MATCH MATCH Commun. Math. Comput. Chem. 56 (2006) 179-188
Communications in Mathematical

and in Computer Chemistry ISSN 0340 - 6253

MODIFIED WIENER INDICES OF TREES

Bing Zhang and Bo Zhou*

Department of Mathematics, South China Normal University,
Guangzhou 510631, P. R. China

(Received October 11, 2005)

Abstract

For each tree T and each real number A, A # 0, the A-modified Wiener index is
defined as "W(T) = ¥ [nrale) - nra(e)]t, where npi(e) and nga(e) denote the
B(T)

ec
number of vertices of T" lying on the two sides of the edge e . It provides a novel class of

structure—descriptors which are suitable for modeling branching—dependent properties
of organic compounds. Let 7,, be the class of trees with n vertices, p of which are
pendent vertices. In this paper, for each A\ # 0 and each p with 3 < p <n —2, we
determine the trees in 7, , with maximal and minimal A-modified Wiener indices.

INTRODUCTION

The Wiener index (W) is one of the oldest and most useful molecular—graph—based
structure-descriptors [1-3]. It is the sum of distances between all unordered pairs of

vertices in the graph. Let T be a tree with vertex set V(T') and edge set E(T). For
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any e € E(T), nri(e) and nra(e) denote the number of vertices of T lying on the
two sides of the edge e. For a long time it has been known [1, 3] that
W)= > nri(e) nrale).
e€B(T)
For more mathematical properties of the Wiener index of trees, see the review [4].
Recently, Gutman et al. [5] put forward the A\-modified Wiener index "W y, defined
as

"WAT) = Y [nrale) - nra(e)]! (1)

e€E(T)
where A is a nonzero real number that may assume different values.

Obviously, for A = 1 and A = —1, the A-modified Wiener index "W reduces to
the ordinary Wiener index W and the “modified Wiener index” ™ studied in [6, 7],
respectively.

The right-hand side of eq. (1) may be understood as a sum of increments, each
associated with an edge. The contribution of the edge e, denoted by "W (e, T), is
clearly equal to [ng(€) - nra(e)]*.

It is known [5] that for all nonzero real numbers A, the A-modified Wiener indices
satisfy the basic requirement of being a branching index: For a tree T on n vertices,

different from the n-vertex path P, and the n-vertex star S,,

WA (Py) > "WA(T) > "™W(S,) if A>0
"V A(Py) < "WA(T) < ™V(S,) if A<0.

Thus ™Wy provides a class of structure—descriptors which are suitable for modeling
branching-dependent properties of organic compounds [5]. Vukicevié¢ [8] and Gorse
and Zerovnik [9] showed that for arbitrary different A, Ao, there are trees (chemical
trees if A;, A2 > 0) with the same number of vertices that are differently ordered by
the indices "W, and "Wy, . Vukicevi¢ and Gutman [10] deduced some conditions
under which two trees are ordered the same by "W, for all positive or all negative
values of A. Some chemical properties of "W were established by Gutman et al. [11]
and Luci¢ et al. [12].

Let 7,,, be the class of trees with n vertices, p of which are pendent vertices, where
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2<p<n-—1. Obviously, if " € 7,o then T'= P,, and if ' € 7,,,,_; then T'= 5, .
So we can assume in the rest that 3 <p<n —2.

In this paper, for each A # 0 and each p with 3 < p < n — 2, we identify the trees
in 7,,, with maximal and minimal A-modified Wiener indices. It is also shown that
these trees are unique and they depend only on the signs of A and not on the actual
values of A. Our arguments also lead to a similar result for variable Wiener indices

introduced in [13].

RESULTS

Let T be a tree. For x € V(T), dr(x) (or d(x)) denotes the degree of x. Let
Vi(T) = {x € V(T)|d(z) > 3}. There are d(x) components in T'— z, each containing
a vertex that is adjacent to vertex = in 7'. These components are called the branches
of T at x.

For z,y € V(T), dr(x,y) (or d(z,y)) denotes the distance between z and y in
T, Pr(xz,y) (or P(z,y)) denotes the unique path in T joining z to y, C.(P,T) (or
C.(P)) denotes the component containing x in the forest formed by removing the
edge incident with « in the path P(x,y). For P = P(xz,y), let n,(P,T) (or n,(P))
be the number of vertices C,.(P,T).

It is easy to see that the function f(¢) = [t(n —¢)]* is increasing if A > 0 and
decreasing if A < 0 for 1 <t < % We will use this fact frequently in our proof.

For positive integers pand n with3 <p <n-—1,let k = L%J andr =n—1—kp.
Let F),, denote the tree formed by joining a vertex c to one end vertex of each of
p paths, p — r of which have k vertices and r of which have k + 1 vertices. Clearly

Fn,p € Z’hp .

Lemma 1. Let T € T,, with [Vi(T)| > 2. Then there is a tree T* € T, , with
[Vi(T*)| = 1 such that "Wx(T*) < ™W(T) if X > 0 and "W(T*) > "W(T) if
A<0.

Proof. Let z,y € Vi(T) so that d(z,y) is as small as possible and P = P(z,y). If
d(z,y) > 1, then vertices on P except z and y all have degree two. Let n, = n,(P)

and n, = n,(P). Assume that n, <n,. Then n, < %.
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Let z denote the vertex joined to y in the path P so that z = z if d(x,y) = 1,
and let w be one of the other vertices joined to y. Let n, be the number of vertices
separated from y by the edge yw . Let T" denote the tree formed from T by removing
edge yw and replacing it with an edge zw joining vertices z and w. Note that
T" € T,,. It is easy to see that

TWAT) ="WAT) = "Wilzy, T') = "Wa(zy,T) @

= [(ny —nw)(n — (ny — nw))]/\ = [ny(n — ny)])\ :

Suppose that A > 0. Since n, —n, < n, < § and f(t) = [t(n—1)]" is an
increasing function for 1 <¢ < %, we have from (2) that "W (T") < "W (T).
Similarly, if A < 0, then ™W(T") > "W ,(T).

Iterating the transformation from 7' to T” yields the tree T* as required. O

Lemma 2. LetT € T, ), with Vi(T) = {c} and T # F,,,. Then "W \(T) > "W (F,,)
if A >0 and "WA(T) < "W(F,,) if A< 0.

Proof. Since T has p pendent vertices, the degree of ¢ is p and the remaining n—1—p
vertices all have degree two. Since T' # F,, ,, there are two branches, say B, and B,
of T at ¢ with By = P,, By = P, such that b > a+2 and a > 1. Let u (resp. v)
be the pendent vertices of 7" in the branches By (resp. Bs). Let uy (resp. v1) be the
neighbors of ¢ in By (resp. Bs). Let T” denote the tree formed from T by removing the
edge incident with v and adding an edge uv joining v to u. Since d(¢,v) =b >3 > 1,

we have T" € 7, ,,. Clearly, a+b+1 < n and

MY AT = "W A(T) "W s (cuy, T") — "W \(cv1, T)

(a+1)(n—a—1D=[b(n—b*.

Since a+1 < min{b,n—b} < §, we have "W(T") < "™W(T) if A > 0 and "W (T") >
Y A(T) i A < 0.

Tterating the transformation from T to T” yields the tree T* as required. O
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Theorem 3. Let T € T, ), and T # F, ,,, where 3 <p <n—2. Then

MYAT) > "W a(Foy) if A>0

"V AT) < ™Wi(F,p,) if A<0

Proof. Since p > 3, we have |Vi(T)| > 1. If |Vi(T)| > 2, we have by Lemmas 1 and
2 that there is a tree T* € 7y, , with |V3(T*)| = 1 such that "W (F,,,) < ™W\(T*) <

"MV A(T) if A > 0 and "W \(F,,) > "W(T*) > "W (T) if A < 0. So suppose that
[Vi(T)| = 1. Since T # F,,, the result follows from Lemma 2. O

In the proof of Theorem 3, we use the techniques from [14], where the total distance
was studied.

For integer 7 with 1 < r < |8], let Dy, be the tree formed by attaching r and
p — r pendent edges to the two end vertices of a path P,_,. Clearly, D, ,, € 7, .

We call D, ,, a generalized double star. Let S, ), = Dn,p,L%J .

Lemma 4. Let T € T,, with [Vi(T)| > 3. Then there is a tree T* € T, , with
\Vi(T*)| = 2 such that ™W \(T*) > "W(T) of X > 0 and "Wx(T*) < "W(T) if
A<0.

Proof. Let z,y € Vi(T) such that d(z,y) is as large as possible. Let P = P(x,y)
with n, = n,(P) and n, = n,(P).

Choose w, z € V4(T) in the path P such that both d(z,w) and d(z, y) are as small
as possible.

Obviously, min{n, + d(z,w),n, + d(z,y)} < 5. Assume that n, + d(z,y) <
Ny 4 d(z,w) and then ny, +d(z,y) < §.

Let d(z,y) = r and let z = zg, 21, ..., 2 = y be the path from z to y. Let n, be
the total number of vertices of the branches at z except the two branches containing
a vertex in the path P.

Let uy, ug, . . ., Ugy(z)—2 be the neighbors of z outside P in T. Let 7" be the tree
obtained from 7' by removing edge zu; and replacing it with an edge yu; for all

i=1,2,...dr(z)—2.
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It is easy to see that

mVV)\(T,) - "LW/\(T) = Z ["”W)\(zi_lzi, T/) - mW)\(Zi_l,ZZ‘, T)}

i=1

with
MY\ (212, T') = [(r—i+ny +nl) (n — (r — i +ny +n.))]
WA(zia2, T) = [(r—i+ny) (n— (r—i+ny))]*.
Fori=1,2,...,r, since
n—(r—i+ny+n.)—(r—i+ny)

= n—2r—2n,—n,+2i

= (n—r—mny) = (r+ny+nl)+2i

> d(z,w)+ng +nl, — (r+n,+n)+2

= d(z,w)+n; — (r+mny,) +2i>0,
we have r —i+n, <n—(r—i+mny,+n.). Sofori=1,2,...,r, we have r —i+n, <

min{r —i+ny +nj,n— (r —i+n, +n,)} <5, which implies that "Wy (z;_12;,T") >
"Wi(zic12z, T) if A > 0 and "Wy (2212, T') < "Wa(zi—12:,T) if A < 0. Hence we
have "W A(T") > "W (T) if A > 0 and "Wy (T") < "W\(T) if A< 0. O

Lemma 5. Let T € T,,,, with Vi(T) = {z,y}. Let P = Pp(x,y) with n, = n,(P) <
5. If Cy(P) is not a star, then there is a tree T* € T,, with V(T*) = V(T),
Vi(T*)| = {z,y*} and P* = Pp«(x,y*) such that ny(P*,T*) = ny(P,T), Cy-(P*,T")

is a star, "W(T*) > "™W(T) if X >0 and "W \(T*) <"™W(T) if A\ < 0.

Proof. Since C,(P) is not a star, it has a branch B at y, which is a path P, with s > 2.
Let v be the vertex in B that is adjacent to y in T'. Denote by uy, ug, . . . , Uay(y)—2 all
other neighbors of y outside P. Let T" be the tree obtained from T' by removing edge
yu; and replacing it with an edge vu; for all i = 1,2,...,dr(y) — 2. It is easy to see
that

TWATT) = TWAT) = "Wy, T') = "Wa(yv, T)

[y = D)(n =y + DI = [s(n — )]
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Since 5 < ny, —1 < §, we have "W (T") > "Wx(T) > 0if A > 0 and "W(T") <

"WAT)>0ifA<0. O

Lemma 6. Let T € Ty, with Vi(T) = {z,y}. Let P = Pr(z,y) with n, = ny(P) >
5. If Co(P,T) is not a star and C, (P, T) is a star, then either there is a tree T € Ty,
with V(T*) = V(T), Vi(T*) = Vi(T) and Pr-(z,y) = P such that n,(P,T*) < 3,
Cy(P,T*) has exactly one branch with at least two vertices and Cy(P,T*) is a star, or
T* = Dyypy . In either case, "W \(T*) > "™WA(T) if X > 0 and "W(T*) < ™W(T)

ifA<0.

Proof. There are two cases.

Case 1. There are two branches, say By and B, of C,(P,T) at z with B, = P,
By = P,,, and sy > s; > 2. Let u (resp. v) be the pendent vertex of T'in B; (resp.
By). Let T" be the tree obtained from T by removing the edge incident with u and
adding an edge vu . By similar argument as in Lemma 2, we have "W (T") > ™W (T
if A >0 and "W (T") < ™WV\(T)if A < 0.

Case 2. There is exactly one branch, say Ps of C,,(P,T) at = with s > 2. Label the
vertices of P as x = zg,21,...,2, =y . For a pendent edge zu of T, let T be the tree
obtained from T' by removing edge zu and replacing it with an edge yu . It is easy to

see that

TMYANT) = "WAT) = "Wa(z021, T') — "Wia(zr-12,T)

[(ny —1)(n —ng, + 1)]A
—[(a+r—=1D(n—ng—r+1)*.

Subcase 2.1. n, > ”T“ We have n, > §+1and then n—n,—r+1<n-n,+1< 3.

Thus we have "W \(T") > "W \(T) if A > 0 and "W (T") < ™W(T) if A < 0.

andr > 1. Thenwehavenfnzfr+1:”7“fr<"—1:

Subcase 2.2. n, = 2L =

- 2
n, — 1 and so "W \(T") > "W (T) if A > 0 and "W \(T") < ™W(T) if A < 0.

Subcase 2.3. n, = ”T“ and r = 1. Then we have n —n, —r+1 = ”;1 =n,—1

and so "W \(T") = "W \(T) .

Iterating the transformations from 7" to 7" in Cases 1 and 2 yields the tree T as

required. O
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Lemma 7. Let T = D,,,, withr < L%J Then ™W(Sup) > "WaA(T) if A > 0 and
TV A (Snp) < ™WA(T) if A< 0.

Proof. Since r < |§], it is easy to see that
"WA(Dppri1) = "WA(Drpy) = [(n —p+7)(p — T)])\ [+ —r— 1)])\ :

Since 7+ 1 < min{n —p+7r,p— 7} < %, we have "Wx(Dypri1) > "Wi(Dyp,r) if
A >0 and "W(Dyprt1) < "™Wr(Dyppyr) if A < 0. Tterating the procedure, we prove

the lemma. O

Theorem 8. Let T € T,, and T # S,,,, where 3 <p <n—2. Then

MVA(T) < ™Ws(Snp)  if A>0

Y AT) > "W (Sp) i A<O.

Proof. If |Vi(T)| = 1 and T # D, 1, then from the proof of Lemma 2 we have
"W A(Dnp1) > "WA(T) for A > 0 and "W (D, p1) < "WA(T) for A < 0.

If [Vi(T)| > 3, then by Lemma 4, there is a tree T* € T, , with [Vi(T*)| = 2
such that ™W,(T*) > "W (T) for A > 0 and "W (T*) < "W(T) for A < 0. So
suppose that |Vi(T)| = 2. Let Vi(T) = {z,y} and P = Pr(x,y), n, = n,(P,T) and
ny =ny(P,T).

Suppose that T is not a generalized double star. There are two cases.

Case 1. ng,n, < By Lemma 5, there is a generalized double star D € 7, ,

2,
satisfying "W (D) > "W (T) if A > 0 and "W (D) < "W (T) if A < 0.

Case 2. max{n,,n,} > 3, say, n, > 5. Then n, < §. If C;(P,T) is not a star, we
have by Lemma 5 that there is a tree 7" € T, ,, with V/(T") = V/(T), [Vi(T")| = {=,y'}
and P’ = Pp(z,y') such that n,(P',T') = n,, Cy(P,T') is a star, "W, (T") >
MY A(T) if A > 0 and "W (T') < ™WA(T) if A < 0. If Co(P',T") is not a star,
we have by Lemma 6 that either there is a tree 7 € 7,, with V(T") = V(1"),
Vi(T") = Vi(T"), Pps(x,y') = P’ such that n,(P',T") < %, Cp(P',T") has exactly
one branch with at least two vertices and C,(P’,T") is a star, or T is the generalized

double star D,, 1, satisfying "W (T") > "W (T") if X > 0 and "W (T") < "WA\(T")
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if A < 0 in either case. Now using Lemma 5 again if T” # D, 1, there is a generalized
double star D' € T, , satisfying "W,(D') > "W(T") > ™W,(T) if A > 0 and
TWA(D) < ™WA(T") < "WA(T) if A < 0. Thus for D = D’ or D,,,, we have
"V A(D) >"WA(T) if A >0 and "W (D) < "W, (T) if A <0.

Combining Cases 1 and 2 and using Lemma 7, the result follows. O

By Theorems 3 and 8, we obtain the main result of this paper:
Theorem 9. Let T € T,, and T # F, p, Spp, where 3 <p <n—2. Then
mW/\(F,L"p) < mWA(T) < mW)\(Sn,p) Zf A>0

mW)\(Sn_,p) < mW)\(T) < mW/)\(Fn,p) Lf A<O0.

By Theorem 9, the trees in 7, , with the smallest and the largest A-modified
Wiener indices are determined for any nonzero real A. The A-modified Wiener indices

of the extremal trees are given by

"W(Fnp) = pz [i(n =) + (n = 1= pk) [(k + )(n — k= )}

where k = |21,
P

We point out that the notation in [10] can be used in proof of all our lemmas and
theorems.

Vukicevié and Zerovnik [13] initiated the study of the variable Wiener indices,
defined as

1
,\W(T) = — Z [‘V(T)P — TLTvl(C))\ — TlT,Q(C)A] .

ecE(T)
Let T € 7, p and T # F, p, Spp, where 3 < p < n—2. Using the fact that the function

g(t) = t* + (n — t)* is decreasing if A > 1 and increasing if A < 1 for 1 < ¢ < 2 and
similar arguments as above, we can obtain the following similar result for variable
Wiener indices \W:

W (Fnp) < W(T) < W(Syp) if A>1

)\W(Snjp) < )\W(T) < /\W(Fnﬁp) if A<1.
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