral pairs {f(s14), h2,19)}, {21y, fo0)} to the set Ufy and
get TDéJ . We set P = C>(V f(2’14)) = C>(V h(2’14)) P! = C>(V h(g 14)) =
Cs(V, fraan) (see (3.13), (3.14)),

H = {(a(2,11), b)), (@(2,19), b)), (022 12), bz 12)) (€(2,19), E2,10) ) (e(2,19), E2,19)),

and let wy be the last generator of the group Aut((U; (4)). Then the elements of H
leave the cones P, P! invariant, and wo(P) = P!'. After corollary 3.2, (i), (ii), the
corresponding restriction homomorphism is surjective and then lemma 3.4, (ii), yields
the theorem.
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COROLLARY 3.45. The members of the chiral pairs in the following couples can be
distinguished via substitution reactions among the elements of the set Tp.:

{k2,10), P21} {211y, M1},
{]5(2,14),13(2,14)}7 {5(2,14),m(2.14)}~

PRrROOF: There is no automorphism from the group Aut{)’(TDé;G) that maps a member
of one of these chiral pairs to a member of the other.

REMARK 3.46. We can also argue that corollary 3.45 is true since the members of the
chiral pairs ~
{k@10:peants {kea1),Peint

can be obtained from three product of type (22,12), whereas the members of the chiral
pairs -
{219y, M@214) ) {219y, M2,19)}

can be obtained from four such products.
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