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Abstract

In this paper, we consider the catacondensed hexagonal systems (simply CH S's)
with h hexagons and large Wiener numbers. The length transformations and the
length transformation diagraphs of the hexagonal chains containing no nonzigzag
segment, or containing exactly one nonzigzag segment, or containing exactly two
nonzigzag segments, are introduced. In addition, some algorithms for ordering the
hexagonal chains by Wiener numbers are established. A similar length transforma-
tion digraph and algorithm for ordering the C'HSs with only one branch hexagon
and with no kink is also given. Based on the length transformation digraphs and the
algorithms, the above several classes of CHS; with h hexagons can be completely
ordered for a given h. Furthermore, the catacondensed hexagonal systems with the

second up to the thirty-third largest Wiener numbers are determined.
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1 Introduction

The Wiener number W is a well-known distance-based topological index introduced
originally for molecular graphs of alkanes ( Wiener, 1947 [23] ). For a cycle-containing
graph G, the Wiener number is defined as the sum of distances between all unordered

pairs of its vertices ( Hosoya, 1971 [21]):

W(G) = X uwcvic) Uu,v)
where d(u,v) is the number of edges in a shortest path connecting the vertices u and
v. The Wiener number has been found to have interesting applications in organic and
polymer chemistry, in studies of crystals, and in drug design. A number of publications,
reviews and books in the chemical and mathematical literature are devoted to the Wiener
number [15, 16, 17, 22]. In particular, the Wiener number was used in the analysis of

physico-chemical properties of benzenoid hydrocarbons.

Hexagonal systems are the natural graph representation of benzenoid hydrocarbons.
A hexagonal system without internal vertex is called catacondensed hexagonal system,
written as CHS for short. Let C'HS) be the set of CHSs with h hexagons. For G €
CHS}, a hexagon s of G is called a kink of G, if s has exactly two consecutive vertices
with degree 2 in G, and s is called a branched hexagon if s has no vertex with degree
2. The set of all kinks of G is denoted by Kink(G). A CHS with no branched hexagon
is called a hexagonal chain, simply an HC. Let HC), C C'HS), denote the set of all the
hexagonal chains with h hexagons. The linear chain L; with h hexagons is the hexagonal
chain without kink. The subgraph S of a CHS G is called a segment of G if it is a
maximal linear chain in G, including the kinks and/or terminal hexagons at its ends. The
number of hexagons in a segment S is called its length and is denoted by {(S). A segment

including a terminal hexagon is called a terminal segment.

Consider a nonterminal segment S embeded into G € HC), consisting of an ordered
sequence of segments, and draw a line through the centers of the hexagons of S (see
Fig. 1). If the subgraphs H; and H, lie on the same side of the line, then S is called a
nonzigzag segment. If H; and H; lie on the different sides of the line, then S is called a
zigzag segment. Assume for convenience that zigzag segments also include both terminal
segments. The number of hexagons in the subgraphs H; and Hs of G will be denoted by
h1 = h1(S) and hy = hs(S), respectively. The set of all nonzigzag segments (resp. zigzag



-139-

@/\/\/\/\
\/\/\/\/‘@

Figure 1: Types of segments.

segments) of a hexagonal chain G is denoted by Q(G) (resp. Q(G)).

Let Sy, 85,--+,S, be the ordered sequence of segments in a hexagonal chain G with
h hexagons, and let I; = [(S;),i = 1,2,---,n. G can be uniquely determined by a length
vector L(G) = (Iy,ly, -+, 13+, 1,), where the length of any nonzigzag segment S; is
denoted by I;. Especially, if G = Ly, L(G) = (k). If L(G) = (l,l5), denote G by
Lp(li, ). It L(G) = (Ih,1l2,- -, 1), denote G by Ly(ly,l2,---,1,). If G has exactly one

nonzigzag segment, say S;, we denote G by Ly (ly, -+, li, -+, 1)

Let Ly(l,lo,- 1) = {Lp(li,loy---,0) | R = >0 Li—n+1, [ >2 1<n<
h — 1}, and let Ly(ly, 1y, -+) = U'Z1Lu(I, 1o, -+, 1,). A hexagonal chain with no non-
zigzag segment is also called a zigzag hexagonal chain, simply a zigzag HC'. Similarly, let
Lp(ly,---, I, -) be the set of the hexagonal chains each of which contains exactly one non-

zigzag segment and has h hexagons, and Ly, (l1,---,l;, -, 1;,---) the set of the hexagonal

chains each of which contains exactly two nonzigzag segments and has h hexagons.

Let Si(l1,12,13) denote a branched CHS consisting of three terminal segments S, So,
Sy only, where h = Iy + Iy + 13 — 2, I(S;) = I; > 2, ¢ = 1,2,3. By symmetry, without
loss of generality, we assume Iy > Iy > I3 > 2, and let Sy,(I1, 12, 13) = {Sh(l1,12,13) | h =
Zil li—2, 11 21, > 13> 2}

In the theory of the Wiener number, the most basic problems are how to calculate
W and to find the correlation between structures and Wiener numbers of graphs. The
greatest progress in solving the problems was made for trees and hexagonal systems. The

results on the Wiener number of trees and hexagonal systems were summarized in ref
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[9, 10, 12] by Dobrynin and Gutman et al. For general hexagonal systems, there is no
known recursive method to calculate W of them. However Klavzar and Gutman [11]
showed that the complexity of computing the Wiener number of them can be reduced to
O(p) and developed a sublinear time algorithm for simple hexagonal systems. For some
special classes of hexagonal systems, Dobrynin [8] provided their calculating formulas.
Followed from them, the extremal elements of these special classes of hexagonal systems
with respect to W were specified in ref [11]. In ref [14], Gutman proved that in CHS},, Ly,
have the maximum Wiener number. In ref [5], Dobrynin proved that in C HS), the serpent
Sy, have the minimum Wiener numbers, where S, € HCy,, L(Sy) = (2,2,2,2,2,2,2,---,2).
In ref [1], Bonchev determined that the C'HS;, with the minimum Wiener number which

have zigzag segments only is the HC whose segments are of length 2.

A natural generalization of the problem of determining the extremal elements of the
C HS's with respect to W is to order CHS's by W. The order of C'HS's can uncover the cor-
relation between structures and Wiener numbers of graphs and will be useful in comparing
the stability and other properties of molecular graphs. Some results in ordering graphs
with respect to some topological indices can be seen in [20, 24, 25]. In the present paper,
we introduce the length transformations and the length transformation digraphs of several
classes of hexagonal chains, £,(l1,l2, ), Ln(ly, -+, L, +), La(ly, -+ Ly -+, 15, -+ ), and
Si(l1,12,13), in which the length transformation digraphs of £,(l, s, --) and Sy(l1,l2,l3)
show partial order relations of the hexagonal chains with respect to their Wiener num-
bers. In addition, some algorithms for ordering the hexagonal chains by Wiener numbers
are established. Based on the length transformation digraphs and the algorithms, the
above several classes of C'H Sy with h hexagons can be completely ordered for a given h.
Furthermore, the catacondensed hexagonal systems with the second up to the thirty-third

largest Wiener numbers are determined.

2 Some related results

To obtain our main results we need the following lemmas.
Lemma 1. [8] Let G be an arbitrary element of HC, with L(G) = (I1,1ls, - -+, 1,).
Then W(G) = W(Ly) =16 X geq(q) hiha—4(h*+n—1-371" 1), where the first summation

goes over all nonzigzag segments of G.
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Let 7 € Kink(G), the subgraph of G induced by all the hexagons of G other than
r has two connected components, say G and Gg, the numbers of hexagons of G; and
G are denoted by hy = h(G1) and hy = h(Gs), respectively. The following lemma is a

variant of Dobrynin’s results.

Lemma 2. [4] Let G € HC}. Then

W(G) = W(Ln) = 8(3 cxink(c) Maha + Xsca) Mhe — Xseqia hh2)-

Lemma 3. [4] W(S)(l1,12,13)) = W(Ly) — 8(4(l; — 1)(la — 1)(I3 = 1) + (I; — 1)(ls —
D+ =D(s=1)+ (= 1)(s = 1)).

Let G, G, Go, G be the CHS's in Fig. 2. We say that G (resp. G5) is obtained from
Gi (resp. G2) by the first kink transformation (resp. the second kink transformation).
Let I} =1(S1), la =(S2), A and B stand for arbitrary fragments, in particular, they may

be absent. A and B contains hy and hp hexagons, respectively [7].

Figure 2: kink transformations of hexagonal systems.

Lemma 4. [7] Let G} (resp. G%) be the CHS obtained from a CHS Gy (resp. G»)

by the first kink transformation (resp. the second kink transformation). Then

W(GY) — W(G1) = 16(la — Dhg + 8(ly — 1)(ly — 1),
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W(Gy) = W(G2) = 16(l2 — D[2(h — 1)(ha — 1) + ha — hp] +8(ly — 1)(l2 — 1).

Following from Lemma 1, Lemma 2, we have

Corollary 5. W (Ly(ly,l2)) = W(Lp)—4(h?+1)+4(13+13) = W(Ly)—8(l1—1)(l2— 1),

W(Ln(li, o, 13)) = W(Ly) — 4(h? +2) + 4(B + 13 +13) = W(Ly) = 8((l, — 1)(Is — 1) +
(=1 — 1)+ (I - 1)(I5 — 1)),

W (Ll la,15)) = W(Ly) =8B — D(ls — 1) + (= 1)(la — 1) + (I — 1) (I3 — 1)),

W (Ln(ly, Lo, U3, 10)) = W(Lp) —4(h2 +3) +4(B + 2+ B2 +12) = W(Ly) — 8((l — 1) (ls —
DHG=-DU-D+UG-Dl-D+l-Dl-D+ - D1+ U — Dl — 1)),

W(Ln(liyloy - iy 1)) = W(L,) —4(h2 4+ n— 1) + 43+ 13+ +12) — 16(1, +
l2+"'+li,1*7‘/+1)(Zi+1+"'+ln*n+l),

W (L (I, I, I3, 14)) = W(Ly) = 8((ly = 1) (I — 1) +3(l, — 1) (I3 — 1) +5(l, = 1)(ly — 1) +
(=1 = 1) +3(l = )(la = 1) + (Is = 1) (ls — 1)).

3 Some order relations in L;(I1,lo, - -), Lp(Iy, -, 1, ),
Ly(ly, - by, 1, +), and Sy, ls, I3) on Wiener num-
bers

By Lemma 1, Iy, Iy, - - -, l,, are symmetric in the formula W (Ly(l1,lo, - -+, 1,)). In other
words, let (I1,15,---,1)) be a permutation of (Iy,ly,---,1,), then W(Ly(l},15,---,1)) =
W(Ly(ly, 1o, - -, 1,)). In this sense, we may assume without generality Iy > Iy > -+ > 1,, >
2, and let Ly(ly,1s, - - -, 1,,) be the representative of the set of all the HC's consisting of any
ordered sequences of n zigzag segments Sy, So, - -+, S, where [; = 1;(S;),i=1,2,---,n
Let L5 (ly,lo, -+, 1) = {Lp(li, by -+ 0n) [ L2l > > 1, >2, h=3" ;,—n+1} C
Li(li, oy 1), Let Ll la, ) = Ui Li(l, by 1) = {Lu(ly, -+ lned) | 1 > 1o >

>l >0, A1 i=1,2 h—1}.

It is clear that, for ordering the HC's in Ly(l1, s, - -), we need only to order the HC's
in £ (ly,13, - - -). Now we will establish an algorithm for ordering the HCs in £j, (I, o, - - -).
To do this, we first introduce some operations called length transformations.

Definition 6. Let G = Lp(zy,29,---,2p-1) € L5(l1,1,--+). Let G' be obtained

from G by one of the following three operations: (1) if there exists some ¢ < h — 1
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such that @; — 2 > x;11 > 2, then G' = Lp(xy, -+, 2 — Lz + 1, ap1); (2) if

there exists some ¢ < h — 1 such that x; > 3, 7,41 < 3, z; = 0, x;_; > 0, then
G = Ly(z1, -+ 2 — 1,2,--+,2,241,---); (3) if there exists i + 1 < j < h such that
ZL,—l :.’L'H,l = :.’L']',1 = ZE]+1, then G/ = Lh(fﬂl,"'7ZL’j —1,"'7(L'j+1,"‘,.’l]h,1).

Then G’ is said to be obtained from G by an kth length transformation (or a LTj-
transformation), denoted by G’ = LT,(G), where k = 1,2, 3.

By Lemma 1, we have the following lemma.

Lemma 7. Let G = Ly(z1, 29, -+, x,) € L} (l1,12,--), and let G’ be obtained from G
by a length transformation. Then (1) if G' = LT1(G), W(G) — W(G') = 8(x; — x4 — 1);
(2) if @' = LT5(G), W(G) = W(G") = 8(z; — 2); (3) if G' = LT3(G), W(G) — W(G") =
8(x;i —x;—1)=8.

For any G = Ly(I1,ls,---,1,) € Li(l1,1p,--+), where I,, > 2, G can be uniquely de-
termined by the (h — 1)-dimension vector L(G) = (I1,l2,- -+, 1,0, -), or simply by the
n-dimension vector L(G) = (I3, 1y, -+, 1,). The length transformations between two zigzag
hexagonal chains G’ = LT},(G) may be expressed as the transformations between the cor-
responding (h — 1)-dimension vectors L(G') = LT},(L(G)), where k =1, 2, 3.

We define an order relation of (h — 1)-dimension vectors (1, Z2,- -, x5_1) as follows:
(w1, 22, xpa) = (@), 2%,- -+, 25, 1) < 3§ < h—1such that 2; > 2} and 2; = 2] for

i=1,2--,j—1.

Lemma 8. Let G = Ly(z1, @2, -, 2,) € L;(l1,1s,--+) be any zigzag HC with h
hexagons and n > 2. Then G can be obtained from Lj by a sequence of length transfor-
mations, and also from Lj(h — 1,2) by a sequence of length transformations in which all

the second length transformations are taken only for z; = 3.

Proof. L,(h —1,2) can be obtained from L, by the second length transformation.
So, if G # Ly(h — 1,2), we need only to prove that G can be obtained from Lj(h — 1,2)
by a sequence of length transformations in which all the second length transformations

are taken only for z; = 3.

If there is some ¢ < n such that z; = x;;1 > 2, we may assume that ¢ is minimal
and j is maximal such that z; = x;14 = -+ = 2, 1,y > x; if i > 1, and 2; > x4, if
j < n. Then G can be obtained from Lj(zy,---,z; +1,--,2; —1,---,x,) by either the
first length transformation if j =i+ 1, or the third length transformation if j > i + 1.
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If there is some ¢ < m such that z; = x;41 = 2, we may assume that ¢ is minimal
such that z; = 2,41 = -+ =2, = 2, ;1 > x; if i > 1. Then G can be obtained from

Ly(zq,-++,2:-1,3,2,--+,2,0) by the second length transformation.

Otherwise, 1 > z9 > -+ > x,. If n > 3, then G can be obtained from Ly,(z1+ 1,29 —
1,-++,x,) by the first length transformation. If n = 2, since G # Ly(h—1,2), then x5 > 2
and G can be obtained from Lp(xq 4+ 1,25 — 1) by the first length transformation.

Now we can assume G = LTy(Gy), k = 1,2, 3. Clearly, L(Gy) > L(G).

Repeating the above reasoning, we can obtain a series of graphs G1, Gy, - -+, G, such
that G; = LTk(GH_l) for i = 1,2,---t—1, L(GH—l) - L(Gb), and G; = Lh(h — 1,2)

The proof is thus completed. g

By Lemma 7, if G = Ly(z1,22, -+, 2,) € Li(l1,ls,-++) and G’ = LT}(G), then
1(W(G) — W(G)) is equal to either (z; — zip1 — 1) > 0 for k =1, or z; —2 > 0 for
k=2,0or1>0for k = 3. Based on Lemmas 7,8, we can define the length transformation

digraph of all the zigzag hexagonal chains in L} (1,15, - - -) as follows.

Definition 9. Let D;LO) = (V(Dﬁé))7A(D£LO))) be the digraph, called the length
transformation digraph (simply LT-digraph) of all the zigzag hexagonal chains with h
hexagons, where V(D,(lo)) = L;(li,1p,- ), and between two vertices G; = Ly (21, %2, - +)
and G; = Ly (41, ya, - --) there is an arc (Gy, G;) € A(D\”) if and only if LT}(G;) = G; for
some k € {1,2,3} where if G; # L, the second length transformation is taken only for

By Lemmas 7,8, we have the following.

Theorem 10. Let D,(LO) be the length transformation digraph of the zigzag hexagonal
chains with h hexagons. Then, for any vertex G* = Ly(x1,22,---) in D,(LO) different
from Ly and L,(h — 1,2), there is a directed path GoG1Gs - -G, such that Gy = L,
Gy = Lp(h —1,2), Gy = G*, and W(Gp) > W(G,) > W(Gs) > --- > W(G) (that is, a

complete order of Gy, G1,Ga,- -, Gy with respect to Wiener numbers).

In the LT-digraph D,(19) of zigzag hexagonal chains with h hexagons, there are some
vertices G; and G; which are not connected by a directed path, and so W(G;) and W(Gj;)
are not comparable by the LT-digraph Dflo). Hence the LT-digraph DELU) gives a partial

order relation of zigzag hexagonal chains with h hexagons with respect to Wiener numbers.

For ordering all zigzag hexagonal chains by Wiener numbers, we need to introduce a



- 145 -

number for any zigzag hexagonal chain G* with h hexagons. By Theorem 10, there are a
series of graphs Go = Ly, Gy = L(h—1,2), Ga,---, Gy = G* such that G; = LT(G;_1)
fori =1,2,---,t. Let A; = é(W(Gi,l) — W(G;)). For every G;, we assign a number
n(G;) so that n(Gy1) =0, n(G3) = —Ay, n(Gs) =n(G2) — Az = —Ay — Az,---, n(G) =
n(Gi—1) — Ay Particularly let n(Ly) = h — 2 because Ay = (W (L) — W(Gp)) =
h — 2. Obviously, W(G,;) > W(G;) if and only if n(G;) > n(G;). If we can establish an
algorithm for generating the LT-digraph D;Lm of zigzag hexagonal chains with h hexagons
and assigning the number n(G;) to any graph G; in £;(l,ls, - - +) by the above method,
the zigzag hexagonal chains in £ (ly,ls, - ) will can be ordered by the numbers n(G;).
For convenience, we denote a graph G = Ly, (1, %2, -+, &) in L},(l, I3, - - +) by the vector
X = (@1,29, -+, 2), n(G) by n(X), and LT,(G) by LTy(X). In particular, the linear
chain Lj, is denoted by the vector (k). If X # (h), the second length transformation
LT5(X) is taken only for z; = 3.

Algorithm 11. Let Xy = (k) and X; = (h — 1,2), n(Xo) = h — 2, n(X;) = 0,
Vo ={Xo}, Vi = {X1}, A1 = {(Xo, X1)}, and i = 1.

1. For every vector X; in V;, find the set N(X;) = {X, | X, = LTi(X;), X, ¢ Vi},
and let n(X,) = n(X;) — A(X,) for every X,. Set Viy1 = Ux,ev;V(X;). Set Ay =
{(X;, X)) | X = LTi(X;), X; € V;UVig1, X, € Visa}.

2. If Vi41 has only the vector (2,2,---,2), go to step 3. Otherwise, set i +1 — i, go
to step 1.

3. Leti+ 1=t V(D) = U_yVi, AD\”)) = UL_, A;. Tf b is a given constant, order
elements in V(D,(L(])) =U_,V; by n(X;).

By Lemma 8, it is not difficult to see that Algorithm 11 can generate all vectors

corresponding to all graphs in £j (I, 15, - - -), and the LT-digraph D;:j) can be determined
by V(D,(LO)) and A(D,(LO)). In addition, for a given value of h, the graphs in £ (l1,la,--+)
can be completely ordered by the numbers n(X;). For example, if h = 9, the LT-digraph

Df)o) with the numbers n(X;) below each vector X; can be given in Fig. 3.

By the numbers n(X;), the graphs in L£§(ly,l2,---) are completely ordered. Note
that the order relation is not a complete order on L§(ly,ls,- - ), since n(5,2,2,2,2) =
77,(4/ 47 27 2)7 but L9(57 27 27 27 2) 7/: L9(47 47 27 2)
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(8,2)—>(7,3)—>(6,4)—>(5,5)
0 -5 -8 -9

}

(7,2,2)—>(6,3,2) —(5,4,2)
-6 -10 -12

(6,2,2,2)—>(5,3,3)—»(4,4,3)
11 -13 -14

l

(5,3,2,2)—>(4,4,2,2)
-14 -15

|

(5,2,2,2,2)—>(4,3,3,2)—> (3,3,3,3)
-15 -16 17

l |

(4,3,2,2,2)—>(3,3,3,2,2)
—f? -18
(4,2,2,2,2,2)—>(3,3,2,2,2,2)
-18 ~19
i
v
(3,2,2,2,2,2,2)—(2,2,2,2,2,2,2,2)
~20 “21

Figure 3: The LT-digraph Déo) of L(l, 1o, ++)

(h)
h-2
!
(h-1,2)—>(h-2,3)=>(h-3,4) —>(h-4,5) —>(h-5,6) —>(h-6, 7)

0 ~(h-1) ~(2n°10) -(3h°18) -(4h-28) -(5h-40)

(h-2,2, Z)<>(h 3,3,2)>(h-4,4,2)>(h-5,5,2)>(h-6,6, 2)
- (n-3) (2h-8)" - (3h-15) ~(4h-24) - (5h-35)

(h-4,3,3)>(h-5,4,3)>(h-6,5,3)

-(3h-14)  -(4h-22) -(5h-32)
(h3222)>(h4322)~>(h0422)—> -6,5,2,2)
-(2h-7)  -(3h-13) ~(4h-21) f< h-31)
!
(h-5, 3,3, 2)—>(h-6, 4, 3, 2)
- (4h-20) - (5h-29)
!
-6,3,3,3)
- (5h-28)

(h-4,2,2,2,2)—>(h-5,3,2,2,2)—>(h-6,4,2,2,2)
- (3h-12) - (4h-19) -

|

(h-6,3,3,2,2) ...
- (5h-27)

(h-5,2,2,2,2,2)—>(h-6,3,2,2,2,2) ...
~(4h-18) - (5h-26

(h-6,2,2,2,2,2,2)...
h-25)

Figure 4: The LT-digraph D\” of £ (I1,l, - -)
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If h is a unknown number, n(X;) is a linear function of h and the order relation of
some graphs in L} (l,ls, - -) with respect to W should depend on the value of h. The
LT-digraph D,(lo) in general cases with the numbers n(X;) below vectors can be expressed

in Fig.4.

Property 12. Let V; be the subset of V(D;LO))7 each vector of which has the first
component equal to b — i. Then, if 1 <4 < |21],
(i) the subgraph of D,(LO> induced by V; together with a new arc ((h—i,i+1), (h—1,4,2)),
DOV + ((h—i,i+ 1), (h —i,i,2)), is isomorphic to D,@l, and
LTy (h—i, 29,23, ) = (h—1i,Yy2,ys, - ) if and only if LT (z2, 23, ) = (y2,ys, - - -) where
k=1,2,3;
(ii) the maximum element maz{V;} in D;ZO) WVil+((h—i,i+1),(h—1,i,2))is (h—i,i+1)
with n(h —i,i+1) = —((i — 1)h — (i +2)(i — 1)), and the minimum element min{V;} in
DOW + ((h—iyi+1),(h—1i,i,2)) is (h—,2,---,2) with n(h — 4,2, ,2)
=—((i=Dh=(+4)(-1)/2);
(iil) n(h —i+1,2,--,2) —n(h —i,i+1) = h— T 1,
(iv) if h > @Jr 1, then n(min{Vi_1}) > n(maz{V;}) and n(min{V;_1}) > n(maz{V;})
for 1 < j <i.

Property 12 holds immediately by Lemmas 7,8, Definition 9 and Algorithm 11. Let
L5 (h—i,ly, - - ) be the set of all the zigzag hexagonal chains in £, (l1, la, - - ) with [; = h—i.
Since, for a given value of h, say a constant k, graphs in £ (1,2, --) can be completely
ordered by Algorithm 11, we have the following Corollary by Property 12.

Corollary 13. Let 1 <i < |2]. Then
(i) the graphs in £j(h — 4,ls,--+) can be completely ordered by Algorithm 11 and the
order relation of graphs in £ (l1,l, -+ +);
(i) if h > @+1, the graphs of U;I;]l/:;L(h—j, ly, ...)U{Lp(h—1,i+1)} can be completely
ordered with respect to their Wiener numbers, and any other graph in £} (l1,l, - -) has
Wiener number smaller than Lj,(h — 4,7 + 1).

Note that if “550 41 < h < X 1 the order of U2} £, (h—j, Lo, ... ) U{ Ly (h—i,i+1)}

will have some change dependent on values of h.
By Theorem 10, Corollary 13, Property 12 and Fig. 4, we also have the following.

Corollary 14. The elements of £} (I1,12), can be ordered by their Wiener numbers as
follows: W(Lp(h —1,2)) > W(Lp(h —2,3)) > --- > W(Lp(|h/2] + 1,[h/2])).
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Corollary 15. For h > 22, the hexagonal chains in £;(ly,ls,---) can be ordered by
their Wiener numbers as follows:
W(Ln(h —1,2)) > W(Ln(h — 2,3)) > W(Lp(h — 2,2,2)) > W(Ln(h — 3,4)) >
W (Lp(h —3,3,2)) > W(Lp(h — 3,2,2,2)) > W(Lp(h — 4,5)) > W(Lp(h — 4,4,2)) >
W(Ly(h—4,3,3)) > W(Ln(h—4,3,2,2)) > W(Ly(h —4,2,2,2,2)) > W(Ly(h—5,6)) >
W(Ly(h—5,5,2)) > W(Lp(h—5,4,3)) > W(Ln(h—5,4,2,2)) > W(Ln(h—5,3,3,2)) >
W(Ln(h —5,3,2,2,2)) > W(Lp(h — 5,2,2,2,2,2)) > W(Lp(h — 6,7)) > - - .

We now consider to order the HCs in Ly (Iy, -, 15, ).

Let Ci(l, ool ) = {La(l, -+l ) [l 2l > oo > Ly > 2, > 2, Ly >
2, liy1 2 ligg > - 2 11 20, Z;;ll lj— (i —1) = h(S;) > ha(S;) = h — i (S;) — ;} C
Lh(lly"'7li7"')- LCtﬁZ(ll7"';li7"'7l7z):{Lh(lly"'7li7"';ln)|llzl22"'zli—12
2, 0> 2 Lyt 2 e > - 2 1 22, N - (- 1) = X5 L~ (n— i)} By

Lemma 1, if (14,05, ---,0i_;) and (lj 6,5, - -,l,_) are permutations of (Iy,la,-,li_1)

and (li1, liva, -+, In—1), Tespectively, then W (Ly (L, -+, i, -+ ) = W (I, -+, iy Upys -+ 0)-
So we need only to order HC's in L£(Iy, -+, L+ ).

Definition 16. Let G = Ly(l1, 15, 13) € Li(l1, b, 15). Tf Iy > 3, let G' = Ly(l; +

1,0 —1,03), if Iy > 3 and I} > I3, let G" = Lp(l1,la — 1,13+ 1). Then G’ (resp. G”) is
said to be obtained from G by the first length transformation (resp. the second length
transformation), denoted by G’ = LT (G) (resp. G = LT»(G)).

Lemma 17. Let G = Ly (I, l5,13), G' = LT1(G), and G = LT5(G). Then
A(G) =5(W(G) = W(G") = (la =l — 1) +2(I5 — 1),
A(G") = 2(W(G) = W(G") = (lo =I5 — 1) + 2(ly — 1).

It is easy to see that any HC in L (ly,ls,l3) can be obtained from Ly (2,h —2,2) by
a sequence of LTj-transformations for k = 1 or 2. Specially, we say that Lj(2,h — 2,2)
can be obtained from Lj(h — 1,2) by a LT-transformation. Note that, by Lemma 17, if
G' = LT(G) and G" = LT»(G), A(G') = t(W(G) = W(G")) = (b —lh — 1) + 2(I3 — 1)
may be less than or equal to zero, and so does A(G”) = (Il — I3 — 1) + 2(l; — 1). Thus,
the length transformation digraph of HC's in L ({y, I, l3) can be defined in the following

method different from D;LO)‘
Definition 18. Let DS) = (V(DS)),A(D,(;))) be the digraph, called the length
transformation digraph (simply LT-digraph) of all the hexagonal chains in £ (l1, 13, 13),

where V(D,(ll)) = l:;‘z(l],l;,l;;), and between two vertices G; = Ly(z1, T2, x3) and G; =



- 149 -

Ly(y1,92,y3) there is an arc (G;,G;) € A(DLI)) if and only if either LT4(G;) = G, for
some k € {1,2} and A(G;) = $(W(G;) — W(G;)) = 0, or LT(G;) = G; for some
ke {1,2} and A(G;) = 2(W(G;) — W(Gy)) <0.

8

Clearly, if LTy(G;) = G; for some k € {1,2} and A(G;) = §(W(G;) — W(G;)) =0,
then there will be two arcs (G;, G;) and (Gj, G;) in A(D,(Ll)), called an edge or an arc with
two directions, and W(G;) = W(G,). Hence D,(Ll) does not show a partial relation of HC's
in L5 (1, l3,13). However, for a directed path each arc on which is not an arc with two
directions, the vertices on the directed path have a complete order with respect to their

Wiener numbers.
Before continuing, we give the following Lemmas.

Lemma 19. Let V; = {Lu(j, h — 27 +2,j), Lu(j+1,h = 2j +1,5), Lu(j+2,h = 2], j),
Ln(G+3,h =27 —1,5),--+, Ln(h—35,2,)}, 5 =2,3,---, L%J and let y = h—j—1. Then
(A) AL+ i h—2j+2—1,5)) = sW(Lp(j +i— Lh—2j+3—1,5)) — W(La(j +
ih—2j+2—4,7)) =y—2(i—1) fori =1,2,---,h — 2j; (ii) if [£] —j 4+ 3 > 2, then
WL+ 18] =4, [8] =7 +3+4,5) = W(La(G + [§] + 1 +4, [§] —j+2—14,5)) for
i=0,1,-, % —j.

Proof. (i) By Lemma 17, it is easy to verify that A(L,(j + 1,k — 25 + 1,7))

— MWL A= ¥ 2.0) - WG+ LA =G T L) =h—j—1=y,
A(Ln(j +2,h =2§,7)) = §(W(Ln(G + 1,h =2+ 1,5)) = W(Ln(j + 2,k — 27, 7)))
=y—2, - ALy(j+i,h =2 +2—14,§) = s(W(Ln(j+i—1,h =2 +3—1i,j))
—W(Ln(j+i,h—2j+2—14,) =y —2(i — 1) fori = 1,2,---, h — 2j.

(i) If [5] — 5 + 3 > 2, then A(Ly(j +[5],h =25 +2—T%],4))
= A(Lp(5 + [41, 18] =7 +3,5)) = 1 (if y is odd), or 2 (if y is even), and A(Ly(j +

(Y1 + 1,14 —j+2,7)) = —1 (if y is odd), or 0 (if y is even). Hence we have that
W(Ln(G + 5] =i, 151 =7 +3+0.5)) = W(La(G + [§] + 144, [§] =5 +2—14,j)) for

Lemma 20. Let V* = {Ly(l1,l2,13) | Ln(l,l2,13) C L5(lh, 12, 13), and Iy = I3 or I3+ 1}.
Then the hexagonal chains in V* can be ordered by their Wiener numbers as follows:
W(Ln(2,h —2,2)) > W(Lu(3,h —3,2)) > W(Ly,(3,h—4,3)) > W(Ln(4,h—5,3)) >
W(Ln(4,h —6,4)) > -+ > W(L([2],2, | 2]), where A(W (L5 (3,h —3,2))), AW (Lx(3,
h—4,3))), AW(Lp(4,h —5,3))), A(W(Ly(4,h — 6,4))), - - -, are equal to h—3,h—2, h —
4,h—3,h—5h—4,h —6,---, respectively.
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By Lemma 20, the induced subgraph D,(ID[V*] in D,(zl) is a directed path having no arc

with two directions, and the number n(G;) of a vertex G; on the path can be easily given.

From the proof of Lemma 19, if [4] —j 4+ 3 > 2 where y = h —j — 1, A(Ln(j +
(41, h =2 +2— [Z1.4)) = ALu(j + [£1.TE =7 +8.5)) = 1 (if y is odd), or 2 (if y
is even). So the induced subgraph D,(ll) [V;] in D}(Zl) consists of either two directed paths
P].(l)7 Pj(z) with one common terminal vertex Ly(j 4+ [§], [4] —7+3,4) (if y is odd),
or two directed paths ij7 Pj(z) together with one arc with two directions connecting
Ly(j+ 51,15 =7 +3,5) and Ly(j + [3] + 1, [%] —j +2,7) (if y is even), where Pj(l)
contains the vertex Ly(j, h — 2j + 2, 7). In addition, for any vertex G; on Pj(z), there is a
vertex Gy, on Pj(l) such that n(G;) = n(Gy).

Note that P,j(l), PJ@ are maximal directed paths in D;Ll)[\/j] containing no arc with
) h
two directions, respectively. If UJLiJQPj(l) and D;ll) [V*] together with the numbers n(G;) of

their vertices are given, we will be able to order all HC's in £} (I1, 1y, 13).

For convenience, we denote a graph G = Ly(21, %9, 23) in L}(l1,l,13) by the 3-
dimension vector X = (z1, T2, 73), n(G) by n(X), and LT(G) by LT%(X). By Lemma 1,
we have that A(Ly(2,h —2,2)) = (W (Ly(h — 1,2)) = W(Ln(2,h — 2,2))) = h — 1. Now

we can give the following algorithm.

Algorithm 21. Let V; = {(j,h — 25 + 2,7), (j+1,h — 25+ 1,7), (j+2,h —27,7), (j+
3,h—2j—1,5),--, (h—4.2,0)}, j=23,--,|%), and let y = h —j — 1. Let X, =
(h=1,2), X1 =(2,h—2,2), n(Xo) =0, n(X;) =—(h—1).

1. By Lemma 20, let X, = (3,h — 3,2), X3 = (3,h—4,3), X4 = (4,h—5,3), X5 =
(4,h —6,4), -+, Xj_3 = ([%'\,57 [;—LJ) and let n(X,) = n(X;) —A(Xy) = —(h—1)— (h—
3) = —(2h —4), n(X3) =n(X2) —A(X3) =—(2h—4) = (h—2) = =(3h — 6), n(Xy) =
n(X3) — A(Xy) = —(3h —6) — (h —4) = —(4h — 10), - - -.

2. By Lemma 19, for Vj € {2,3, -+, | 2]}, let A((j+4.h—2j+2—4,5)) =y —2(i —
1) =h—j—1-2(i—1) and n((j+i,h—27+2—1i,5)) =n((j+i—1,h—25+3—14,j))—
(h—j—1-2(i—1)) fori=1,2,---,h —2j.

h

3. If h is a given constant, order elements in U]EJQV; by the numbers

n((j+ih—2j+2—14,4) fori=1,2,---,h—2jand j=2,3,---, 2]
— L
The LT-digraph D;Ll) and UJLiJZV; with the numbers n(X;) below vectors can be ex-

pressed in Fig.5.
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(2,70,2)—> (3,9,2)—> (4,8,2)—> (5,7,2)—> (6,6, 2)—> (7,5,2)¢— (8,1,2)<—(9,3,2)<— (10,2, 2)
(3,8,3)—> (4,7,3)—>(5,6,3)—> (6,5,3)—> (7,1, 3)7=> (8,3,3)<— (9, 2,3)
=30 *\EX *j/-’! *18 *i :LB 48
(4,8,4)—> (5,5,4)—>(6,4,4)—> (7,3, 4)—> (8,2, 4)
47 l j l2 63

(5,4,5)—>(6,3,5)—> (7,2,5)
-62 -68 -12
(6,2, 6)

75

Figure 5: The LT-digraph Dﬁ) of L3,(lh, 1z, 13)

For G = Ly(ly,- 1, 1n) € E;(ll,~-~,fi,~-~), n >3, hy = hi(S;) and hy = hy(S;),
the (i—1)-dimension vector (I1,---,l;—1) and the (n—4)-dimension vector (li41,---,l,) can
be obtained from (h;+1) and (ha+1) by a sequence of length transformations respectively.
So G can be obtained from Ly (h; + 1, Iy, ho + 1) by a sequence of length transformations.
Let Ny (hi,ho) = {Ln(lyy -+ Ly ooy 1) | Ln(lyy - Ly 1) € Ll -+ iy -+ +), ha(Si) =
hi, ho(S;) = he, 1, > 2, n = 3,4,5,---}. Similarly, we can define the length trans-
formation digraph Dfll) of all the hexagonal chains in £}(ly,---,l;,--+) by both LT-
transformations and LTj-transformations. By Algorithms 11,21, we can give the following

algorithm for ordering the HC's in £ (Iy, -+, 1, - - -).
Algorithm 22. Let £ (ly, -, L, )= ULh(hl+1,l§,h2+1)€£2(!1,l},lg)Nhr(hl7 hs).
1. Attach the number n(X) to all X in £} (14, s, l3) by Algorithm 21.

2. For every Ly(hy + 1,13, hy + 1) in L:}‘l(ll,l;,lg)7 by Algorithm 11, generate all the
HCs in Ny (h1, he) from Ly(hy 4 1,15, hy + 1) and obtain the correspond numbers n(X)

to them.

3. If h is a given constant, order the HC's in

Lyl by ) = UL, (1 bt 1)ecs (niais) Vi (R, he) by the numbers n(X).

By lemmas 17,18,19 and algorithms 21,22, we have the following:

Corollary 23. For h > 30, the hexagonal chains in £} (ly,---,l;,---) can be ordered
by their Wiener numbers as follows (where the number n(G;) of every hexagonal chain
G, is attached after W(G;)):

W(LA2. 5= 2.2)) (~(h—1)) > W(L(3.F=3,2)) (~(2h—4))
> W(Ln(2,2,h —3,2)) (—(2h—3)) > W(Ly(4,h —4,2)) (—(3h—9)) = W(Ln(h—2,2,2))




-152 -

> W(Ln(3,2,h —4,2)) (=(3h—7)) > W(Ln(2,2,2,h — 4,2)) (—(3h —6))
= W(Ly(3,h —4,3)) > W(Ly(2,2,h — 4,3)) (—(3h—75))
> W(Ln(2,2,h —4,2,2)) (—(3h —4)) > W(Ly(5,h —5,2)) (—(4h — 16))
= W(Ly(h—3,3,2)) > W(Lyn(4,2,h — 5,2)) (—(4h —13))
> W(Lp(3,3,h —5,2)) (—(4h —12)) > W(L(3,2,2,h — 5,2)) (—(4h —11))
> W(Ln(2,2,2,2,h —5,2)) (—(4h —10)) = W(Lu(4,h — 5,3))
> W(Lp(4,h —5,2,2)) (—(4h —9)) > W(Lu(3,2,h —5,3)) (—(4h —38))
> W(Ln(3,2,h —5,2,2)) (—(4h—7)) = W(Ln(2,2,2,h — 5,3))
> W(Ln(2,2,2,h —5,2,2)) (—(4h —6)) > W(L,(6,h — 6,2)) (—(5h — 25))
= W(Ln(h —4,4,2)) > W(Ly(5,2,h — 6,2)) (—(5h —21))
> W (Ln(4,3,h —6,2)) (—(5h —19)) > W (Ln(4,2,2,h — 6,2)) (—(5h — 18))
> W(Ln(3,3,2,h — 6,2)) (—=(5h —17)) > W(L(3,2,2,2,h — 6,2)) (—(5h — 16))
= W(Ly(5,h — 6,3)) > W(Ln(2,2,2,2,2,h — 6,2)) (—(5h —15)) = W(Ly(5,h — 6,2,2))
> W(Lp(4,2,h —6,3)) (—(5h —13)) = W(Ly(4,h — 6,4))
> W(Lx(3,3,h — 6, 3)) (—(5h — 12)) = W(Lx(4,2,h — 6,2,2))
> W (Ln(3,2,2,h — 6,3)) (—(5h —11)) = W(Lu(3,3,h — 6,2,2))
= W(Ln(3,2,h — 6, 4)) > W(Ly(3,2,2,h — 6,2,2)) (—(5h — 10))
= W(Ly(2,2,2,2,h — 6,3)) = W(Lx(2,2,2,h — 6,4)) = W(Ly(4,h — 6,2,2,2))
> W(Ln(2,2,2,2,h —6,2,2)) (—(5h—9)) = W(Ln(3,2,h — 6,3,2))
> W(Ln(2,2,2,h —6,3,2)) (—(5h—8)) = W(Ln(3,2,h —6,2,2,2))
> W(Ln(2,2,2,h —6,2,2,2)) (=(5h—7)) > W(Ly(7,h —7,2) (—(6h— 36))
= W(Ly(h —5,5,2)) >

Similar to the case of £j(I1,ls,---,1,), we can also define the length transformations
and the length transformation digraph for Sy,(l1,l2,13), and give an algorithm for ordering

Sh(ly, 12, 13) with respect to Wiener numbers.

Definition 24. Let G = Si(z1,x2,x3) € Su(ly,l2,13), let G’ be obtained from G by
one of the following three operations:
(D)o —22>29 > 2, let G = Sp(xg — Lizg+ 1,23); (2) if 29 —2 > 23 > 2, let
G = Sp(z1,29 — Lzz+1); B)ifxy — 1 =23 =23+ 1, let G' = Sp(ay — 1, 29,23 + 1).
Then G’ is said to be obtained from G by an kth length transformation , denoted by
G' = LT.(GQ), where k =1,2,3 .

Lemma 25. Let G = Sj(21,29,23) € Si(l1,l2,13), and let G' be obtained from
G by a length transformation. Then (1) if G’ = LTi(G), A(G') = §(W(G) - W(G")) =
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(dz3—3) (21 —75—1)) > 0; (2) if G = LTH(G), A(G) = LW (G)~W(G")) = (421 —3) (22—
23— 1) > 0; (3) if G’ = LT3(G), A(G') = L(W(G) — W(G")) = (dag — 3) (21 — 25+ 1) =
3(das +1) > 0.

1
8

It is easy to see that any CHS in S,(ly,12,13) can be obtained from Sy (h — 2,2,2) by
a sequence of LTj-transformations for k = 1,2,3, and §(W(Lp(h — 1,2) — W(Su(h —
2,2,2))) = 5h — 15. Similarly we can define the length transformation digraph of

Si(ly,12,13). Now we can give the following algorithm.
Algorithm 26. Let X = (h — 2,2,2), n(Xy) = —(5h — 15), Vo = {X,} and i = 0.

1. For every vector X; in V;, find the set N(X;) = {X, | X, = LTy (X;), X, ¢ V;},
and let n(X,) = n(X;) — A(X,) for every X,. Set Vi1 = Ux;ev; NV (Xj).

2. If V;4 has only the vector (k, k, k) when h =3k —2, (k+1,k, k) when h =3k — 1
or (k+ 1,k +1,k) when h = 3k, go to step 3. Otherwise, set i + 1 — 4, go to step 1.

3. Let i +1 =¢. Order all vectors in U!_,V; by the numbers n(X;) for a definite value
of h.

By the above algorithm, the length transformation digraph with the numbers n(X;)

below vectors similar to Fig. 3 can be obtained. Thus we have the following:

Corollary 27. For h > 37, the CHSs in Si(ly,1s,13) can be ordered by their Wiener
numbers as follows:
W(Sp(h —2,2,2)) > W(Sp(h — 3,3,2)) > W(Sp(h —4,4,2)) > W(Sk(h —4,3,3)) >
W(Sk(h —5,5,2)) > W(Sp(h — 6,6,2)) > W(Sp(h —5,4,3)) > W(Sp(h —7,7,2)) >
W(Sp(h —8,8,2)) > W(Sp(h —6,5,3)) > ---. If 30 < h < 37, the only change in the
above order is W(Sy(h —5,4,3)) > W(Si(h —7,7,2)). If 26 < h < 30, the changes in
the above order are W(Sy(h — 5,4,3)) > W(Sy(h — 7,7,2)) and W (S,(h — 8,8,2))
W(Sk(h —6,5,3)). If h < 26, the changes in the above order are W (Sy,(h — 5,4, 3))
W(Sh(h —7,7,2)), W(Su(h — 8,8,2)) = W(Sy(h — 6,5,3)) and W(Sn(h — 4,3,3))
W (Sp(h —5,5,2)).

(VA AVAR VS

From the above, we can see that the orders of Sp(ly,ls,13) are much different from
L(l1, 1, 13).

Now we consider to order the HCs in Ly (l1, -+, -+, 1, +) by Wiener number.

Let Lyl by b)) = {Lp(l,o o Ly lgyo) [ > > e > iy >
2, Uyl > 2, lijn > liyo > - 210 20, g > g > - > 1o >0, (S;) =

\%
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( Eh)*zﬂrlth(Sj)}Cﬁh(l17---7f-,---,f----) Let Ly (I, iy Gy i) =

(Ll byl ) Tl >l > e > Ly > 20 Lyl > 2, gy > e > o0 >
Lo >0, Liyg > Lo > - > 1, > 2, hi(S;) > ha(S )}C[l(Zl,-~-,li,~~~,fj,~~~). By
Lemma 1, if (I}, %, ---,ll_,), (l;ﬂ liva, - l5y) and (I, 0}, -, l,_,) are permutations
of (ll7 127 sy, 17‘,,1)7 (lH»lv ZH,Q, ] 1) and (J+17 G420 lh 1) respectively, then

W(Ln(ly, - '7[z‘7li+17 - '7[1'7 s )) = W(Ln(l},-- '7lz‘vli+1v o lwl;H’ +++)). So we need only
to order HC's in L}(ly, - iy 7[]‘, ).

Definition 28. Let G = Ly(ly,ls,13,1s,15) € L;(l,la,13,14,15) where I; > I5 and if
Iy = Is we may assume lp > ly. For I3 # 0, if I > 3, let GV = Ly, (I, + 1,1 — 1,13,14,15),
let G® = Ly(Iy,1y — 1,15+ 1,14, 15) where if I} =I5 let I > I4, and let
G® = Ly(ly, I —1,13,1, + 1,15) where if [y =I5 let Iy — I, > 2; if Iy > 3 and [, > I5, let
GW = Lh(h o 13,1, — 1,15+ 1). Then G® | I =1,2, 3,4, are said to be obtained from G
by a LTj-transformation, denoted by G*) = ﬁk(G) For I3 = 0, similarly, if I > 3, let
G = Ly(ly + 1,1y — 1,14, 15), let G®) = Ly(ly, 1y — 1,2, 14, 15) where if I} =I5 let Iy > Iy,
and let G®) = Ly(ly,ls — 1,14 + 1,15) where if Iy =I5 let Iy — I, > 2; if Iy > 3 and Iy > I,
let GW) = = Li(l, I, 1y — 1,15 +1). Then G*), k =1,2,3,4, are said to be obtained from
G by a LT-transformation, denoted by G(*' ) = LTk/(G)

By Lemma 1, we have the following.

Lemma 29. Let G = Ly, (l1, 13,15, 14, 15). For I3 # 0, let G® = LT;C(G)7 k=1,273,4.
Then

A(GW) = {(W(G) = W(GW)) =l — Iy + 213+ 204 + 25 — 7,
AG?) = LW(G) = W(GD)) =20 + 1, — 15— 3,
A(GY) = L(W(G) = W(G®)) =20y + 1y — Iy — 205 — 1,
AGW) = LW(G) = W(GW)) =21y + 20 + 205 + Iy — I5 —
For Iy = 0, let G*) = TT(G), k =1,2,3,4. Then
AGY) = LW(G) = W(GY)) =l — 1 + 2z4 + 25— 5,
AGD)) = LW(G) = W(G®))) =20y + 1 —
A(G®) = LW(G) — W(GE))) =2l + 15 — 14 —2ls —1,
A(GH) = LW/(G) = W(GW))) =20 + 2l + 1y — I5 — 5.

It is easy to see that any HC), in L (lq, Iy, I3, 14, 15) can be obtained from L (2, h — 4,2,2)
by a sequence of LTk—transfounatlons and LTj-transformations for k = 1,2, 3,4, and any

HC, in L*,(ly, -+, li, -+, [, -+ ) can be obtained from Ly (2,h — 4,2,2) by a sequence of
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ﬁk—transformations and ﬁk/—transforma‘cions for k = 1,2,3,4 and LT}-transformations
for k =1,2,3.

Similar to the discussion for £*,(l1,lz,13) and L£*,(ly, -+, [, -+), we can define the
length transformation digraph and design analogous algorithm to order HC's in

L (b, loy b3, 1y 1s) and £, (L, -+, by - -+, 1, - - +) with Tespect to their Wiener numbers, and

give the following.

Corollary 30. For h > 19, the HC) in L*,(ly,---,l;,---,1;,---) can be ordered by
their Wiener numbers as follows (where the number n(G;) of every hexagonal chain G; is
attached after W(G,)):

W(Ln(2,h —3,2,2)) (—(4h —9)) > W(Ly(2,h —4,3,2)) (—(5h —15))

>W(Lp(2,h —4,2,2,2)) (—(5h—12)) > W(L,(3,h —4,2,2)) (—(5h — 11))
> W(Ly(2,h —5,4,2)) (—(6h—23)) > W(Lp(2,h —5,2,3,2)) (—(6h— 19))
> W(Ln(2,h —5,3,2,2)) (—(6h—17)) > W(Ly(3,h —5,3,2)) (—(6h — 16))
> W(Ln(4,h —5,2,2)) (—(6h—15)) > W(Ln(3,h —5,2,2,2)) (—(6h— 13))

> W(Lun(2,h —6,5,2)) (—(Th—33)) > ---. Furthermore, for h > 5, W (L,(2,h — 3,2,2))
is the HC in L}(Ly, - T 7
A(Ln(2,h=3,2,2)) = H(W(Ln(h = 1,2)) = W(Ln(2, = 3,2,2))) = 4h — 9.

liy-++,1;,- ) with the maximum Wiener number, and

4 The CHSs with the second up to thirty-second
larger Wiener number

Lemma 31. The hexagonal chain in HC}, with at least two nonzigzag segments and

with the maximum Wiener number is L (2,h — 3,2,2) for h > 6.

Proof: Let G be a hexagonal chain in HC}, with at least two nonzigzag segments
and with the maximum Wiener number. If G has more than two nonzigzag segments,
suppose G = Ly (L, -+ Ly s ligy o gy oo Ly o5 L), let
G = Li(ly, Ly ligy oy ligy -y Ly -+ 1), by Lemma 1, W(G) < W(G"), a con-
tradiction. Hence G has exactly two non-zigzag segments. and so by Corollary 30,
G = Ly(2,h —3,2,2) for h > 6. O

Lemma 32. The branched CHS with the maximum Wiener number is S;,(h—2, 2, 2).

Proof: Let G be a branched CHS with the maximum Wiener number. If G ¢

Si(ly,12,13), then either G contains at least two branched hexagons or G contains exactly
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one branched hexagon and at least one kink. Then either G has a terminal segment such
that an end hexagon r of S is a kink of G, or there are two terminal segments with a
common end hexagon r which is a branched hexagon of G. By Lemma 4. there is a
branched CHS in Sp,(ly, 12, 13), say Gy, such that Gy is obtained from G by a series of the
first or the second kink transformations, and W(G;) > W(G), a contradiction. Hence
G € Si(ly,12,13). By Corollary 27, G can only be Si(h — 2,2,2). O

Now, from the results in Section 2 and 3, we can obtain the following result:

Theorem 33. Let W;, i =1, 2, ---, be the CHS with the ith largest Wiener number.
Then, for h > 31, Wy = Ly, W = Lp(h — 1,2), W3 = Ly(h — 2,3), Wy = Lp(h — 2,2,2),
Ws = Ly(2,h —2,2), Ws = Ly(h — 3,4), Wy = Ly(h — 3,3,2), Wy = Ly(h — 3,2,2,2),
Wy = Ly(3, 1 — 3,2), Wig = Lp(2,2,h — 3,2) , Wiy = Ly(h —4,5), Wiy = Li(h —4,4,2),
Wis = Lp(h —4,3,3), Wiy = Ly(h — 4,3,2,2), Wiz = Lp(h — 4,2,2,2,2), Wy =
Li(h —2,2,2) or Ly(4,h —4,2), Wiz = Lp(3,2,h — 4,2), Wig = Ly(2,2,2,h — 4,2) or
Li(3,h —4,3), Wig = Ly(2,2,h — 4,3), Way = Ly(2,2,h —4,2,2), Wy = Ly(h — 5,6),
Way = Lp(h — 5,5,2), Wag = Ly(h —5,4,3), Way = Ly(h — 5,4,2,2), Was = Ly(h —
5,3,3,2), Was = Li(h — 5,3,2,2,2), War = Lp(h —5,2,2,2,2,2), Wag = Ly(5,h — 5,2),
Way = Lp(4,2,h—5,2), Wag = Ly(3,3,h —5,2); Way = Ly(3,2,2,h —5,2), Wy =
Ln(2,2,2,2,h — 5,2), Wag = Lp(4,h — 5,2,2) or Ly(2,h — 3,2,2).

Proof. By Corollary 30 and Algorithm 26, n(Ly(2,h —3,2,2)) = —(4h — 9) >
n(Sp(h —2,2,2)) = —(5h — 15) for h > 6. Then , by Lemmas 31,32, for any H € CHS},
with W(H) > W(Ly(2,h—3,2,2)), H must be a hexagonal chain with at most one

nonzigzag segment.

For h > 31, n(Ln(2,h —3,2,2)) = —(4h — 9) > n(Ly(h — 6,7)) = —(5h — 40) >
n(Ly(6,h —6,2)) = —(5h — 25). Now, by Corollaries 15,23, Wy, Wy, -+, Wa3 can be

determined as shown in the theorem.
The proof is thus completed. a

Remark. For h < 30, all the C'HSs with Wiener numbers greater than or equal to
W(Lu(2,h —3,2,2)) can also be determined by Corollaries 15,23, the order of which will
be different from the order in Theorem 33. For a given i < 30, the first changed HC' in
the order in Theorem 33 can be listed as follows:

(i) if b € {28,29,30}, then Ly(h — 6,7) = Wih1);
(ii) if h € {25,26,27}, then L,(h — 6,7) = Whag;
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(i) if h € {22, 23,24}, then Ly, (h — 5,6) = W,_a);
(iv) if h € {20,21}, then Ly (h —5,6) = Wir;

(v) if h € {17,18,19}, then Ly(h — 5,6) = Wig;
(vi) if h = 16, then Ly(h — 5,6) = Wi5;

(vii) if h = 15, then Ly(h — 4,5) = Wip;

(viii) if h € {12, 13,14}, then Ly (h — 4,5) = W,.
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