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Abstract

In this paper we solve the problem of constructing a pair of equienergetic graphs

on p vertices for p = 6, 14, 18 and for all p ≥ 20.

1 Introduction

Let G be a graph on p vertices. The eigenvalues of the adjacency matrix of G, denoted by

λi , i = 1, 2, .....p , are the eigenvalues of G, and form the spectrum of G [4], denoted by

spec(G).The eigenvalues of graphs play a very important role in many branches of science.

Cvetković [4], Godsil [5], and Schwenk [15] have studied the eigenvalues of graphs in detail.

From the pioneering work of Coulson [3] there exists a continuous interest towards the

general mathematical properties of the total π-electron energy E as calculated within the

framework of the Hückel Molecular Orbital (HMO) model [8]. These efforts enabled one

to get an insight into the dependence of E on molecular structure.

The energy E(G) of a graph G with p vertices is defined as E(G) =
p∑

i=1

|λi| . The

energy of graphs has been extensively studied by Gutman [6, 7, 8, 9] whereas some other

recent works are [1, 11, 12, 16, 18, 19, 20, 21, 22, 23].
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Two graphs of the same order are cospectral if they have the same spectrum. Two

cospectral graphs are obviously equienergetic. It can be seen that there are no equiener-

getic graphs of order p ≤ 5 . For p = 7, 9 , there are such graphs but they are cospectral [4].

In [2] a class of equienergetic graphs for p ≡ 0(mod4) are constructed using the tensor

product of graphs. Stevanović [17] recently constructed such graphs for p ≡ 0(mod5).

In this paper we construct pairs of equienergetic graphs first for p = 6, 14, 18 and then

for every p > 20 .

Property 1. If λ1, λ2, . . . , λp are the eigenvalues of G with adjacency matrix A, then

det A
p∏

i=1

λi. Also for any polynomial P (x) , P (λ) is a characteristic value of P (A) and

hence det P (A) =
p∏

i=1

P (λi) .

Property 2. If M , N , P , and Q are matrices with M being non-singular, then

∣∣∣∣∣∣∣
M N

P Q

∣∣∣∣∣∣∣
=

∣∣∣∣M
∣∣∣∣
∣∣∣∣Q− PM−1N

∣∣∣∣ .

Definition 1. [13] Let G be a graph on p vertices labelled as V {v1, v2, v3, . . . , vp} . Then

take another set U = {u1, u2, . . . , up} of p vertices. Now define a graph H with V (H) =

V
⋃

U and edge set of H consisting only of those edges joining ui to neighbors of vi in G

for each i . The resultant graph H is called the identity duplication graph of G denoted by

DG .

Definition 2. Let G be a graph on p vertices labelled as {v1, v2, . . . , vp} . Now take another

copy of G with vertices labelled as {u1, u2, . . . , , up} . Then make ui adjacent to neighbors

of vi in G , for each i . The resultant graph is denoted by D2G .

Lemma 1. [4] Let G be a connected r-regular graph on p vertices with its adjacency matrix

A having m distinct eigenvalues λ1 = r , λ2, . . . , λm. Then there exists a polynomial

P (x) = p× (x−λ2)(x−λ3)...(x−λm)
(r−λ2)(r−λ3)...(r−λm)

, such that P (A) = J where J is the square matrix of order

p whose all entries are one, so that P (r) = p and P (λi) = 0 ∀λi 6= r .
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Lemma 2. [4] Let A and B be two matrices with spec(A){λi} , i = 1 to m and spec(B) =

{µj} , j = 1 to n . Let C = A
⊗

B , the tensor product of A and B . Then spec(C) =

{λi µj} , i = 1 to m and j = 1 to n .

Lemma 3. Let G be a graph with spec(G) = {λi} , i = 1 to p . Then spec(DG) = {±λi}
and spec(D2G)

(
2λ1 2λ2 .. .. 2λp 01 1 .. .. 1 p

)
. Then DG and D2G are

non co-spectral and are equienergetic.

Proof. By Definition 1, the adjacency matrix of DG is

A(DG) =




0 A(G)

A(G) 0


 = A

⊗



0 1

1 0


 .

Then by Lemma 2, spec(DG) = {±λi} .

Also by Definition 1, the adjacency matrix of D2G ,

A(D2G) =




A(G) A(G)

A(G) A(G)


 = A

⊗



1 1

1 1


 .

Then by Lemma 2, spec(D2G) =

(
2λ1 2λ2 .. .. 2λp 01 1 .. .. 1 p

)
as the

spec(




1 1

1 1


) is {2, 0} .

Thus by the definition of energy, DG and D2G are equienergetic and non co-spectral.

We shall introduce the following operation on a regular graph G .

Definition 3. Let G be an r-regular graph on p vertices labelled as {v1, v2, . . . , vp} . In-

troduce a set of p isolated vertices {u1, u2, . . . , up} and make each ui adjacent to neighbors

of vi in G for every i . Then introduce a set of k , (k ≥ 0) isolated vertices and make all

of them adjacent to all vertices of G . The resultant graph is denoted by H .
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Ex: H:When G= C4

Note that when k = 0 , H is the splittance graph of G [14].

Theorem 1. Let G be a connected r-regular graph on p vertices and H be the graph

obtained by the above operation. Then E(H) =
√

5
[
E(G) +

√
r2 + 4

5
pk − r

]
.

Proof. Let A be the adjacency matrix of G and J the all one matrix. Then the adjacency

matrix of H is given by 


A A Jp×k

A 0 0

Jk×p 0 0




.

Therefore the characteristic polynomial of H is

∣∣∣∣∣∣∣∣∣∣

λI − A −A −Jp×k

−A λI 0

−Jk×p 0 λIk

∣∣∣∣∣∣∣∣∣∣

= 0 (1)

Now,

(1) ⇒

∣∣∣∣∣∣∣∣∣∣

λIk 0 −Jk×p

0 λI −A

−Jp×k −A λI − A

∣∣∣∣∣∣∣∣∣∣

= 0

⇒ λk

∣∣∣∣∣∣∣




λI −A

−A λI − A


−




0

−Jp×k


 I

λ

[
0 −Jk×p

]
∣∣∣∣∣∣∣
= 0
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⇒ λk−2p

∣∣∣∣∣∣∣
λ2I −Aλ

−Aλ λ2I − Aλ− kJ

∣∣∣∣∣∣∣
= 0

⇒ λk
∣∣λ2I − Aλ− kJ − A2

∣∣ = 0

⇒ λk

p∏
i=1

[
x2 − λix− kP (λi)− λ2

i

]
= 0

Thus the eigenvalues of H are

x = 0; k times

=
r ±

√
5r2 + 4pk

2
; corresponding to λ1 = r by Lemma 1

=

(
1±√5

2

)
λi ; i 6= 1 .

Thus E(H) =
√

5
[
E(G) +

√
r2 + 4

5
pk − r

]
.

We shall now discuss the problem of constructing pairs of equienergetic graphs on p

vertices, by analyzing the various cases.

Theorem 2. There exists a pair of equienergetic graphs for p = 6, 14, 18 and p ≥ 20.

Proof.

Case 1. p = 6, 14, 18.

For p = 6, 14 18 , consider G = C3, C7 , and C9 , respectively. Let G1 = DG and

G2 = D2G for each case. Then both G1 and G2 are on 6,14, and 18 vertices, respectively,

connected, non-co spectral and by Lemma 2, E(G1) = E(G2) = 2E(G) .

Case 2. p ≥ 20.

The following cubic graphs G1 and G2 on 10 vertices are equienergetic and non co-

spectral [4].
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Let Hk and H ′
k be the graphs obtained from G1 and G2 as in Definition 3 for k ≥ 0 .

Then by Theorem 1, the graphs Hk and H ′
k are non co-spectral, equienergetic and are on

20 + k , k ≥ 0 vertices.

Hence the theorem.

Acknowledgement: We thank the referee for some suggestions. The first author

thanks the University Grants Commission for providing fellowship under the FIP.

References

[1] R. B. Bapat, Energy of a graph is never an odd integer, Bull. Kerala Math. Assoc.

1(2) (2004) 129–132.

[2] R. Balakrishnan, The energy of a graph, Lin. Algebra Appl. 387 (2004) 287–295.

[3] C. A. Coulson, Proc. Cambridge Phil. Soc. 36 (1940) 201–203.
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