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Abstract

Permanental polynomials are computed for all fullerenes C≤50(that includes 812 isomers). Prop-

erties of their coefficients and zeroes are investigated statistically using the data obtained. New

properties are found, and exceptions are also discovered comparing with the results by Cash through

the data of C≤36 (that includes 35 isomers). More linear patterns of zero clusters can be identified

as some smaller fullerenes are ignored.

1 Introduction

Permanental polynomial is one of the graph polynomials in chemical graph. However, it is hard to be

computed. Partly due to the hardness, the literatures on permanental polynomial are far less than that on

matching and characteristic polynomials. Also for this reason, permanental polynomials are studied only

for smaller fullerenes before [1,2]. Recently however, more attention has been paid to this problem [3–7].

Cash [1] investigated the mathematical properties of the coefficients and zeroes of permanental poly-

nomials of fullerenes. Restricted by the computational ability at that time, Cash only computed all

fullerenes in C≤36, that includes merely 35 different isomers. A more efficient algorithm on permanental

polynomial was developed recently [8]. The new algorithm can compute the permanental polynomial of

C56 fullerene on a Pentium PC. All 812 isomers of fullerenes in C≤50 are computed with the novel method
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in this paper. The mathematical properties of the coefficients and zeroes of permanental polynomials of

fullerenes are investigated using those more abundant data, and more reliable and quantitative results

are achieved.

The plan of this paper is the following. Computational methods are introduced briefly in section

2. The properties of the coefficients of permanental polynomials of fullerenes are discussed in section 3.

Then the statistical properties of the zeroes of the permanental polynomials are investigated in section

4. Finally some conclusions and discussion are given in section 5.

2 Computational Methods

The permanental polynomial of a chemical graph G is given by

Pn(G, x) = per(xI −A), (1)

where A is the adjacency matrix of the chemical graph G with n vertices, I is the identity matrix of order

n and per stands for permanent. The permanent of an n× n matrix A = [aij ] is defined as

per(A) =
∑

σ∈Λn

n∏

i=1

aiσ(i), (2)

where Λn denotes the set of all possible permutations of {1, 2, ..., n}. The definition of permanent is similar

to that of determinant. If the per in (1) is replaced by the determinant, one obtains the characteristic

polynomial of chemical graphs. The characteristic polynomial has been studied intensively [9, 10] not

only for its noteworthy quantum-chemical implications but also for the existence of efficient algorithms,

such as Gauss elimination for computing determinant, and QR method for calculating eigenvalues of

matrices. However, computing the permanent, even restricted in (0,1) matrix, is a #P -complete problem

in counting [11], which is no easier than an NP -complete problem in combinatorial optimization.

It is possible to speed up the computation for matrices with special structures (such as 0,1 or/and

sparse), that arise commonly in applications. A hybrid algorithm proposed recently [12,13] is efficient for

sparse problems, especially for fullerene-type structures. The coefficients of permanental polynomial can

be calculated rapidly and accurately by adapting the hybrid algorithm with Fast Fourier Transformation

(FFT) [8]. Computations are done with a Linux system using 32-bit Intel Pentium III CPU (1266 MHz)

and 512 MB RAM. Fortran 90 and Matlab are used as programming language.
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3 Results on Coefficients

Expand the permanental polynomial of a fullerene as

pn(x) = per(xI −A) = a0x
n + a1x

n−1 + · · ·+ an−2x
2 + an−1x + an.

It is easy to prove that ai = 0 for i = 1, 3, ai < 0 for all other odd index i and ai > 0 for all even index i.

3.1 Coefficients of fullerenes C20−36

The following are the main results addressed by Cash [2] from the data of all fullerenes in Cn≤36. This

set of fullerenes contains 35 isomers.

Property 3.1. The largest positive coefficient of the permanental polynomial, amax, is closely related

to n, the size of fullerenes. The logarithm of the average values of amax fit the following function well

Y = 0.58056n− 0.84093, r = 0.999985, 1 (3)

for fullerenes in Cn≤36.

As n grows large, Cn contains more isomers. There are some variations within a set of isomers for

n fixed. For example the largest amax for C36 fullerenes is 536053704, and the smallest is 5210539312,

which differ by < 3% from each other. The gaps seem small for C≤36. For larger fullerene up to C50, we

investigate the gap quantitatively in the next subsection.

Property 3.2. For fixed n, the maximum coefficient amax is always associated with the same power of

x in the permanental polynomials.

By looking at the data for C≤36, Cash found no compelling reason for believing that this should be

strictly true for all systems [2]. However no exception was discovered for C≤36. Here in section 3.2, an

example in C50 shows that Property 3.2 is not true.

3.2 Coefficients of fullerenes C20−50

All fullerenes in Cn≤50 are investigated here. This set of fullerenes contains 812 isomers. Define the

relative difference of largest and smallest ln(amax) as

Rd =
ln(amax)max − ln(amax)min

ln(amax)max
.

1The equation givem by Cash [2] was Y = 0.5808n− 0.8478, r = 0.999985.
2The value reported in Cash [2] was 521053930.
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For Cn(n ≤ 50) fullerene, the relative differences are shown in Table 1. The table excludes the cases of

n = 20, 24, 26 because C20, C24 and C26 have only one isomer each.

Table 1 : the mathematical properties of ln(amax) for

fullerenes with 28 ≤ n ≤ 50

n 28 30 32 34 36 38

number of isomers 2 3 6 6 15 17

the relative difference Rd 0.048% 0.091% 0.089% 0.061 % 0.141 % 0.165%

the standard deviation 0.0052 0.0077 0.0062 0.0038 0.0075 0.0085

n 40 42 44 46 48 50

number of isomers 40 45 89 116 199 271

the relative difference Rd 0.239% 0.134% 0.225% 0.157 % 0.239 % 0.321%

the standard deviation 0.0101 0.0066 0.0104 0.0073 0.0092 0.0097

As shown in Figure 1, the average values of ln(amax) fit the following function very well

Y = 0.58463n− 0.95473, r = 0.999991. (4)

which indicates that Property 3.1 is still true up to n = 50.
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Y=0.58463n − 0.95473

Figure 1: the fitting line of the average of ln(amax)

Look at the values of the coefficients of the permanental polynomials. It is still true that amax’s in

an isomer set Cn are very close, as that discovered for smaller fullerenes in [2]. For example, the largest

amax for C50 is 210347298799, and the smallest is 192054731128, which differ by < 9% from each other.
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Now consider the logarithm of the average values of amax, instead of the average of logarithm above. The

linear regression equation is given by

Y = 0.58463n− 0.95477, r = 0.999991, (5)

which is actually similar to equations (3) and (4). This further shows the closeness of amax’s in an isomer

set Cn.

Property 3.2 holds for all 541 fullerenes in C≤48. The maximum coefficient is always associated with

the same power of x. Let a0, a1, · · · , an be the coefficients of the permanental polynomial of a fullerene in

Cn (n ≤ 48). Then ai strictly increase from i = 0 to i = ln and then decrease strictly through i = ln + 1

to i = n when i’s are even; and ai strictly decrease from i = 3 to i = sn and then strictly increase through

to i = n− 1 when i’s are odd. The ln and sn are constant with n and |asn
| < |aln | when n ≤ 48. Values

of ln and sn are listed in Table 2.

Table 2 : Locations of the largest and smallest coefficients for C≤48

n 20 24 26 28 30 32 34 36 38 40 42 44 46 48

ln 14 16 18 18 20 22 22 24 26 26 28 30 30 32

sn 15 17 19 19 21 23 23 25 27 27 29 31 31 33

However, Property 3.2 is broken as n = 50. Among 271 isomers of C50, there are two exceptions (with

symmetry D3h and D5h) for the positive coefficients whose largest coefficients are a34, while all other’s

largest coefficients are a32. And there are seven exceptions (with symmetry C2(2), Cs(3), D3 and D5h)

for negative coefficients whose smallest coefficients are a33, while all other’s smallest coefficients are a35.

Their coefficients of permanental polynomial still show one positive peak and one negative valley for all

fullerenes in C50.

A labile fullerene C50(D5h) is captured recently [14]. The largest coefficient of its permanental poly-

nomial is a32, which is the common location. It is, however, noticeable that its largest coefficient achieves

the minimum among all 271 fullerenes in C50. Meanwhile, the sum of all coefficients’ absolute values of

that captured C50 also achieves the minimum among all 271 fullerenes in C50. So the largest coefficient

of permanental polynomial and the sum of all coefficients’ absolute values may be associated with some

chemical properties of fullerenes. Other small fullerenes, such as C54 and C56, may also be interesting [14].

Hence our results about coefficients of permanental polynomial may provide a helpful reference for further

experiments.
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4 Results on Zeroes

Thinking of the importance of the zeroes of the characteristic polynomials, it is natural to investigate the

zeroes of the permanental polynomials. Many software programs can compute zeroes of the polynomials

efficiently, such as MATLAB and MATHEMATICA.

4.1 Zeroes of fullerenes C20−36

Consider all isomers in Cn, where n is fixed. Note that n is always even for fullerenes. Zeroes of charac-

teristic polynomials are all different, and zeroes of matching polynomials are nearly identical [10]. The

permanental polynomial provides a situation intermediate between characteristic and matching polynomi-

als, hence seems more interesting. The main results addressed by Cash in [2] on zeroes of the permanental

polynomials of fullerenes are the following.

Property 4.1. There are n/2 independent zeroes for each permanental polynomial. Ten of them are

nearly a constant for all isomers in Cn with fixed n, while the remaining n/2 − 10 zeroes vary with

structure.

The ten clustered zeroes that seem to characterize any given isomer sets also vary in a systematic way

with molecular size n.

Property 4.2. The average values of three clusters among the ten are nearly straight lines for each

isomer sets Cn as n varies. In all three cases, the order of points on the line is monotonic to the carbon

numbers n.

Note that C20, C24 and C26 contain only one fullerene, and hence their ”averages” are simply single

points, and C22 does not exist. In order to study the property 4.1, we should cluster all zeroes associated

with different isomers. For example, fullerenes in C50 have 271 different isomers and the permanental

polynomial of every isomer has 25 independent zeroes. We wish to cluster all 271 × 25 zeroes into

25 groups and each group contains precisely 271 zeroes. In one group, each zero belongs to different

isomer. With the rapid increase of data, it is surely not enough to make this classification by eyes. A

quantitative method is essential. We develop an algorithm based on the classical algorithm for stable

marriage problem [15]. Using the new algorithm, the nearly constant zeroes across an isomer series can

be identified quantitatively. Hence the property 4.2 can also be investigated deeply.
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4.2 Zeroes of fullerenes C20−50

Since the degree of the polynomial for fullerenes in Cn is n, there are n/2 pairs of zeroes for each fullerene.

Our computational results show that all zeroes of permanental polynomials of fullerenes in C20−50 are all

complex with nonzero real and imaginary parts.

Table 3 : The standard deviations of zero clusters of isomer sets in C28−50

No. C28 C30 C32 C34 C36 C38 C40 C42 C44 C46 C48 C50

1 0.002 0.005 0.002 0.002 0.003 0.003 0.004 0.002 0.004 0.003 0.003 0.004

2 0.005 0.008 0.007 0.004 0.005 0.006 0.006 0.005 0.007 0.005 0.006 0.006

3 0.017 0.020 0.015 0.011 0.018 0.017 0.019 0.010 0.013 0.009 0.011 0.011

4 0.017 0.023 0.020 0.014 0.012 0.018 0.020 0.013 0.018 0.013 0.013 0.012

5 0.024 0.024 0.022 0.017 0.020 0.021 0.021 0.014 0.018 0.014 0.014 0.015

6 0.027 0.025 0.022 0.017 0.021 0.023 0.021 0.014 0.019 0.015 0.016 0.016

7 0.042 0.035 0.025 0.020 0.022 0.024 0.022 0.015 0.022 0.016 0.016 0.017

8 0.051 0.039 0.028 0.022 0.024 0.025 0.023 0.016 0.023 0.016 0.017 0.017

9 0.055 0.047 0.043 0.027 0.032 0.026 0.026 0.021 0.024 0.017 0.018 0.017

10 0.056 0.051 0.043 0.027 0.040 0.026 0.026 0.023 0.025 0.019 0.019 0.018

11 0.064 0.052 0.065 0.033 0.042 0.030 0.029 0.023 0.028 0.021 0.024 0.021

12 0.091 0.059 0.074 0.050 0.049 0.039 0.039 0.028 0.031 0.022 0.024 0.023

13 0.109 0.074 0.083 0.057 0.057 0.057 0.051 0.033 0.040 0.028 0.029 0.026

14 0.119 0.078 0.086 0.058 0.063 0.063 0.056 0.036 0.042 0.034 0.034 0.033

15 - 0.084 0.091 0.059 0.071 0.066 0.066 0.039 0.043 0.035 0.036 0.034

16 - - 0.108 0.079 0.080 0.066 0.067 0.047 0.043 0.035 0.039 0.036

17 - - - 0.088 0.094 0.067 0.073 0.050 0.052 0.042 0.040 0.038

18 - - - - 0.109 0.077 0.075 0.051 0.063 0.049 0.041 0.040

19 - - - - - 0.095 0.077 0.061 0.068 0.049 0.050 0.040

20 - - - - - - 0.087 0.065 0.207 0.056 0.058 0.044

21 - - - - - - - 0.070 0.226 0.058 0.059 0.055

22 - - - - - - - - 0.285 0.062 0.064 0.056

23 - - - - - - - - - 0.069 0.079 0.124

24 - - - - - - - - - - 0.209 0.162

25 - - - - - - - - - - - 0.329
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Using the improved algorithm for stable marriage problem, we can cluster all zeroes that belong

to different isomers. For the cases C≤36, for which the clusters can be identified by eyes, our results

are consistent with observation. This shows that the method is reasonable and the clusters derived are

credible.

The standard deviations of all zero clusters of all isomer sets Cn (with 28 ≤ n ≤ 50) are listed in

Table 2. Those can be taken as measures of compactness of the zero clusters. Define a critical value of

the standard deviations. If a standard deviation of a zero cluster is less than the critical value, we regard

that the zero cluster is reasonably compact and those zeroes can be thought as a constant approximately

across an isomer set. In principle, the critical value of the standard deviations can be chosen arbitrarily.

The numbers of compact zero clusters across each isomer set are listed in Table 4.

Table 4 : the numbers of compact zero clusters for C28−50

(for different critical values)

# carbon atoms 28 30 32 34 36 38 40 42 44 46 48 50

# compact clusters for 0.056 10 11 10 12 12 12 14 18 17 19 19 22

# compact clusters for 0.030 6 6 8 10 8 11 11 12 11 13 13 13

Note that, taking the critical value 0.056 ensures that at least 10 compact zero clusters are identified

for each isomer set. We plot all the average values of the zero clusters on the complex plane in Figure 2.

It is easy to see that the average values in cluster 1-3 are nearly straight lines just around the locations

pointed out by Cash. This shows that the property 4.2 proposed in [2] persists at least up to n = 50.

The corresponding linear regression equations are as follows.

cluster (1) : y = −5.20722x− 2.69918, r = 0.999026

cluster (2) : y = +2.16174x + 2.16390, r = 0.993564

cluster (3) : y = −0.45937x + 2.91265, r = 0.990359

It is also observable from Figure 2 that there are more average values clusters that nearly look like

straight lines if some zeroes belonging to smaller fullerenes are ignored. In order to see this more clearly,
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two locations are shown in the figure 3-1 and 3-2. Location 1 is enclosed by 0.15, 0.15+1.3i, 0.42, 0.42+1.3i.

Location 2 is enclosed by −0.1 + 2i,−0.1 + 2.9i, 0.3 + 2i, 0.3 + 2.9i.
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Figure 2. Average values of the zero clusters for each isomer series plotted in the complex plane: C20(blue *),

C24(red *), C26(black *), C28(blue o), C30(red o), C32(black o), C34(blue F), C36(red F), C38(black F), C40(blue

♦), C42(red ♦), C44(black ♦), C46(blue ¤), C48(red ¤), C50(black ¤)

It is apparent that more linear patterns of the average values of the zero clusters can be obtained

when we only consider the larger fullerenes. For example, the corresponding linear regression equation

of cluster new, shown as Figure 3-2, is

C20−50 : y = 1.45918x− 0.37733, r = 0.794750,

which does not show any strong linear pattern. Now let ignore small fullerenes in C20−28, it shows the

linear regression equation as

C30−50 : y = 1.13526x− 0.26880, r = 0.959395.

It clearly shows very strong linear pattern. In all cases above, the order of points on the line is monotonic

to the carbon numbers.
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Figure 3-1: The amplified picture of the location: [-0.1 0.3 2 2.9]
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Figure 3-2: The amplified pictures of the location: [0.15 0.45 0 1.3]

5 Conclusions

Making use of an efficient algorithm developed recently, permanental polynomials of all fullerenes in C≤50

are computed in this paper. Using the more plentiful data, the properties proposed by [2], which obtained

through data of C≤36, are studied. Note again that C≤36 contains 35 isomers, while C≤50 contains 812
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isomers.

Up to n = 50, the values of the positive and negative coefficients of the permanental polynomial

both have unique extremum. The peaks always appear at the same locations for all fullerenes in C≤48.

However such a regularity is unfortunately broken when carbon number is 50. There are 2 isomers in C50

whose largest positive coefficients are a34 while all the others are a32. For negative coefficients, most of

the smallest coefficients appear at a35 with 7 exceptions at a33. For C50, a very interesting fact is that the

isomer whose largest positive coefficient takes the minimum and the isomer whose sum of the absolute

values of all coefficients takes the minimum are the same one. And this isomer is just the one that is

captured recently [14], which reveals the fact that small non-IPR(isolated pentagon rule) fullerenes can

also be obtained. Hence the coefficients of permanental polynomial may be related to the stability of

fullerenes.

For all fullerenes studied here, some of the zeroes of their permanental polynomials are nearly constant

across an isomer set to some extent, while the remaining vary considerably with structure. We develop

a quantitative method to make the zeroes clustered. The three clusters, whose average values are nearly

straight lines for all isomer sets in C20−36 [2], still shows linear pattern in C20−50. Moreover, we find

some more zero clusters. Their average values also show strong linear patterns if one only considers larger

fullerenes. In all cases studied, the order of points on the line is monotonic to the carbon numbers.

It is confirmed that the permanental polynomial of fullerenes encodes some of particular structural

information. Much work remains to be done in identifying the relationship of the permanental polynomial

to chemical structure and properties. To investigate the properties and relationship deeply, more efficient

algorithms are essential. One of the possible ways is to make the current algorithm parallelized. This is

one of our future projects.
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