MATCH MATCH Commun. Math. Comput. Chem. 56 (2006) 189-194
Communications in Mathematical

and in Computer Chemistry ISSN 0340 - 6253

BOUNDS FOR THE SCHULTZ MOLECULAR
TOPOLOGICAL INDEX

Bo Zhou

Department of Mathematics, South China Normal University,
Guangzhou 510631, P. R. China
e-mail: zhoubo@scnu.edu.cn

(Received January 9, 2006)

Abstract

We present some lower and upper bounds for the Schultz molecular topological
index (MTI) in terms of the graph invariants such as the number of vertices, the
number of edges, minimum vertex degree, maximum vertex degree, and the Wiener
index.

INTRODUCTION

Let G be a connected simple graph with n vertices. The adjacency matrix A of
G is an n x n matrix (A;;) such that A;; = 1 if the vertices ¢ and j are adjacent and
0 otherwise. The distance matrix D of G is an n x n matrix (D;;) such that D;; is
just the distance between the vertices 7 and j. The degree v; of the vertex i is the
number of its first neighbors. The molecular topological index (MTI) of the graph G
introduced by Schultz [1] in 1989 is defined as

i

MTI = MTI(G) = Z [v(A + D)

i=1
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where v = (v1,vg,...,v,) is the 1 X n vector of the vertex degrees of G. Properties
of MTTI can be found in [2, 3, 4].
n
Setting D; = Y- D;;. It is easy to see that MTI can be written as [4]
j=1

MTI = MTI(G) =Y (v:)* + >_vD;.
i=1 i=1
Recall that the Wiener index of a connected graph G can be written as [5] W =
W(G) = 3 X D; and that the first Zagreb index of G is defined as [6, 7] My =
i=1

M (G) = Enj(vl)Q Thus
=1

MTI(G) = My(G) + 3. v,D; .
i=1

BOUNDS FOR MTI

Let G be a connected simple graph with n vertices, minimum vertex degree ¢ and

maximum vertex degree A. Klavzar and Gutman [4] noted that
8%+ 20W(G) < MTI(G) < A*n + 2AW(G)

with equality (on both sides) if and only if G is regular. From this they derived the

following simple bounds using the Wiener index:
20W(G) < MTI(G) < 4AW(G).

In addition, the equality on the right—hand side holds if and only if G is a complete
graph.
First we present a lower bound for MTI in terms of the number of vertices and

the number of edges.

Theorem 1. Let G be a connected simple graph with n vertices and m edges. Then
MTI(G) > 4(n—1)m

with equality if and only if the diameter of G is at most two.

Proof. Let n; be the number of vertices of degree k in the graph G for every
1<k<n-—1. Then

n—1 .
M= kKn.
k=1
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Since D; > v; + 2(n — v; — 1) = 2n — v; — 2 for any vertex i, it follows that

n n—1
ZviD,- > Z kng(2n — k — 2).
k=1

i=1 =
Hence » .
MTI(G) > Y Knp+ Y kni(2n—k —2).
k=1 k=1
n—1
Note that Y~ knj, = 2m. We have
k=1
n—1
MTI(G) > (2n—2) Y kn =4(n—1)m.
k=1

From the arguments above, MTI(G) = 4(n — 1)m if and only if D; = v; + 2(n —
v; — 1) for every vertex i, i.e., the diameter of G is at most two. O
Corollary 2. Let G be a connected simple graph with n vertices. Then
MTI(G) > 4(n —1)?
with equality if and only if G is a star.
Corollary 3. Let G be a connected simple graph with n vertices.
(1) If G is a unicyclic graph, then
MTI(G) > 4n(n —1)

with equality if and only if G is a quadrangle, a pentagon or a graph formed by
attaching n — 3 pendent edges to a vertex of a triangle.

(2) If G is a bicyclic graph, then
MTI(G) > 4(n—1)(n+1)

with equality if and only if G is one of the graphs in Figure 1.

Figure 1. Bicyclic graphs of diameter 2.
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The following result concerns the MTI of a graph and its complement.

Corollary 4. Let G be a simple graph with n > 4 vertices, and G its complement. If
both G and G are connected, then

MTI(G) + MTI(G) > 4(n — 1) (Z)

with equality if and only if the diameters of G and G are both two.

Proof. By the connectedness of G and G, the diameters of G and G are both at least
two. Let m and 7 be the number of edges of G and G, respectively.
By Theorem 1,
MTI(G) > 4(n—1)m

with equality if and only the diameter of G is two. Similarly,
MTI(G) > 4(n — 1)m

with equality if and only if the diameter of G is two.
It follows that

MTI(G) + MTI(G) > 4(n — 1)(m +m) = 4(n — 1) (Z)

with equality if and only if the diameters of G and G are both two. O

For any positive integer n > 5, let G be the graph formed by replacing a fixed
vertex, say u of a pentagon by n — 4 isolated vertices (and joining them to the two
neighbors of u). Then the diameters of G and G are both two. Corollary 4 echoes
the following result in [8, 9]: W(G) + W(G) > 3(;) and this bound is best possible
for all n > 5.

Now we consider upper bounds for MTI.

Theorem 5. Let G be a connected simple graph with n vertices, m edges and diameter
D. Then
MTI(G) <2D(n—1)m — (D — 2)M,(G)

with equality if and only if the diameter of G is at most two.

Proof. Since D; < v; + D(n — v; — 1) for any vertex 1, it follows that

MTI(G) < My(G) + Xn:vi [vi+D(n—v;—1)] =2D(n —1)m — (D — 2)Mi(G) .

i=1
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From the arguments above, MTI(G) = 2D(n — 1)m — (D — 2)M;(G) if and only
if D; =v; + D(n —v; — 1) for every vertex 1, i.e., the diameter of G is at most two.
]

Theorem 6. Let G be a connected simple graph with n vertices and m edges, mini-

mum vertex degree § and mazimum vertex degree A. Then
MTI(G) <2m(d + A) — ndA + 2AW(G)

with equality if and only if G is regular.
Proof. From [10] or [11],
M, <2m(d 4+ A) —ndA
with equality if and only if G has only two types of degrees 6 and A. Note also that
Z’uiDi < 2AW(G)
i=1
with equality if and only if G is A-regular.
By combining the upper bounds for M; and Y- v;D;, the result follows. O
i=1
Theorem 7. Let G be a connected simple graph with n vertices and m edges. Then
2m
MTI(G) <m <71 +n— 2> +2(n — 1)W(G)
n—
with equality if and only if G is a complete graph.

Proof. From [12]

with equality if and only if G is either a star or a complete graph.
Note also that "

i=1
with equality if and only if G is a complete graph.
By the definition of MTI, the result holds. O

Acknowledgement. This work was supported by the Guangdong Provincial Natural
Science Foundation of China (no.05005928).



-194 -

References

[1] H. P. Schultz, Topological organic chemistry. 1. Graph theory and topological
indices of alkanes, J. Chem. Inf. Comput. Sci. 29 (1989) 227-228.

[2] D. J. Klein, Z. Mihali¢, D. Plavsi¢, N. Trinajstié¢, Molecular topological index:
A relation with Wiener index, J. Chem. Inf. Comput. Sci. 32 (1992) 304-305.

[3] I. Gutman, Selected properties of Schultz molecular topological index, J. Chem.
Inf. Comput. Sci. 34 (1994) 1087-1089.

[4] S. Klavzar, I. Gutman, A comparison of the Schultz molecular topological index
with the Wiener index, J. Chem. Inf. Comput. Sci. 36 (1996) 1001-1003.

[5] I. Gutman, O. E. Polansky, Mathematical Concepts in Organic Chemistry,
Springer—Verlag, Berlin, 1986.

[6] I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total 7-electron
energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

[7] 1. Gutman, B. Rusci¢, N. Trinajsti¢, C. F. Wilcox, Graph theory and molecular
orbitals. XII. Acyclic polyenes, J. Chem. Phys. 62 (1975) 3399-3405.

[8] R. C. Entringer, D. E. Jackson, D. A. Snyder, Distance in graphs, Czechoslovak
Math. J. 26 (1976) 283-296.

[9] L. Zhang, B. Wu, The Nordhaus-Gaddum-type inequalities for some chemical
indices, MATCH Commun. Math. Comput. Chem. 54 (2005) 189-194.

[10] B. Zhou, I. Gutman, Further properties of Zagreb indices, MATCH Commun.
Math. Comput. Chem. 54 (2005) 233-239.

[11] K. C. Das, Maximizing the sum of the squares of the degrees of a graph, Discrete
Math. 285 (2004) 57-66.

[12] J. S. Li, Y. L. Pang, de Caen’s inequality and bounds on the largest Laplacian
eigenvalue of a graph, Linear Algebra Appl. 328 (2001) 253-160.



